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Abstract

Coloring graphs is an old and well-known graph problem with applications in several
areas, such as scheduling, frequency assignment, and graph drawing. Mixed graphs
extend the classes of directed and undirected (simple) graphs by allowing for directed and
undirected edges in the same graph. Combining these concepts, mixed graph colorings
generalize classical colorings of undirected graphs by having vertex colors adhere to strict
partial orders imposed by directed edges. Therefore, mixed graph colorings can be used
to model more complex problems, such as scheduling with precedence constraints. In this
thesis, we focus on developing exact single-exponential-time algorithms for mixed graph
coloring. We adapt existing algorithms and techniques for coloring undirected graphs
to mixed graphs, and use a novel approach to obtain a polynomial-space algorithm.
Furthermore, we explore the parameterized complexity of mixed graph coloring, with a
focus on treewidth and related parameters. We also provide bounds on the chromatic
number of mixed graphs in terms of the length of directed paths.

Zusammenfassung

Graphenféirben ist ein altbekanntes Problem aus der Graphentheorie mit vielen Anwen-
dungsbereichen, wie beispielsweise in der Ablaufplanung, der Frequenzzuteilung, und
dem Graphenzeichnen. Gemischte Graphen erweitern das Konzept gerichteter und un-
gerichteter (einfacher) Graphen dadurch, dass in einem gemischten Graphen sowohl ge-
richtete als auch ungerichtete Kanten vorkommen kénnen. Das Féarben gemischter Gra-
phen erweitert das Farben ungerichteter Graphen dadurch, dass die Farben der Kno-
ten sich an eine, durch die gerichteten Kanten auferlegte, strenge Halbordnung hal-
ten miissen. Dementsprechend kénnen Farbungen gemischter Graphen zum Modellieren
komplexerer Sachverhalte benutzt werden, wie zum Beispiel fiir die Ablaufplanung mit
Prézedenz-Einschrinkungen. In dieser Arbeit entwickeln wir exakte Einexponentialzeit-
Algorithmen fiirs Farben gemischter Graphen. Dazu adaptieren wir bestehende Algo-
rithmen und Techniken zum Férben ungerichteter Graphen. Weiterhin entwickeln wir
einen neuartigen Ansatz um einen Algorithmus mit polynomiellem Platzbedarf zu erhal-
ten. Aulerdem erkunden wir die parametrisierte Komplexitdt des Farbungsproblems auf
gemischten Graphen, mit einem Fokus auf Baumweite und verwandte Parameter. Wir
zeigen auch obere Schranken fiir die chromatische Zahl gemischter Graphen in Abhén-
gigkeit von der Lange gerichteter Pfade.
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1 Introduction

Graph coloring has been frequently used to solve special types of scheduling problems,
where different items have to be scheduled while avoiding conflicts. An example would be
timetabling, where courses (vertices) have to be scheduled in certain time slots (colors)
while avoiding conflicts (edges), e.g., due to two courses having the same teacher or
students. These types of problems are referred to as chromatic scheduling problems. In
real word applications, there are usually several additional constraints, such as certain
courses having to be scheduled in specific time slots, certain teachers not being available
at certain times, courses using multiple consecutive time slots, or a lecture having to be
held before the corresponding exercises. Thus, there exist several extensions of coloring
to accommodate these additional constraints, for example, list coloring can be used
to restrict courses to certain slots [dW97], or interval coloring can be used to enforce
consecutive time slots [Kub89]. To account for precedence constraints, i.e., one course
having to be scheduled before another, Hansen et al. [HKAW97] added arcs to the given
graph, with an arc (u,v) meaning that u has to be scheduled before v. The resulting
graph, consisting of vertices, edges, and arcs, is called a mized graph. In a proper coloring
of a mixed graph, vertices connected by an edge must have different colors, fulfilling the
conflict constraints, and for each arc (u,v), the color of u must be less than the color
of v, fulfilling the precedence constraints. The problem of deciding whether a mixed
graph can be properly colored with k£ colors is called MIXEDCOLORING. The problem
for undirected graphs is called COLORING.

Apart from scheduling, mixed graph colorings have also been applied in graph drawing
in order to compact layered orthogonal drawings [GMR™ 22, |GJK™23].

1.1 Related Work

In the following, we give a brief overview of the history of mixed graph coloring as well
as graph coloring algorithms.

Mixed Graph Coloring

The study of mixed graph colorings was initialized in 1976 by Sotskov and Tanaev [ST76],
albeit in a slightly different version, requiring for each arc (u,v) that the color of u is
at most the color of v. The version of mixed graph coloring studied in this thesis was
introduced by Hansen et al. [HKdWO97] in 1997. They showed that a proper coloring of
a mixed graph exists only if the graph contains no directed cycle and provided several
lower bounds on the chromatic number. Further, they generalized the Gallai-Hasse-
Roy-Vitaver theorem to mixed graphs, which states that the chromatic number is the



minimum length of the longest path over all orientations without directed cycles of a
graph. This theorem gives rise to a simple FPT-algorithm parameterized by the number
of edges m. As the number of orientations without directed cycles is bounded by 2™,
this results in a runtime of O((a+m)2™), where a is the number of arcs. This algorithm
was later improved for small m to O(m? - 2™ + ma) by Damaschke [Dam19].

There has also been some work on the complexity of mixed coloring on specific graph
classes, such as on mixed interval graphs by Gutowski et al. [GJKT23|. Furthermore,
different problem variants of mixed graph coloring have been considered, such as counting
or enumerating all different k-colorings. Algorithmic approaches studied to solve mixed
graph coloring include ILP, branch-and-bound, and heuristics. See Sotskov [Sot20] for a
survey on the state of mixed graph coloring.

While there have been some parameterized algorithms for mixed graph coloring, such
as the aforementioned algorithm by Damaschke [Dam19], as well as an XP-algorithm
parameterized by treewidth developed by Ries and de Werra [RAWOS], to our knowl-
edge, there have not been any single-exponential-time algorithms, i.e., algorithms with
a runtime of 29" where n is the number of vertices.

In this thesis, we therefore focus on developing single-exponential-time algorithms for
the (general) mixed graph coloring problem.

Exact Algorithms for Graph Coloring

As mixed graph coloring is a generalization of graph coloring, it seems natural to gen-
eralize existing algorithms for graph coloring. Exact algorithms for graph coloring have
been studied for a long time, with Christofides [Chr71] being the first to provide a non-
trivial algorithm. He used the fact that there is an optimal coloring where one color
class is a maximal independent set. Lawler [Law76] improved on this by using a dy-
namic program based on the same property, achieving a runtime of (0(2.4423™). This
algorithm was improved by Eppstein [Epp01] to O(2.4151™) by initializing the table with
all 3-colorable subgraphs, using a 3-coloring algorithm by Beigel and Eppstein [BE05],
as well as by using the insight that only small maximal independent sets have to be
considered. Byskov [Bys04] further improved on this by initializing the table with all
4-colorable subgraphs, with a subsequent runtime of 0(2.4023").

