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� Local Fréchet distance: for each line segment uv ∈ P′ : dF(uv, P[u, v]) ≤ ε
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Abstract. We consider the problem of approximating a polygonal curve P under a given error criterion
by another polygonal curve P ′ whose vertices are a subset of the vertices of P . The goal is to minimize the
number of vertices of P ′ while ensuring that the error between P ′ and P is below a certain threshold. We
consider two different error measures: Hausdorff and Fréchet. For both error criteria, we present near-linear
time approximation algorithms that, given a parameter ε > 0, compute a simplified polygonal curve P ′ whose
error is less than ε and size at most the size of an optimal simplified polygonal curve with error ε/2. We
consider monotone curves in R2 in the case of the Hausdorff error measure under the uniform distance metric
and arbitrary curves in any dimension for the Fréchet error measure under L p metrics. We present experimental
results demonstrating that our algorithms are simple and fast, and produce close to optimal simplifications in
practice.

Key Words. Computational geometry, Curve simplification, Approximation algorithms.

1. Introduction. Given a polygonal curve, the curve-simplification problem asks for
computing another polygonal curve that approximates the original curve based on a
predefined error criterion and whose size is as small as possible. In a wide range of
application areas, such as geographic information systems (GIS), computer vision, com-
puter graphics, and data compression, curve simplification is used to remove unnecessary
cluttering due to excessive details, to save memory space needed to store a curve, and to
expedite the processing of a curve. For example, one of the main problems in computa-
tional cartography is to visualize geo-spatial information as a simple and easily readable
map. To this end, curve simplification is used to represent rivers, road-lines, coast-lines,
and other linear features at an appropriate level of detail when a map of a large area is
being produced.

1.1. Problem Definition. Let P denote a polygonal curve inRd with 〈p1, . . . , pn〉 as its
sequence of vertices. Define P[pi , pj ] as the polygonal curve 〈pi , . . . , pj 〉. A polygonal
curve P ′ = 〈pi1 , . . . , pik 〉 simplifies P if 1 = i1 < · · · < ik = n. Given an error
measure M and a pair of indices 1 ≤ i < j ≤ n, let δM(pi pj , P) denote the error of

1 Research by the first, the third, and the fourth authors was supported by the NSF under Grants CCR-00-86013,
EIA-98-70724, EIA-01-31905, and CCR-02-04118, and by a grant from the U.S.–Israel Binational Science
Foundation. Research by the second author was supported by NSF CAREER Award CCR-0132901.
2 Department of Computer Science, Duke University, Box 90129, Durham, NC 27708-0129, USA.
{pankaj,nabil,wys}@cs.duke.edu.
3 Department of Computer Science, DCL 2111, University of Illinois, 1304 West Springfield Ave., Urbana,
IL 61801, USA. sariel@uiuc.edu.
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5. Conclusions. In this paper we presented near-linear approximation algorithms for
curve simplification under the Hausdorff and Fréchet error measures. We presented the
first efficient approximation algorithm for Fréchet simplifications of a curve in dimension
higher than two. Our experimental results demonstrate that our algorithms are efficient.

We conclude by mentioning a few open problems:

(i) Does there exist a near-linear algorithm for computing an ε-simplification of size
at most cκM(ε, P) for a polygonal curve P , where c ≥ 1 is a constant?

(ii) Is it possible to compute the optimal ε-simplification under the Hausdorff error
measure in near-linear time, or under the Fréchet error measure in subcubic time?

(iii) Is there any provably efficient exact/approximation algorithm for curve simplifica-
tion in R2 that returns a simple curve if the input curve is simple.
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5. Conclusions. In this paper we presented near-linear approximation algorithms for
curve simplification under the Hausdorff and Fréchet error measures. We presented the
first efficient approximation algorithm for Fréchet simplifications of a curve in dimension
higher than two. Our experimental results demonstrate that our algorithms are efficient.

