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Definition: Segment and Arc Number
Planar straight-line drawing Γ :
segment number seg(Γ) = # line segments of Γ

Γ2 :

seg(Γ2) = 10

Γ3 :

seg(Γ3) = 5

Planar graph G :
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Γ1 :
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Γ4 :

arc(Γ4) = 3
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Definition: Outerplanar Graphs and Outerpaths

If the weak dual is a path, the graph (drawing) is called an outerpath.

Note: a maximal outerplanar graph is also a 2-tree

In an outerplanar graph drawing, all vertices lie on the outer face

. . . and it is maximal if we cannot add an edge without violating outerplanarity.

The weak dual of an outerplanar graph drawing is a tree.
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Dujmović, Eppstein, Suderman, Wood
[CGTA ’07] introduce the segment number

planar conn. ν/2 ν/2

tree ν/2 ν/2

seg(G)

ν/2 ν/2

2n− 2

maximal outerpath n

maximal outerplanar n

n

n� for any 2-tree: seg(G) ≤ 3n/2
(almost tight)

� for any planar 3-tree:
seg(G) ≤ 2n− 2

2-tree 3n/23n/2− 2

planar 3-tree 2n− 2

� for planar 3-connected graphs:
√

2n ≤ seg(G) ≤ 5n/2− 3

planar 3-conn.
√

2n O(
√

n) 2n− 6 5n/2− 3



6 - 19

Previous Work universal
lower
bound

existential
upper
bound

universal
upper
bound

existential
lower
bound
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Maximal Outerpaths

pseudo (2-)arc drawing

Round-2 assignment:

Obs: when traversing the dual path, there is ≤ 1 arc long & extendable at a time

assign inner edges of long arcs to crossings between the long arc with other arcs

Key property: any pseudo k-arc crosses the current long arc at most k times

⇒ we charge in turn to multiple other pseudo k-arcs
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pseudo (2-)arc drawing

Plugging things together . . . (while being careful at the transitions of long arcs)

. . . gives us f (k, n) ≥ 2n+3k−6+ρ(k)
3k+1 (where ρ(k) is a term depending on the lengths of the short arcs)
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2
⌋
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7
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⇒ seg(G) ≥
⌊ n

2
⌋
+ 2 . . . this universal lower bound is tight:

r︷ ︸︸ ︷

n = 2r + 4

Γ∗:

seg(Γ∗) = r + 4 = n
2 + 2
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Maximal Outerpaths

Alternative proof idea for seg(G) ≥
⌊ n

2
⌋
+ 2 :

Given: planar straight-line drawing Γ of a maximal outerpath G with n vertices

� a port is an endpoint of a line segment in Γ

� for each vertex, we know a lower bound on the number of its ports
depending on its degree and its direct neighborhood

� to each vertex, we can assign a port in its vicinity

� additionally, we have ≥ 3 ports at the endings

� clearly, # ports = 2 seg(Γ)

⇒ seg(G) ≥
⌊ n

2
⌋
+ 2
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Maximal Outerplanar Graphs and 2-Trees

For a max. outerplanar graph G, seg(G) ≥ n+7
5 .

Proof Idea:

� a max. outerplanar drawing can be obtained by “gluing” together outerpaths

� count ports using a case distinction:

(C1) any leaf of the weak dual tree provides 2 ports⇒ done for ≥ n+7
5 leaves

(C2) for < n+7
5 leaves, we “glue” together < n+7

5 outerpath drawings

use the port assignment from the alternative proof for max. outerpaths

and subtract ports that we lose by “gluing”

⇒ seg(G) ≥ n+7
5 �

the following argument also extends to 2-tree
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