Using an inclusion—exclusion approach, Bjorklund et al. [BHK09] obtained an algo-
rithm with a runtime of O*(2"), which to this day is the fastest algorithm for graph
coloring. Recently, Bjérklund et al. [BCH'25| showed that under Strassen’s [Str04]
Asymptotic Rank Conjecture, a conjecture about the complexity of matrix multiplication,
there exists an ((1.9999")-time algorithm for graph coloring. As the conjecture is yet
unproven, the O*(2")-time inclusion—exclusion algorithm remains the fastest known.

For small (fixed) numbers of colors, faster algorithms are known. For 3-COLORING,
the first algorithm was an (0(1.4425™)-time algorithm by Lawler [Law76] based on maxi-
mal independent sets. Beigel and Eppstein [BE05] used the CONSTRAINT SATISFACTION
PROBLEM to obtain an O(1.3289")-time algorithm for 3-COLORING and an O(1.8073")-
time algorithm for 4-COLORING. Meijer [Mei23] recently improved the 3-coloring algo-
rithm to O(1.3218™), thereby also improving the, at the time fastest, 4-coloring algorithm



by Fomin et al. [FGS07], which used a 3-coloring algorithm as a subroutine. The cur-
rently fastest algorithm for 4-COLORING is by Wu et al. [WG.J™24], achieving a runtime
of O(1.7159™) using only polynomial space. Byskov [Bys04] developed polynomial-space
algorithms for 5- and 6-COLORING, using two branching techniques that use algorithms
for 3- and 4-COLORING. Their runtimes, however, are worse than the O*(2")-runtime
from the inclusion—exclusion algorithm. For some time, for more than four colors, no
faster algorithms than the inclusion—exclusion algorithm were known until Zamir [Zam21]]
showed that 5- and 6-COLORING can be solved in O((2 — ¢)") time for some ¢ > 0. He
used an inclusion—exclusion approach based on that of Bjorkelund et al. [BHK09] to
color graphs where few vertices have high degree, and made use of a 4-list-coloring algo-
rithm by Beigel and Eppstein [BEO5| for the remaining cases. For more than six colors,
no algorithms with a runtime faster than O*(2"), that is, faster than the inclusion—
exclusion algorithm, are currently known. See for a summary of the fastest
known algorithms for coloring (undirected) graphs.

Problem Runtime Reference
3-COLORING O(1.3218™)  |Mei23]
4-COLORING  O(1.7159™) [WGJT24]

6-COLORING O((2—¢)") [Zam21]

[

[
5-COLORING O((2—¢)") [Zam21]

l
COLORING o*(2") [BHK(9]

Tab. 1.1: Fastest known exact algorithms for coloring (undirected) graphs

Polynomial Space Most of the previously mentioned algorithms use exponential space.
In practice, this can be undesirable, as computers have limited memory which limits the
size of computable instances. Thus, it is of interest to consider more space-efficient algo-
rithms even if they are asymptotically slower. Bodlaender and Kratsch [BK06] developed
an O(5.283")-time algorithm based on the fact that either there is an optimal coloring
with a large independent set, and the remaining graph can be colored recursively, or the
graph can be partitioned into two, similarly sized, halves which are colored recursively.
The inclusion—exclusion algorithm by Bjorklund et al. [BHK09] also yielded a polyno-
mial space variant with a runtime of ((2.2461™), which relies on a fast algorithm to
compute the number of independent sets in a graph. The computation of the number
of independent sets was subsequently improved, with the latest improvement being by
Gaspers and Lee [GL23]. Their algorithm for this problem yields an O(2.2356™)-time
algorithm for coloring in polynomial space. See for an overview of the fastest
known algorithms for graph coloring in polynomial space.

Parameterization As COLORING is NP-hard, the parameterized complexity of COL-
ORING has been studied in order to obtain algorithms that are efficient parameterized
by certain parameters. For example, it is well-known that COLORING can be solved



Problem Runtime Reference

3-COLORING ((1.3218"™) |Mei23]
4-COLORING  O(1.7159™) [WGJ™24]
5-COLORING  (0(2.1523™) [Bys04]
COLORING 0(2.2356") [GL23]

Tab. 1.2: Fastest known exact polynomial-space algorithms for coloring (undirected) graphs

in O* (k™) time [CFK™15], with k being the number of colors and tw the treewidth of
the given graph. As in undirected graphs the chromatic number is bounded by treewidth,
it follows that COLORING is FPT parameterized by treewidth. Furthermore, Lokshtanov
et al. [LMS18|] showed that, under the Strong Exponential Time Hypothesis (SETH), a
hypothesis about the complexity of SAT with at most k literals per clause, there is no
coloring algorithm with a runtime of O*((k — &)™) for any ¢ > 0, i.e., the O*(k"™)-time
algorithm is optimal. However, there are other parameters for which COLORING is not
FPT. The most prominent example is the number of colors, as COLORING is already NP-
hard for three colors. Further, COLORING is W[l]-hard parameterized by cliquewidth,
as shown by Fomin et al. [FGLS10]. However, Kobler and Rotics [KR03|] showed that
COLORING is still XP parameterized by cliquewidth. Furthermore, it can be shown using
Courcelle’s theorem [Cou90] that COLORING is FPT parameterized by cliquewidth plus
the number of colors.

1.2 Contribution

The remainder of this thesis is structured as follows. We first introduce the concepts
and notations used throughout this thesis; see |[Chapter 2| [Section 2.3| contains a more
precise definition of mixed graph colorings together with some basic properties.