We conclude by mentioning a few open problems:

(i) Does there exist a near-linear algorithm for computing an ε-simplification of size
at most cκM(ε, P) for a polygonal curve P , where c ≥ 1 is a constant?

(ii) Is it possible to compute the optimal ε-simplification under the Hausdorff error
measure in near-linear time, or under the Fréchet error measure in subcubic time?

(iii) Is there any provably efficient exact/approximation algorithm for curve simplifica-
tion in R2 that returns a simple curve if the input curve is simple.
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Abstract
In the classic polyline simplification problem we want to replace a given polygonal curve P , consisting
of n vertices, by a subsequence P ′ of k vertices from P such that the polygonal curves P and P ′
are “close”. Closeness is usually measured using the Hausdorff or Fréchet distance. These distance
measures can be applied globally, i.e., to the whole curves P and P ′, or locally, i.e., to each simplified
subcurve and the line segment that it was replaced with separately (and then taking the maximum).
We provide an O(n3) time algorithm for simplification under Global-Fréchet distance, improving the
previous best algorithm by a factor of Ω(kn2). We also provide evidence that in high dimensions cubic
time is essentially optimal for all three problems (Local-Hausdorff, Local-Fréchet, and Global-Fréchet).
Specifically, improving the cubic time to O(n3−εpoly(d)) for polyline simplification over (Rd, Lp) for
p = 1 would violate plausible conjectures. We obtain similar results for all p ∈ [1,∞), p 6= 2. In total,
in high dimensions and over general Lp-norms we resolve the complexity of polyline simplification
with respect to Local-Hausdorff, Local-Fréchet, and Global-Fréchet, by providing new algorithms
and conditional lower bounds.
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1 Introduction

We revisit the classic problem of polygonal line simplification, which is fundamental to
computational geometry. The most frequently implemented algorithms for curve simplification
go back to the 70s (Douglas and Peucker [11]) and 80s (Imai and Iri [18]). A polyline is given
by a sequence P = 〈v0, v1, . . . , vn〉 of points vi ∈ Rd, and represents the continuous curve
walking along the line segments vivi+1 in order. Given such a polyline P and a number
δ > 0, we want to compute P ′ = 〈vi0 , . . . , vik−1〉, with 0 = i0 < . . . < ik−1 = n, of minimal
length k such that P and P ′ have “distance” at most δ.

Several distance measures have been used for the curve simplification problem. The most
generic distance measure on point sets A,B is the Hausdorff distance. However, the most
popular distance measure for curves in computational geometry is the Fréchet distance δF .
In comparison to Hausdorff distance, it takes the ordering of the vertices along the curves
into account, and thus better captures an intuitive notion of distance among curves.

For both of these distance measures δ∗ ∈ {δH , δF }, we can apply them locally or globally
to measure the distance between the original curve P and its simplification P ′. In the global
variant, we consider the distance δ∗(P, P ′), i.e., we use the Hausdorff or Fréchet distance of
P and P ′. In the local variant, we consider the distance max1≤`<k δ∗(P [i`−1 . . . i`], vi`−1vi`),
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i.e., for each simplified subcurve P [i`−1 . . . i`] of P we compute the distance to the line
segment vi`−1vi` that we simplified the subcurve to, and we take the maximum over these
distances. This gives rise to four problem variants, depending on the distance measure:
Local-Hausdorff, Local-Fréchet, Global-Hausdorff, and Global-Fréchet.

Among the variants, Global-Hausdorff is unreasonable as it does not take the ordering of
vertices of the curve into account and it was recently shown that curve simplification under
Global-Hausdorff is NP-hard [20]. Hence, we do not consider this measure in this paper.

The classic Ô(n3)1 time algorithm by Imai and Iri [18] was designed for Local-Hausdorff
simplification. By changing the distance computation in this algorithm for the Fréchet
distance, one can obtain an Ô(n3)-time algorithm for Local-Fréchet [15]. There are improve-
ments for Local-Hausdorff simplification in small dimension d [19, 8, 6]; the fastest running
times are 2O(d)n2 for L1-norm, Ô(n2) for L∞-norm, and Ô(n3−Ω(1/d)) for L2-norm [6].

The remaining variant, Global-Fréchet, has only been studied very recently [20], although
it is a reasonable measure: The Local constraints (i.e., matching each vi` to itself) are
not necessary to enforce ordering along the curve, since Fréchet distance already takes the
ordering of the vertices into account – in contrast to Hausdorff distance. Van Kreveld et
al. [20] presented an Ô(k∗ · n5) time algorithm for Global-Fréchet simplification where k∗ is
the size of the optimal simplification.

1.1 Contribution 1: Algorithm for Global-Fréchet simplification
One could get the impression that Global-Fréchet simplification is a well-motivated, but
computationally expensive curve simplification problem, in comparison to the local variants.
We show that the latter intuition is wrong, by designing an Ô(n3)-time algorithm for
Global-Fréchet simplification improving the previously best Ô(k∗ · n5)-time algorithm [20].

I Theorem 1 (Section 3). Global-Fréchet simplification can be solved in time Ô(n3).

This shows that all three problem variants (Local-Hausdorff, Local-Fréchet, and Global-
Fréchet) can be solved in time Ô(n3), and thus the choice of which problem variant to apply
should not be made for computational reasons, at least in high dimensions.

1.2 Contribution 2: Conditional lower bound
Since all three variants can be solved in time Ô(n3), the question arises whether any of them
can be solved in time Ô(n3−ε). Tools to (conditionally) rule out such algorithms have been
developed in recent years in the area of fine-grained complexity, see, e.g., the survey [21].
One of the most widely used fine-grained hypotheses is the following.

k-OV Hypothesis. Problem: Given sets A1, . . . , Ak ⊆ {0, 1}d of size n, determine whether
there exist vectors a1 ∈ A1, . . . , ak ∈ Ak that are orthogonal, i.e., for each dimension j ∈ [d]
there is an i ∈ [k] with ai[j] = 0.
Hypothesis: For any k ≥ 2 and ε > 0 the problem is not in time Ô(nk−ε).

Naively, k-OV can be solved in time Ô(nk), and the hypothesis asserts that no polynomial
improvement is possible, at least not with polynomial dependence on d. Buchin et al. [7]
used the 2-OV hypothesis to rule out Ô(n2−ε)-time algorithms for Local-Hausdorff2 in the

1 In Ô-notation we hide any polynomial factors in d, but we make exponential factors in d explicit.
2 Their proof can be adapted to also work for Local-Fréchet and Global-Fréchet.
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Near-Linear Time Approximation Algorithms
for Curve Simplification1

Pankaj K. Agarwal,2 Sariel Har-Peled,3 Nabil H. Mustafa,2 and Yusu Wang2

Abstract. We consider the problem of approximating a polygonal curve P under a given error criterion
by another polygonal curve P ′ whose vertices are a subset of the vertices of P . The goal is to minimize the
number of vertices of P ′ while ensuring that the error between P ′ and P is below a certain threshold. We
consider two different error measures: Hausdorff and Fréchet. For both error criteria, we present near-linear
time approximation algorithms that, given a parameter ε > 0, compute a simplified polygonal curve P ′ whose
error is less than ε and size at most the size of an optimal simplified polygonal curve with error ε/2. We
consider monotone curves in R2 in the case of the Hausdorff error measure under the uniform distance metric
and arbitrary curves in any dimension for the Fréchet error measure under L p metrics. We present experimental
results demonstrating that our algorithms are simple and fast, and produce close to optimal simplifications in
practice.

Key Words. Computational geometry, Curve simplification, Approximation algorithms.

1. Introduction. Given a polygonal curve, the curve-simplification problem asks for
computing another polygonal curve that approximates the original curve based on a
predefined error criterion and whose size is as small as possible. In a wide range of
application areas, such as geographic information systems (GIS), computer vision, com-
puter graphics, and data compression, curve simplification is used to remove unnecessary
cluttering due to excessive details, to save memory space needed to store a curve, and to
expedite the processing of a curve. For example, one of the main problems in computa-
tional cartography is to visualize geo-spatial information as a simple and easily readable
map. To this end, curve simplification is used to represent rivers, road-lines, coast-lines,
and other linear features at an appropriate level of detail when a map of a large area is
being produced.