Following this, we arrive at the heart of this thesis, We begin by gener-
alizing a property commonly used in coloring algorithms; see We use this
property to adapt Lawler’s [Law76] algorithm to mixed graphs; see Follow-
ing this, we briefly discuss why we were not able to adapt faster algorithms. Then we
present a new polynomial-space algorithm; see We conclude the chapter by
analyzing the complexity of mixed coloring with fixed number of colors; see
The algorithmic results of this chapter are summarized in For more detailed
results on polynomial-space algorithms for fixed number of colors, see

Apart from single-exponential-time algorithms, we also consider parameterized algo-
rithms for MIXEDCOLORING in [Chapter 4 We begin, in[Section 4.1} by using Courcelle’s
theorem to obtain that MIXEDCOLORING is FPT parameterized by cliquewidth plus the
number of colors. Following this, we generalize the well-known O*(k'V)-
time and -space dynamic program for COLORING to MIXEDCOLORING, which yields
that MIXEDCOLORING is XP parameterized solely by treewidth. We then generalize
and tighten a bound on the chromatic number of mixed interval graphs by Gutowski




Problem Runtime Space Reference
2-MIXEDCOLORING Linear Linear Theorem 2.9
3-MIXEDCOLORING  ((1.3218") Polynomial |Theorem 3.16
4-M1XEDCOLORING  (0(1.7433") Polynomial [Theorem 3.19
5-MIXEDCOLORING ~ (O(2.1523") Polynomial  [Theorem 3.19
6-MIXEDCOLORING  (0(2.3218") Polynomial |Theorem 3.18
MIXEDCOLORING ((2.4423") Exponential [Lheorem 3.3
MIXEDCOLORING O(4.8107") Polynomial [Theorem 3.5

Tab. 1.3: Fastest algorithms to color mixed graphs

et al. [GJK™23| to (general) mixed graphs; see We show that, unlike on
undirected graphs, the chromatic number is no longer bounded by the treewidth of the
graph. On the positive side, we use this bound to obtain FPT-algorithms for further
parameters, such as treedepth. Lastly we show that MIXEDCOLORING is W([1]-hard for
several parameters, such as pathwidth or the size of a feedback vertex set; see
An overview of the parameterized complexity of MIXEDCOLORING is given in

We conclude the thesis with an outlook on open problems; see

Fig. 1.1: Overview of the parameterized complexity of MIXEDCOLORING. The bold bordered
parameters are the ones for which we directly show results, with the complexity of
the other parameters propagating from them. The color of the rim represents the

purple for W[1]-hardness, blue

W(1]-hard

complexity class for which the result is shown, i.e.,

for XP, and green for FPT. The bold (orange) arcs represent relationships shown in
The boundary of XP is dashed at the bottom as it is yet unclear if the
remaining parameterized problems are in XP. For an explanation of the parameters,

this thesis.




2 Preliminaries

In this chapter, we introduce some concepts of algorithmic graph theory as well as the
notation used throughout this thesis. We also define mixed graph colorings and show
some basic properties in

2.1 Mathematical Basics

Sets We denote with N the set of natural numbers, {1,2,...}, and with Nj the set of
natural numbers including 0. For the first £ natural numbers, {1,...,k} we write [k|. For
a set S, we denote with (;) the set of all k-element subsets of S, i.e. {X C S: |X| = k}.
We denote with S* the set of all k-tuples of elements of S, i.e. {(s1,...,sk) | si € S}.

Throughout this thesis, we need to bound the number of subsets of a given size, i.e.,
the binomial coefficient, with an exponential function. To this end, we use the following
well-know bound, where B(«a) := m

Lemma 2.1. For anyn € N and o € (0,1), it holds that (") < B(a)™.

Proof. 1t is well-known, as seen for example in the textbook by Fomin and Kratsch
[FK10, Lemma 3.13] that for any n € N and a € (0,1) it holds that () < (2H@)»
where H(«) is the binary entropy function —alogy(a) — (1 — a)logy(1l — ). As it holds
that B(a) = 2H(®) we obtain the desired bound. O

Functions To simplify notation, we consider functions with a finite domain, such as
colorings of graphs, as sets of mappings. Thus, {u — 1,v + 2} denotes a func-
tion ¢: {u,v} — [2] with ¢(u) = 1 and c¢(v) = 2. Given two functions f: A — B
and g: C — D, we denote with fUg the union of the two functions, that is, (fUg): AU
C — BUD with (fUg)(a) = f(a) foralla € A and (fUg)(c) = g(c) for all c € C. As
long as f(z) = g(z) for all z € AN C, the union is well-defined. This notation allows
us to easily augment a function. For example, given the previous function ¢, we can
augment the function to color a new vertex w with color 1 by writing ¢ U {w — 1}. As
a consequence, we denote, for arbitrary sets X, with () the empty function f: 0 — X.
When restricting a function f: X — Y to a subset X’ of X, we denote the resulting
function as f‘x“

1

The textbook seems to contain a typo as their inequality only holds for a € ©,5

proof suffices for the bound used here as (:a) = (n(ln_a)) and B(a) = B(1 — a).

|. However, their



O*-Notation As we deal with exponential-time algorithms, we are mainly interested
in the exponential factor, with the polynomial factor being less relevant. Therefore,
we use the O*-notation to suppress polynomial factors, similar to how the O-notation
suppresses constant factors. Formally g(n) € O*(f(n)) if there exists a polynomial p(n)
such that g(n) € O(f(n) - p(n)). For example, 2" - n? € O*(2"). Note that, for expo-
nential runtimes, it holds that O*(c") C O((c + ¢)") for any € > 0. Therefore, it holds
that 0*(2.4422496™) C O(2.44225™).

2.2 Mixed Graphs

An undirected graph G consists of a set of vertices V(G) and a set of edges E(G),
with E(G) C (V(QG)). A directed graph G consists of a vertex set V(G) and a set of
arcs A(G), with A(G) C V(G)%. A mized graph G combines the two types of graphs,
consisting of a set of vertices V(G), a set of edges F(G), and a set of arcs A(G). We
require (mixed) graphs to be simple, i.e., for every pair of vertices u,v there is at most
one edge or arc between them and there are no loops (edges or arcs from a vertex to
itself). If a mixed graph consists solely of edges or solely of arcs, we may treat it as an
undirected, respectively, directed graph. Conversely, we may treat an undirected graph
as a mixed graph with an empty arc set, and a directed graph as a mixed graph with an
empty edge set. We denote with n(G') the number of vertices, with m(G') the number of
edges, and with a(G) the number of arcs in G. The empty (mized) graph, containing no
vertices, and thus no edges or arcs, is denoted by ().

Throughout this thesis, we explicitly mention when a graph is mixed, while we usually
refer to undirected graphs simply as graphs.

Algorithmically, we represent a mixed graph as a triple of vertices, edges, and arcs.
Therefore, the size of a mized graph is the number of vertices plus the number of edges
and arcs. As we require mixed graphs to be simple, the size is at most quadratic in the
number of vertices. Note that we can obtain the adjacency list of each vertex from the
triple representation in linear time.