1.1. Problem Definition. Let P denote a polygonal curve inRd with 〈p1, . . . , pn〉 as its
sequence of vertices. Define P[pi , pj ] as the polygonal curve 〈pi , . . . , pj 〉. A polygonal
curve P ′ = 〈pi1 , . . . , pik 〉 simplifies P if 1 = i1 < · · · < ik = n. Given an error
measure M and a pair of indices 1 ≤ i < j ≤ n, let δM(pi pj , P) denote the error of
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5. Conclusions. In this paper we presented near-linear approximation algorithms for
curve simplification under the Hausdorff and Fréchet error measures. We presented the
first efficient approximation algorithm for Fréchet simplifications of a curve in dimension
higher than two. Our experimental results demonstrate that our algorithms are efficient.

We conclude by mentioning a few open problems:

(i) Does there exist a near-linear algorithm for computing an ε-simplification of size
at most cκM(ε, P) for a polygonal curve P , where c ≥ 1 is a constant?

(ii) Is it possible to compute the optimal ε-simplification under the Hausdorff error
measure in near-linear time, or under the Fréchet error measure in subcubic time?

(iii) Is there any provably efficient exact/approximation algorithm for curve simplifica-
tion in R2 that returns a simple curve if the input curve is simple.
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In the classic polyline simplification problem we want to replace a given polygonal curve P , consisting
of n vertices, by a subsequence P ′ of k vertices from P such that the polygonal curves P and P ′
are “close”. Closeness is usually measured using the Hausdorff or Fréchet distance. These distance
measures can be applied globally, i.e., to the whole curves P and P ′, or locally, i.e., to each simplified
subcurve and the line segment that it was replaced with separately (and then taking the maximum).
We provide an O(n3) time algorithm for simplification under Global-Fréchet distance, improving the
previous best algorithm by a factor of Ω(kn2). We also provide evidence that in high dimensions cubic
time is essentially optimal for all three problems (Local-Hausdorff, Local-Fréchet, and Global-Fréchet).
Specifically, improving the cubic time to O(n3−εpoly(d)) for polyline simplification over (Rd, Lp) for
p = 1 would violate plausible conjectures. We obtain similar results for all p ∈ [1,∞), p 6= 2. In total,
in high dimensions and over general Lp-norms we resolve the complexity of polyline simplification
with respect to Local-Hausdorff, Local-Fréchet, and Global-Fréchet, by providing new algorithms
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1 Introduction

We revisit the classic problem of polygonal line simplification, which is fundamental to
computational geometry. The most frequently implemented algorithms for curve simplification
go back to the 70s (Douglas and Peucker [11]) and 80s (Imai and Iri [18]). A polyline is given
by a sequence P = 〈v0, v1, . . . , vn〉 of points vi ∈ Rd, and represents the continuous curve
walking along the line segments vivi+1 in order. Given such a polyline P and a number
δ > 0, we want to compute P ′ = 〈vi0 , . . . , vik−1〉, with 0 = i0 < . . . < ik−1 = n, of minimal
length k such that P and P ′ have “distance” at most δ.

Several distance measures have been used for the curve simplification problem. The most
generic distance measure on point sets A,B is the Hausdorff distance. However, the most
popular distance measure for curves in computational geometry is the Fréchet distance δF .
In comparison to Hausdorff distance, it takes the ordering of the vertices along the curves
into account, and thus better captures an intuitive notion of distance among curves.

For both of these distance measures δ∗ ∈ {δH , δF }, we can apply them locally or globally
to measure the distance between the original curve P and its simplification P ′. In the global
variant, we consider the distance δ∗(P, P ′), i.e., we use the Hausdorff or Fréchet distance of
P and P ′. In the local variant, we consider the distance max1≤`<k δ∗(P [i`−1 . . . i`], vi`−1vi`),
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go back to the 70s (Douglas and Peucker [11]) and 80s (Imai and Iri [18]). A polyline is given
by a sequence P = 〈v0, v1, . . . , vn〉 of points vi ∈ Rd, and represents the continuous curve
walking along the line segments vivi+1 in order. Given such a polyline P and a number
δ > 0, we want to compute P ′ = 〈vi0 , . . . , vik−1〉, with 0 = i0 < . . . < ik−1 = n, of minimal
length k such that P and P ′ have “distance” at most δ.

Several distance measures have been used for the curve simplification problem. The most
generic distance measure on point sets A,B is the Hausdorff distance. However, the most
popular distance measure for curves in computational geometry is the Fréchet distance δF .
In comparison to Hausdorff distance, it takes the ordering of the vertices along the curves
into account, and thus better captures an intuitive notion of distance among curves.

For both of these distance measures δ∗ ∈ {δH , δF }, we can apply them locally or globally
to measure the distance between the original curve P and its simplification P ′. In the global
variant, we consider the distance δ∗(P, P ′), i.e., we use the Hausdorff or Fréchet distance of
P and P ′. In the local variant, we consider the distance max1≤`<k δ∗(P [i`−1 . . . i`], vi`−1vi`),
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i.e., for each simplified subcurve P [i`−1 . . . i`] of P we compute the distance to the line
segment vi`−1vi` that we simplified the subcurve to, and we take the maximum over these
distances. This gives rise to four problem variants, depending on the distance measure:
Local-Hausdorff, Local-Fréchet, Global-Hausdorff, and Global-Fréchet.

Among the variants, Global-Hausdorff is unreasonable as it does not take the ordering of
vertices of the curve into account and it was recently shown that curve simplification under
Global-Hausdorff is NP-hard [20]. Hence, we do not consider this measure in this paper.

The classic Ô(n3)1 time algorithm by Imai and Iri [18] was designed for Local-Hausdorff
simplification. By changing the distance computation in this algorithm for the Fréchet
distance, one can obtain an Ô(n3)-time algorithm for Local-Fréchet [15]. There are improve-
ments for Local-Hausdorff simplification in small dimension d [19, 8, 6]; the fastest running
times are 2O(d)n2 for L1-norm, Ô(n2) for L∞-norm, and Ô(n3−Ω(1/d)) for L2-norm [6].

The remaining variant, Global-Fréchet, has only been studied very recently [20], although
it is a reasonable measure: The Local constraints (i.e., matching each vi` to itself) are
not necessary to enforce ordering along the curve, since Fréchet distance already takes the
ordering of the vertices into account – in contrast to Hausdorff distance. Van Kreveld et
al. [20] presented an Ô(k∗ · n5) time algorithm for Global-Fréchet simplification where k∗ is
the size of the optimal simplification.

1.1 Contribution 1: Algorithm for Global-Fréchet simplification
One could get the impression that Global-Fréchet simplification is a well-motivated, but
computationally expensive curve simplification problem, in comparison to the local variants.
We show that the latter intuition is wrong, by designing an Ô(n3)-time algorithm for
Global-Fréchet simplification improving the previously best Ô(k∗ · n5)-time algorithm [20].

I Theorem 1 (Section 3). Global-Fréchet simplification can be solved in time Ô(n3).

This shows that all three problem variants (Local-Hausdorff, Local-Fréchet, and Global-
Fréchet) can be solved in time Ô(n3), and thus the choice of which problem variant to apply
should not be made for computational reasons, at least in high dimensions.