Incidences An arc (u,v) is directed from the tail u to the head v. The tail and the head
of an arc form its endpoints. A vertex is incident to an arc of which it is an endpoint.
For a vertex v, we classify the incident arcs into incoming arcs, where v is the head, and
outgoing arcs, where v is the tail. In other words, an arc (u,v) is an outgoing arc for u
and an incoming arc for v. For an edge {u, v}, we say that v and v are its endpoints. As
with arcs, a vertex is incident to edges of which it is an endpoint.

For vertex sets, we define incidences similarly. Given a vertex set S, we say that an
edge or arc is incident to S if exactly one of its endpoints is in S. The incident arcs are
also classified into incoming arcs, which have their head in S, and outgoing arcs, which
have their tail in S.

Adjacencies & Neighbors In a mixed graph G, a vertex v is adjacent to a vertex wu if
it is connected to u by an edge or an arc. The neighborhood of v, denoted by N¢(v), is
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the set of all adjacent vertices. The outgoing neighbors of v, denoted by N&L (v), are all
vertices u to which v has an outgoing arc (v,u). Analogously, the incoming neighbors
of v, denoted by N, (v), are all vertices u from which v has an incoming arc (u,v).

Degrees The degree of a vertex v in a mixed graph G, denoted by d¢;(v), is the number
of edges and arcs incident to v. The outdegree of a vertex v, denoted by d/.(v), is the
number of outgoing arcs. The indegree, denoted by d.(v), is the number of incoming
arcs. Note that, as we require mixed graphs to be simple, the degree, outdegree, and
indegree of a vertex v corresponds to the number of neighbors, outgoing neighbors, and
incoming neighbors, respectively. The mazimum degree of G, denoted by A((), is the
maximum degree of any vertex in G.

For a vertex set S we define the degree, d¢;(.5), outdegree, dg(S ), and indegree, d(5),
as the number of incident edges and arcs, outgoing arcs, and incoming arcs, respectively.

Paths & Cycles A walk (vg,...,v;) of length k in a mixed graph G is a sequence of
vertices such that {v;_1,v;} € E(G) or (vi—1,v;) € A(G) for each i € [k]. We say that a
walk is directed, if it consists solely of arcs, and undirected, if it consists solely of edges.
Otherwise, it is mized. A walk is closed if vg = vy, otherwise it is open. A path is a
walk without repeated vertices, except for the possibility of vg = vg, i.e., the path being
closed. A closed path is also called a cycle. We denote for kK € N with P, the graph
consisting of a single path of length k.

Ranks The inrank of a vertex v in a mixed graph G without directed cycles, denoted
by pg(v), is the length of the longest directed path ending at v. The outrank, pj(v), is
the length of the longest directed path starting at v. Combining both, the rank, pc(v), is
the length of the longest directed path containing v. It holds that pg(v) = pg(v)+pk(v).

Therefore, the length of the longest directed path in G equals the mazimum rank of
any vertex in G and is denoted by A(G).

Note that, since we consider mixed graphs without directed cycles, the arcs impose a
strict partial order on the in- and outrank of vertices. This is formalized in the following
lemma.

Lemma 2.2. For a mized graph G without directed cycles and an arc (u,v) of G, it
holds that pg(u) < pg(v) and pf(u) > p&(v).

Subgraphs We say that G’ is a subgraph of a mixed graph G, denoted G/ C &, if it holds
that V(G') CV(G), E(G') C E(G), and A(G") C A(G). For a subset of vertices S C V,
we denote the subgraph induced by S, (S,E N (g),A N (S x S)), as (G|S]. For a set of
vertices S, we write G — S instead of G[V(G) \ S]. Similarly, for a set T of edges and
arcs, we write G — 71" instead of (V(G), E(G) \ T, A(G) \ T'). Furthermore, for a single
vertex, edge, or arc x we write G — = instead of G — {x}.

We generalize the notion of subgraphs by not only allowing for vertices, edges, and
arcs to be removed, but also allowing arcs to be replaced by edges, resulting in relazed

11



subgraphs. A particular relaxed subgraph is the underlying undirected graph, which
results from replacing all arcs with edges.

The inverse of the subgraph is the supergraph. A mixed graph G’ is a supergraph of G
if G is a subgraph of G'. Relaxed supergraphs are defined analogously.

Orientations An orientation of a mixed graph G is a directed graph G’ resulting from G
by orienting each edge, i.e., turning each edge into an arc. Therefore, for every edge {u, v}
in G there is either the arc (u,v) or the arc (v,u) in G’. Thus, a mixed graph is a relaxed
subgraph of its orientations.

Partitions A proper partition (Vi,...,Vg) of (the vertices of) a mixed graph G is a
partition of the vertex set such that there is no arc going from a vertex in a set with
a higher index to a vertex in a set with a lower index, i.e., there is no (u,v) € A(G)
with u € V;, v € V}, and ¢ > j. It can be proven by a simple induction that the following
are equivalent characterizations:

e dy(ViU---UV;) =0 for all i € [k]

* dg_ -y, (Vi) =0 forall i € [k].

. dz:[viunuvk}(vi) =0 for all i € [k].

See for an example of a proper and an improper partition.

Fig. 2.1: A proper (a) and improper (b) partition of a mixed graph.

As we show in the following, we can refine proper partitions, i.e., we can substitute
any set V; of a proper partition of a mixed graph G with a proper partition of G[V;] and
obtain a proper partition of G.

Lemma 2.3. Let G be a mized graph and (V1,...,Vi) a proper partition of G. Let
i€ k] and (Vi1,...,Vie) be a proper partition of G[V;]. Substituting V; by (Via,...,Vie)
in (V1,..., Vi) yields a proper partition of G.

Proof. Suppose that (V1,...,Vi—1,Vi1,...,Vig, Vig1,..., Vi) is not a proper partition
of G. As we know (V1,..., V) to be a proper partition of G, there cannot be an arc (u, v)
with u € V;, v € V;, and « > y. Thus, there must be an arc (u,v) withu € V; ,, v € Vj ,
and x > y. It follows that u,v € V; and (u,v) € A(G[V;]). This contradicts (Vi1,..., Vi)
being a proper partition of G[V;]. Therefore, (Vi,...,Vi=1,Vi1,..., Vi, Vig1,..., Vi) is
a proper partition of G. O
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Properties of Underlying Undirected Graphs

While the previous properties are defined for mixed graphs, the following properties are
(mostly) defined for undirected graphs. We apply them to mixed graphs by considering
them w.r.t. the underlying undirected graph, where all arcs are replaced by edges.

Connectivity A graph is connected, if there is a path between every pair of vertices.
A graph is disconnected otherwise. A connected component is a maximal connected
subgraph.