1.2 Contribution 2: Conditional lower bound
Since all three variants can be solved in time Ô(n3), the question arises whether any of them
can be solved in time Ô(n3−ε). Tools to (conditionally) rule out such algorithms have been
developed in recent years in the area of fine-grained complexity, see, e.g., the survey [21].
One of the most widely used fine-grained hypotheses is the following.

k-OV Hypothesis. Problem: Given sets A1, . . . , Ak ⊆ {0, 1}d of size n, determine whether
there exist vectors a1 ∈ A1, . . . , ak ∈ Ak that are orthogonal, i.e., for each dimension j ∈ [d]
there is an i ∈ [k] with ai[j] = 0.
Hypothesis: For any k ≥ 2 and ε > 0 the problem is not in time Ô(nk−ε).

Naively, k-OV can be solved in time Ô(nk), and the hypothesis asserts that no polynomial
improvement is possible, at least not with polynomial dependence on d. Buchin et al. [7]
used the 2-OV hypothesis to rule out Ô(n2−ε)-time algorithms for Local-Hausdorff2 in the

1 In Ô-notation we hide any polynomial factors in d, but we make exponential factors in d explicit.
2 Their proof can be adapted to also work for Local-Fréchet and Global-Fréchet.
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ON OPTIMAL POLYLINE SIMPLIFICATION USING THE HAUSDORFF
AND FRÉCHET DISTANCE∗

Marc van Kreveld,†Maarten Löffler,†and Lionov Wiratma†‡

Abstract. We revisit the classical polygonal line simplification problem and study it using
the Hausdorff distance and Fréchet distance. Interestingly, no previous authors studied line
simplification under these measures in its pure form, namely: for a given ε > 0, choose a
minimum size subsequence of the vertices of the input such that the Hausdorff or Fréchet
distance between the input and output polylines is at most ε.

We analyze how the well-known Douglas-Peucker and Imai-Iri simplification algo-
rithms perform compared to the optimum possible, also in the situation where the algorithms
are given a considerably larger error threshold than we require for the optimum solution.
Furthermore, we show that computing an optimal simplification using the undirected Haus-
dorff distance is NP-hard. The same holds when using the directed Hausdorff distance from
the input to the output polyline, whereas the reverse can be computed in polynomial time.
Finally, to compute the optimal simplification from a polygonal line consisting of n vertices
under the (continuous) Fréchet distance, we give an O(kn5) time algorithm that requires
O(kn2) space, where k is the output complexity of the simplification.

1 Introduction

Line simplification (polygonal approximation) is one of the oldest and best studied applied
topics in computational geometry. It was and still is studied, for example, in the context
of computer graphics (after image to vector conversion), in Geographic Information Sci-
ence, and in shape analysis. Among the well-known algorithms, the ones by Douglas and
Peucker [14] and by Imai and Iri [20] hold a special place and are frequently implemented
and cited. Both algorithms start with a polygonal line (henceforth polyline) as the input,
specified by a sequence of points 〈p1, . . . , pn〉, and compute a subsequence starting with p1
and ending with pn, representing a new, simplified polyline. Both algorithms take a constant
ε > 0 and guarantee that the output is within ε from the input.

The Douglas-Peucker algorithm [14] is a simple and effective recursive procedure that
keeps on adding vertices from the input polyline until the computed polyline lies within a

∗A preliminary version of this paper appeared in Proc. 34th Symposium on Computational Geometry
(SoCG 2018). M.v.K. and M.L. are supported by the Netherlands Organisation for Scientific Research
(NWO) on grant no. 612.001.651 and 614.001.504, respectively. L.W is supported by The Ministry of
Research, Technology and Higher Education of Indonesia (No. 138.41/E4.4/2015).
†Department of Information and Computing Sciences, Utrecht University, {m.j.vankreveld,

m.loffler, l.wiratma}@uu.nl
‡Department of Informatics, Parahyangan Catholic University, lionov@unpar.ac.id
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Table 1: Algorithmic results.
Douglas-Peucker Imai-Iri Optimal

Hausdorff distance O(n log n) [19] O(n2) [10] NP-hard (this paper)
Fréchet distance O(n2) (easy) O(n3) [17] O(kn5) (this paper)
n: vertices in the input polyline; k: output complexity of the simplified polyline