Cliques & Independent Sets A clique is a set of vertices such that there is an edge
between every pair of vertices. We denote with w(() the size of the largest clique in a
graph G. A graph is complete if its vertex set forms a clique. We denote with ,, the
complete graph with n vertices.

The opposite of a clique is an independent set, i.e., a set of vertices where there is no
edge between any pair of vertices. We denote with 7Z((') the family of independent sets
of a graph (G. An independent set is mazimal, if it is not a proper subset of another
independent set, i.e., we cannot add any vertex to the set such that the resulting set
is still independent. We denote with MIS((G') the family of maximal independent sets
of G. For a mixed graph G, we denote with Z°(() the family of independent sets
of indegree 0, ie., I°(G) = {I € Z(G) | dz(I) = 0}. We denote with MIS®((') the
family of maximal independent sets of indegree 0, i.e., MIS°(G) = {I € Z°(G) | VI' €
I°(G): I ¢ I'}. Clearly, it holds that Z°(G) = Z(G[V°(G)]) where V°(G) is the set
of vertices with indegree 0 in G. It follows that MIS°(G) = MIS(G[V°(G)]), i.e., the
maximal independent sets with indegree 0 are exactly the maximal independent sets in
the (undirected) subgraph induced by the vertices with indegree 0.

It was shown by Moon and Moser [MMG65] that the number of maximal independent
sets in a graph with n vertices is at most 3"/3. Clearly, as MIS®(G) = MIS(G[V°(G)])
for every mixed graph G, it follows that |MIS®(G)| < 3V°(GI/3 < 37(G)/3 | Furthermore,
this bound is tight, as seen when given a graph which is a collection of disjoint triangles.
However, this bound does not take the sizes of the maximal independent sets into consid-
eration. For the number of maximal independent sets of a given size, Eppstein [Epp0]1]
provided the following bound.

Lemma 2.4 (Eppstein [Epp01, Theorem 2|). The mazximal independent sets of size less
than £ in a graph with n vertices can be enumerated in O(3%*~4"=3¢) time.

In particular, there are at most 3*~"4"~3¢ maximal independent sets of size less than ¢
in a graph with n vertices. For n/4 < ¢ < n/3, this bound is tight. For other sizes of
maximal independent sets, Byskov [Bys04] proved the following stricter bound.

Lemma 2.5 (Byskov [Bys04, Theorem 5]). For every d € N, every graph with n vertices
contains at most dD(d41)"% magimal independent sets of size £. All of these sets
can be found within a polynomial factor of this bound. The bound is tight if d = |n/{].

13



Bipartite We say that a graph G is bipartite if there is a partition of the vertex set into
two independent sets.

Forests & TreesE| A graph without cycles is a forest. If it is connected, it is a tree.
Vertices of degree 1 in a forest are called leaves.

A rooted treeis a tree T' with a designated root r € V(T'), inducing an ancestral relation
on the vertices of T'. For each non-root vertex v € V(T') \ {r}, the vertex p adjacent to v
in the (unique) path from r to v is called the parent of v, and Np(v) \ {p} the children
of v. A vertex without children is called a leaf. Note that, as long as the root has a
degree of at least 2 (i.e., is not a leaf itself), the leaves correspond to the leaves of a
non-rooted tree. The subtree of T rooted at v, denoted T}, is the subgraph of T" induced
by v and its descendants. The height of a rooted tree is the maximum distance from the
root to any vertex. A rooted forest is a collection of rooted trees.

2.3 Colorings

A coloring of a mixed graph is a function that assigns a color, a natural number, to each
vertex. A coloring ¢ of a mixed graph G is proper if

o for every edge {u,v} € E(G) it holds that c(u) # c(v) and
o for every arc (u,v) € A(G) it holds that c(u) < ¢(v).

An example of a proper and improper mixed coloring can be seen in A k-
coloring is a coloring that uses only k colors. We say that G is k-colorable if there exists
a proper k-coloring of G. The chromatic number, denoted by x(G), is the smallest k
such that G is k-colorable. We say that a proper coloring consisting of x(G) colors is
optimal.

Fig. 2.2: A proper (a) and improper (b) coloring of a mixed graph. Violated constraints, in this
case two arcs and one edge, are highlighted in red.

We call the problem of deciding whether a given mixed graph is k-colorable for a
given k MixEDCOLORING. If the number of colors k is part of the problem, we obtain
the k-MixEDCOLORING problem. Note that these problems generalize the well-known
COLORING and k-COLORING problems for undirected graphs, as our definition of mixed
graph coloring is equivalent to the coloring definition on undirected graphs.

2The following definitions and notation are derived from Jaffke [Jaf20].
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As a coloring is proper if it adheres to the constraints imposed by edges and arcs,
it follows that a proper coloring of a mixed graph is also proper for all subgraphs.
Furthermore, as the constraint imposed by an arc (u, v), i.e., that c¢(u) < ¢(v), is stronger
than the constraint imposed by the edge {u,v}, which only requires that c(u) # c(v),
it follows that a proper coloring is even proper for all relaxed subgraphs. We formalize
this insight in the following lemma.

Lemma 2.6. Let G be a mixed graph, and let ¢ be a proper coloring of G. If G' is a
relazed subgraph of G, then C\V(G,) is a proper coloring of G'.

Thus, the chromatic number of a mixed graph is lower bounded by the chromatic
number of its relaxed subgraphs, such as by the chromatic number of the underlying
undirected graph.

As an arc requires the head to receive a higher color than the tail, it follows that
vertices in a directed path must have increasing colors in a proper coloring. Therefore,
we can use the in- and outrank to bound the colors a vertex can receive, as formalized
in the following lemma.

Lemma 2.7. Given a proper k-coloring c of a mized graph G, it holds for every vertex v
of G that pg(v) +1 < c(v) < k — p&(v).

Using the same argument, it follows that a mixed graph does not admit a proper
coloring if it contains a directed cycle. A mixed graph without directed cycles always
admits a proper coloring, as observed by Hansen et al. [HKdW97, Proposition 1].

Since we can test in linear time whether a given mixed graph contains a directed
cycle, e.g., using depth-first search, we assume for the remainder of this thesis that we
are given mixed graphs without directed cycles. Furthermore, as we can color connected
components separately, we also assume mixed graphs to be connected.

Given a k-coloring ¢ of a mixed graph G, the color classes of ¢ are (Vi,...,Vj)
where V; = {v € V(G) | ¢(v) = i} for ¢ € [k]. As shown in the following, the color
classes of a proper coloring correspond to a proper partition into independent sets.

Lemma 2.8. A proper k-coloring ¢ of a mized graph G is equivalent to a proper partition
of G into independent sets (Vi,...,Vy).

Proof. Let ¢ be a proper k-coloring of G and (Vi, ..., V}) be its color classes. Since ¢ is
proper, for each edge {u,v} € E(G) it holds that c¢(u) # c¢(v). Thus, each color class is
an independent set. Further, we know that each arcs points towards the endpoint with

the higher color, which is therefore in a higher color class. Thus, (Vi,..., Vi) is a proper
partition.
Given a proper partition of G into independent sets (Vi,..., Vi), we construct a col-

oring ¢ by setting c¢(v) = ¢ for all v € V. Since each color class is an independent
set, for each edge {u,v} € E(G) it holds that c(u) # ¢(v). Further, as the partition is
proper, for each arc (u,v) € A(G) it holds that u € V;, v € V; with ¢ < j. Thus, it
is ¢(u) =i < j = c(v). Therefore, ¢ is a proper k-coloring of G. O
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Proper colorings being equivalent to proper partitions into independent sets highlights
the fact that, contrary to colorings of undirected graphs, we cannot simply permute the
colors of a proper coloring, as this may violate the constraints imposed by arcs.

Decision vs. Optimization vs. Search As with other computational problems, mixed
graph colorings can be considered as a decision, optimization, or search problem. So
far, we mentioned only the decision problem, where we ask whether a mixed graph is k-
colorable, and the optimization problem, where we ask for the chromatic number. As an
algorithm that determines the chromatic number also solves the decision problem, most
of our algorithms will compute the chromatic number. The exceptions are algorithms
that directly exploit the number of possible colors, such as the algorithms in
and the treewidth algorithm in However, an algorithm for the decision
problem can be used to compute the chromatic number via a linear search, i.e., by
iteratively increasing the number of available colors k until the graph is k-colorable.
This does not work, however, for the algorithms in as they are designed
for fixed k (and not for all k). Note that the runtime of a chromatic-number algorithm
repurposed to solve the decision problem could be improved by making use of the number

of colors k, e.g., by bounding the depth of the recursion (Algorithm 3|) or the number of
iterations (Algorithm 2|). However, for small k, the dedicated algorithms from

are more efficient, and for larger k, the (asymptotic) improvements are not substantial.

The search problem asks for a proper k-coloring of a mixed graph, not just whether
such a coloring exists. For the sake of simplicity, our algorithms do not return a coloring.
However, except for the algorithms in we explain how our algorithms can
be modified to return a coloring without altering the time or space requirements.

List Coloring

While there are many variants of (undirected) colorings, for this thesis we only make
use of one of them, namely LISTCOLORING. Given an (undirected) graph G and a list
of colors L(v) for each vertex v of G, the LISTCOLORING problem asks whether there is
a proper coloring ¢ of G with ¢(v) € L(v) for each v € V(G). This problem generalizes
COLORING, as we can give each vertex the same color list [k], where k is the number of
colors in the COLORING instance.

In the k-LisTCOLORING problem, the color lists are restricted to be subsets of [k]. For
LisTCOLORING, we can assume w.l.o.g. that given a graph with n vertices as input, all
color lists are subsets of [n?]. Indeed, we can assume w.l.o.g. that each color list contains
at most n colors, as a vertex with n possible colors can always be properly colored.
Thus, we can assume w.l.o.g. that the number of colors contained in the color lists is at
most n?, and, since we can remove unused colors, that the color lists are subsets of [n?].

Note that LisTCOLORING generalizes naturally to mixed graphs by taking a mixed
graph as input and requiring the coloring to be a proper coloring of the mixed graph.
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Polynomial Cases of MixedColoring

It is well-known that COLORING is polynomially solvable for at most two colors, and NP-
hard for at least three colors. Due to MIXEDCOLORING being a generalization of COL-
ORING, it is thus also NP-hard for at least three colors. We now show that for at most
two colors, MIXEDCOLORING is, like COLORING, solvable in polynomial time.

Theorem 2.9. For every mized graph G it holds that:
e G is 0-colorable if and only if G is the empty graph,
e G is 1-colorable if and only if G has no edges or arcs, and

e G is 2-colorable if and only if there is a proper partition of G into two independent
sets.

Each of these conditions can be checked in linear time, and thus k-colorability of mized
graphs can be decided in linear time for k < 2.

Proof. The empty graph contains no vertices and thus does not need any colors. Fur-
thermore, each graph with at least one vertex needs to color said vertex and thus needs
at least one color. Checking whether a graph is empty is done in constant time.

A graph without edges and arcs is an independent set, and can thus be colored with
a single color. An edge or arc necessitates a second color, as the endpoints of said edge
or arc need to be colored differently from each other. Checking whether a graph has no
edges or arcs can be done in constant time.

As shown in G is 2-colorable if and only if it has a proper partition into
two independent sets. It remains to show that we can check the existence of such a
partition in linear time. For G to have a proper partition into two independent sets, it
needs to be bipartite. It is well-known that we can check whether a graph is bipartite
in linear time using algorithms such as depth-first search. Furthermore, it is well-known
that a connected graph has only one bipartite partition (up to permutation). Thus, for
a proper partition into two independent sets to exist, all arcs have to be oriented equally
w.r.t. the two sets of the bipartite partition, i.e., one set has to have indegree 0 and
the other outdegree 0. Checking the in- and outdegree of two sets is possible in linear
time. 0

2.4 Parameterization

Parameterization is a technique to analyze the complexity of (NP-hard) problems w.r.t.
certain parameters with the goal of solving the problems efficiently for small values of
the parameters. In this section, we first introduce the basic concepts of parameterized
complexity. Following this, we define the parameters used throughout this thesis. More
details on parameterized complexity can be found in standard textbooks, such as by
Downey and Fellows [DE13].
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Complexity

An instance (I, k) of a parameterized problem consist of an instance I of a decision
problem and a parameter k € No. The size of such an instance is |I| + k, i.e., the
parameter is encoded in unary.

A parameterized problem is fized-parameter tractable (FPT) if there is an algorithm
that solves the problem in f(k) - (|I| + k)°(") time, where f is a computable function.
We refer to such a runtime as FPT w.r.t. k. Expressed using the O*-notation, a runtime
is FPT w.r.t. k if it is in O*(f(k)) for a computable function f.

A parameterized problem is slice-wise polynomial (XP) if there is an algorithm that
solves the problem in O(n/(¥)) time, where f is a computable function. Clearly, if a
problem is FPT w.r.t. a parameter it is also XP w.r.t. the same parameter.