The latter issue could easily be remedied: to accept links, we require the Fréchet
distance between any link pipj and the sub-polyline 〈pi, . . . , pj〉 to be at most ε [2, 17].
This guarantees that the Fréchet distance between the input and the output is at most ε.
However, it does not yield the optimal simplification within Fréchet distance ε. Because of
the nature of the Imai-Iri algorithm, it requires us to match a vertex pi in the input to the
vertex pi in the output in the parametrizations, if pi is used in the output. This restriction
on the parametrizations considered limits the simplification in unnecessary ways. Agarwal
et al. [2] refer to a simplification that uses the normal (unrestricted) Fréchet distance with
error threshold ε as a weak ε-simplification under the Fréchet distance.2 They show that the
Imai-Iri algorithm using the Fréchet distance gives a simplification with no more vertices
than an optimal weak (ε/4)-simplification under the Fréchet distance, where the latter need
not use the input vertices.

The discussion begs the following questions: How much worse do the known algo-
rithms and their variations perform in theory, when compared to the optimal Hausdorff and
Fréchet simplifications? What if the optimal Hausdorff and Fréchet simplifications use a
smaller value than ε? As mentioned, Agarwal et al. [2] give a partial answer. How efficiently
can the optimal Hausdorff simplification and the optimal Fréchet simplification be computed
(when using the input vertices)?

Organization and results. In Section 2 we explain the Douglas-Peucker algorithm and its
Fréchet variation; the Imai-Iri algorithm has been explained already. We also show with a
small example that the optimal Hausdorff simplification has fewer vertices than the Douglas-
Peucker output and the Imai-Iri output, and that the same holds true for the optimal Fréchet
simplification with respect to the Fréchet variants.

In Section 3 we will analyze the four algorithms and their performance with respect
to an optimal Hausdorff simplification or an optimal Fréchet simplification more extensively.
In particular, we address the question how many more vertices the four algorithms need,
and whether this remains the case when we use a larger value of ε but still compare to the
optimization algorithms that use ε.

In Section 4 we consider both the directed and undirected Hausdorff distance to
compute the optimal simplification. We show that only the simplification under the directed
Hausdorff distance from the output to the input polyline can be computed in polynomial
time, while the other two versions are NP-hard to compute. In Section 5 we show that the
problem can be solved in polynomial time for the Fréchet distance.

2Weak refers to the situation that the vertices of the simplification can lie anywhere.
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� proceeds in two phases

� First phase:

� determine valid shortcuts brute-force

� build shortcut graph
v1

vn

v1 vn

� Second phase:

� find shortest path in shortcut graph

� return optimal simplification

O(n3)

O(n2)

⇒ total running time O(n3)
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The Wave Front

� is a sequence of circular arcs.

How complex can the wave front be?

� each vertex contributes ≤ 1 arc⇒ O(n) arcs

⇒ stored in a balanced search tree

vi

� finding the intersection between the wave front
and a ray emanating at vi takes O(log n) time

� updating the wave front takes amortized O(log n) time

⇒ processing a vertex takes amortized O(log n) time

⇒ total running time O(n2 log n)
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L2 and Other Lp Norms
Theorem: Polyline simplification under the local Fréchet distance

can be done in O(n2 log n) time in the L2 norm.

Assumption:
we can determine intersection points between
ε-circle & line and ε-circle & ε-circle
in O(1) time in Lp

Corollary: Polyline simplification under the local Fréchet distance
can be done in O(n2 log n) time in the Lp norm where p ∈ [1, ∞].



10 - 1

L1 and L∞ Norm



10 - 2

L1 and L∞ Norm
Observation: in L1 and L∞, the wave front consist of at most two line segments.



10 - 3

L1 and L∞ Norm
Observation: in L1 and L∞, the wave front consist of at most two line segments.

Proof Idea for L∞: show statement (+ both line segments
are axis-parallel) inductively



10 - 4

L1 and L∞ Norm
Observation: in L1 and L∞, the wave front consist of at most two line segments.