In order to show that a problem is in XP or FPT, it suffices to show that there is an al-
gorithm that solves the problem in the respective time. To show that a problem is (likely)
not FPT or XP, one can show that the problem is already NP-hard for a small values
of the parameter, such as COLORING being already NP-hard for three colors. However,
some problems admit an XP-algorithm while likely not having an FPT-algorithm, such as
COLORING w.r.t. cliquewidth. In order to show that a problem likely does not admit an
FPT-algorithm, we can show that it is W[1]-hard. For this thesis, it is sufficient to know
that W[1] lies between FPT and XP, and that it is assumed that FPT # WJ1] (similar
to the assumption that P # NP). Thus, a parameterized problem that is W[1]-hard is
assumed to not be in FPT.

To show that a parameterized problem is W[1]-hard, one can perform a parameterized
reduction from a known W([1]-hard problem. A parameterized reduction transforms an
instance (I, k) of a parameterized problem into an equivalent instance (I’, k") of another
parameterized problem such that £’ < g(k), g is a computable function, and the reduction
is performed in FPT-time.

Parameters

The natural parameter of MIXEDCOLORING is the number of colors. However, as
MIXEDCOLORING is already NP-hard for three colors, it is not XP (nor FPT) w.r.t. the
number of colors. Thus, we consider the complexity of MIXEDCOLORING w.r.t. other
parameters. Unless stated otherwise, the following parameters are defined for undirected
graphs, but can be applied to mixed graphs by considering the underlying undirected
graph. An overview of the already established relations between the parameters can be
found in the work of Tran [Tra22].

Vertex Cover A wvertex cover of a graph G is a set of vertices C, such that every
edge {u,v} € E(G) has at least one endpoint in C. The vertex cover number of G,
denoted by vc((), is the size of the smallest vertex cover of G.

18



Tree- and Pathwidtfﬂ A tree decomposition of a graph G is a pair T = (T, B) with
B = {Bi}icv (), where T'is a tree whose every node t is assigned a subset of vertices By,
called bag, such that the following conditions hold:

o Uiev(r) Bt = V(G), i.e., each vertex is in at least one bag.
o For every edge {u,v} € E(G) there is a node t € V(T such that u,v € By.

o For every vertex v € V(G), the set of nodes containing v, {t € V(T) | v € By},
induces a connected subtree of T'.

The width of a tree decomposition T = (T, B) is maxteV(T)|Bt| — 1, i.e., the maximum
size of its bags minus 1. The trecwidth of a graph G, denoted by tw((), is the minimum
possible width of a tree decomposition of G.

A path decomposition is a special case of a tree decomposition T = (7', B), where we
restrict T to be a path. The pathwidth of a graph G, denoted by pw((), is the minimum
possible width of a path decomposition of G.

A common approach to show that a problem is FPT w.r.t. treewidth is to provide a
dynamic program that uses the tree decomposition to solve the problem. To simplify
such a program, it is useful to use the following special form of tree decompositions.
A nice tree decomposition of a graph G is a tree decomposition (T, B) such that T is a
rooted tree with the following node types:

Leaf Each leaf t of T is a leaf node with empty bag, i.e. B; = ().

Introduce A node t of T is an introduce node if it has exactly one child ¢ and it holds
that By = By U {v} for some vertex v of G. We say that v is introduced at t.

Forget A node t of T is a forget node if it has exactly one child ¢’ and it holds that B; =
By \ {v} for some vertex v of G. We say that v is forgotten at t.

Join A node t of T is a join node if it has exactly two children t1,t; and it holds
that Bt = Bt1 = Bt2.

We further require the root to have an empty bag.

It is well-known |[CFK™15, Lemma 7.4], that every tree decomposition can be trans-
formed into a nice tree decomposition in polynomial time, and that the size of the re-
sulting nice tree decomposition is polynomial in the size of the graph G, more precisely
the size is in O(tw(G) - n(G)). It is long known that the treewidth and a correspond-
ing tree decomposition of a graph can be computed in FPT-time w.r.t. treewidth, with
Bodlaender [Bod96] being the first to provide such an algorithm, with recent improve-
ments by Korhonen and Lokshtanov [KL23]. When constructing an FPT-algorithm w.r.t.
treewidth, we can therefore assume that we are given a nice tree decomposition of the
graph.

For each node t € V(T), let V; be the set of vertices contained in bags of the subtree
rooted at ¢, i.e., V; = UteV(Tt) By, and let G, = G[Vy].

3The following definitions and notation are taken from Cygan et al. [CFK'15].
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Nice tree decompositions have some well-known properties, which we summarize in
the following.

Lemma 2.10. Let (T, B) be a nice tree decomposition of a graph G. The following holds:

o For an introduce node t with child t', the edges contained in G; but not Gy are
incident to the vertex v introduced at t. Thus, all edges in Gy are contained in Gy
or G[By], and there is no edge between v and a vertezx in V; \ By.

o For a join node t with children t; and ta, there is no edge between a vertez in Vi, \ By
and a vertex in Vi, \ By. That is, each edge in Gy is contained in Gy, or Gy,.

While many problems are FPT w.r.t. treewidth, like COLORING, treewidth has the draw-
back of only being small for sparse graphs. Thus, more general measures have been
introduced, which can also be small for dense graphs. One such measure is cliquewidth,
for which COLORING is known to be XP.

Cliquewidth Courcelle and Olariu [CO00] define cliquewidth for directed and undi-
rected graphs. Combining their definitions, we obtain the following definition for cliquewidth
on mixed graphs. The cliquewidth of a mixed graph G, denoted by cw((), is the mini-
mum number of distinct labels needed to construct G using the following operations:

Introduce: creation of a new vertex with label i, denoted ¢

Union: disjoint union of two graphs, denoted U

Relabel: changing all labels i to j, denoted p;_;

Join: connect all vertices labeled ¢ to all vertices labeled j with edges, denoted 7); ;
Arc: connect all vertices labeled 7 to all vertices labeled j with arcs, denoted «; ;

For example, the directed path Ps has cliquewidth 3. It is constructed by the expression
a2.3(p3—2(pa—1(ae3(ar2(1U2)U3)))U3). Meanwhile, the oriented K4 without directed
cycles, constructed by aq 2(p2—1(12(p2—1(a1,2(1U2))U2))U2), has cliquewidth 2. Thus,
adding arcs can decrease the cliquewidth of a graph.

To more accurately determine the boundary between FPT and W[1]-hard parameters for
MixEDCOLORING, we also consider the following three parameters.

Feedback Vertex Set A feedback vertex set of a graph G is a set of vertices F' such
that G— F contains no cycle. The size of the smallest feedback vertex set of G is denoted
by fvs(G).
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Treedepth The treedepth of a graph G, denoted by td((), is the minimum height of
a rooted forest such that for every edge {u,v} € E(G), the vertices u and v have an
ancestor—descendant relationship in the forest.