Proof Idea for L∞: show statement (+ both line segments
are axis-parallel) inductively

(IB) The first wave front are ≤ 2 sides of an axis-
parallel square with side length 2ε (unit square).

vi

vi+1



10 - 5

L1 and L∞ Norm
Observation: in L1 and L∞, the wave front consist of at most two line segments.

Proof Idea for L∞: show statement (+ both line segments
are axis-parallel) inductively

(IB) The first wave front are ≤ 2 sides of an axis-
parallel square with side length 2ε (unit square).

vi

vi+1

(IS) To obtain the new wave front, we compute the
intersection of two axis-parallel line segments with a unit square.

Hence, the resulting wave front has again ≤ 2 axis-parallel line segments.



10 - 6

L1 and L∞ Norm
Observation: in L1 and L∞, the wave front consist of at most two line segments.

Proof Idea for L∞: show statement (+ both line segments
are axis-parallel) inductively

(IB) The first wave front are ≤ 2 sides of an axis-
parallel square with side length 2ε (unit square).

vi

(IS) To obtain the new wave front, we compute the
intersection of two axis-parallel line segments with a unit square.

Hence, the resulting wave front has again ≤ 2 axis-parallel line segments.

vj



10 - 7

L1 and L∞ Norm
Observation: in L1 and L∞, the wave front consist of at most two line segments.

Proof Idea for L∞: show statement (+ both line segments
are axis-parallel) inductively

(IB) The first wave front are ≤ 2 sides of an axis-
parallel square with side length 2ε (unit square).

vi

(IS) To obtain the new wave front, we compute the
intersection of two axis-parallel line segments with a unit square.

Hence, the resulting wave front has again ≤ 2 axis-parallel line segments.

vj



10 - 8

L1 and L∞ Norm
Observation: in L1 and L∞, the wave front consist of at most two line segments.

Proof Idea for L∞: show statement (+ both line segments
are axis-parallel) inductively

(IB) The first wave front are ≤ 2 sides of an axis-
parallel square with side length 2ε (unit square).

vi

(IS) To obtain the new wave front, we compute the
intersection of two axis-parallel line segments with a unit square.

Hence, the resulting wave front has again ≤ 2 axis-parallel line segments.

vj



10 - 9

L1 and L∞ Norm
Observation: in L1 and L∞, the wave front consist of at most two line segments.

Proof Idea for L∞: show statement (+ both line segments
are axis-parallel) inductively

(IB) The first wave front are ≤ 2 sides of an axis-
parallel square with side length 2ε (unit square).

vi

(IS) To obtain the new wave front, we compute the
intersection of two axis-parallel line segments with a unit square.

Hence, the resulting wave front has again ≤ 2 axis-parallel line segments.

vj

Theorem: Polyline simplification under the local Fréchet distance
can be done in O(n2) time in the L1 and L∞ norm.
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Fréchet distance in O(n2 log n) (instead of O(n3)) time in the L2 norm.

� Our result generalizes to other Lp norms (p ∈ [1, ∞]).
In L1 and L∞, the runtime improves to O(n2).



11 - 3

Summary & Outlook

� Using techniques from the algorithm by Melkman and O’Rourke, we have
shown how to find an optimal simplification of a polyline under the local
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Summary & Outlook

� Using techniques from the algorithm by Melkman and O’Rourke, we have
shown how to find an optimal simplification of a polyline under the local
Fréchet distance in O(n2 log n) (instead of O(n3)) time in the L2 norm.

� Our result generalizes to other Lp norms (p ∈ [1, ∞]).
In L1 and L∞, the runtime improves to O(n2).

� The log-factor arises when the wave front has linear size.
However, this requires a special arrangment of the vertices of the polyline.

� Test experimentally that in a practical setting such arrangments don’t occur.

� Investigate conditions that guarantee O(n2) runtime (e.g. density in each
ε-ball, smoothed analysis).

� Adjust the algorithm to handle such arrangements faster.
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