Recall that MIXEDCOLORING can be used to model scheduling problems with prece-
dence constraints. Therefore, it is plausible that, when given a mixed graph modeling a
scheduling problem, the graph is transitively closed. That is, for each pair of vertices u, v
with a directed path from w to v there is the arc (u,v). As we show, the parameterized
complexity of MIXEDCOLORING is different for transitively closed graphs. Furthermore,
as we show in the following, we can relate mixed graphs to transitively closed graphs.

Transitive Closure The transitive closure of a mixed graph G, denoted by G, is the
smallest transitively closed relaxed supergraph of G. This graph is obtained by adding
the arc (u,v) for every pair of vertices u,v € V(G) that has a directed path from u
to v in G. If G already contains the edge {u, v}, the arc (u,v) replaces this edge, as we
require mixed graphs to be simple. Hence, G is a relaxed supergraph of G. Therefore,
as we assume that G contains no directed cycles, the transitive closure of G is a simple
mixed graph without directed cycles. Thus, G admits a proper coloring. Further, as
a directed path from u to v in G implies that u receives a smaller color than v in any
proper coloring of G, it holds that a coloring that is proper for G is also proper for G.
The inverse holds due and G being a relaxed subgraph of G*. Thus, G
and GT have the same chromatic number. We can therefore study the parameterized
complexity of MIXEDCOLORING on the transitive closure of mixed graphs.

Note that, except for cliquewidth, the value of the parameters defined in this section
do not increase when considering a relaxed subgraph, as stated in the following.

Lemma 2.11. For every parameter o € {vc,td, fvs, pw, tw}, it holds that o(G'") < a(QG)

for every mized graph G and relazed subgraph G' of G. In particular, it holds that
a(G) < a(GT).

The reason this does not hold for cliquewidth is that adding arcs or edges can decrease
the cliquewidth. Recall that a directed P; has a cliquewidth of 3, while its transitive
closure, the oriented K4 without directed cycles, has a cliquewidth of 2.

Note that, except for cliquewidth, the value of these parameters in the transitive
closure can be arbitrarily bigger than in the original graph, as seen for example with
the family of oriented stars where the center vertex has half incoming and half outgoing
arcs.

For a mixed graph G, we denote with vc™ (G) the vertex cover number of G, i.e.,
ve(GT). The parameters td™ (G), fvs™(G), pw ' (G), tw'(G), and cw' () are defined
analogously.
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3 Coloring Mixed Graphs

In this chapter, we consider various algorithms for solving MIXEDCOLORING. Several of
these algorithms use the same property, which we show in the following section.

3.1 Canonical Colorings

A property used by several coloring algorithms, such as the ones by Christofides [Chr71],
by Lawler [Law76], or by Byskov [Bys04], is that there exists an optimal coloring where
one color class is a maximal independent set. This property, however, does not hold for

mixed graphs, as shown in

Fig. 3.1: A uniquely 4-colorable mixed graph, where no color class is a maximal independent
set.

However, when we restrict ourselves to maximal independent sets with indegree O,
the property does holds for mixed graphs. As in undirected graphs all vertices have
indegree 0, this is even a generalization of the property for undirected graphs. In fact,
we can further strengthen the property by requiring the first color class to be a maximal
independent set with indegree zero. This results in the following recursive formula for
the chromatic number of mixed graphs.

Lemma 3.1. For a mized graph G, it holds that

{0 if G =0,

Q) —
X(©) 1+ minzenise(q) X(G — 1) otherwise.

Proof. The empty graph () can be colored with zero colors. If G is not empty, it contains
at least one vertex, and thus at least one maximal independent set with indegree 0.
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We first show that x(G) < 14 x(G —1I) for every I € MIS®°(G). Let k = x(G—1I), and
let (Va,...,Viky1) be the color classes of an optimal coloring of G — I. As I € MIS°(G),
I has no incoming arcs, and thus (I, Va,..., Vi 1) forms the color classes of a proper
(k + 1)-coloring of G.

It remains to show that there is an I € MIS°(G) such that x(G) > 1+ x(G — I).
Let (Vi,..., Vi) be the color classes of an optimal coloring of G. As V} € Z°(G), there is
a superset V/ D Vi with V{ € MIS°(G). As G —V{ C G — V4, it follows from [Lemma 2.6|
that G — V/ is (k — 1)-colorable, and thus x(G) =k > 1+ x(G — V). O

The colorings obtained using this formula are of a special form: we say that a proper
coloring with color classes (Vi, ..., Vi) is canonical if it holds for each color class that V; €
MIS®(G—(V1U- - -UV;_1)). It follows from the formula that there always exists an optimal
canonical coloring. However, note that a canonical coloring is not necessarily optimal.

A Simple Algorithm

Implementing the formula directly as a branching algorithm, we obtain a polynomial-
space algorithm, which computes the chromatic number by enumerating
all canonical colorings.

Algorithm 1: branching algorithm enumerating canonical colorings

EnumerateCanonical (G):
if G =( then
L return 0
return 1 + max;cyse () EnumerateCanonical (G — 1)

Unfortunately, a mixed graph can have a lot of canonical colorings, as we show in the
following.

Observation 3.2. A mized graph with n vertices can have n! canonical colorings. There-
fore, |Algorithm 1| has a worst-case runtime of Q(n!).

Proof. We show that the complete graph K, has n! canonical colorings. First, notice
that, since K, is undirected, |MIS°(K,,)| = |MIS(K,)| = n, with each maximal inde-
pendent set being a single vertex. Thus, when the K, is the input of
each recursive call gets the K, 1 as input. The total number of canonical colorings is
thus T'(n) = n - T'(n — 1) with T(0) = 1, which results in T'(n) = [}, ¢ = nl. O

The fact that the K, has n! canonical colorings may come as a surprise, as the K,
has, up to permutation, only one coloring. However, recall that in mixed colorings, we
also consider the order of the colors, and thus arrive at n! canonical colorings. While
this distinction is not relevant for undirected graphs, it becomes relevant as soon as arcs
are present. We can, in fact, construct a mixed graph with 2n vertices and n! canonical
colorings by stacking two K, on top of each other, with each vertex in the lower K,
having an arc to the corresponding vertex in the upper K,. Permuting the color classes
of a canonical coloring of this graph would lead to an improper coloring.
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3.2 Exponential Space

With the canonical colorings in hand, we can generalize the algorithm by Lawler [Law76]
to mixed graphs. Our implementation differs from the one by Lawler in that we do not
iterate over all induced subgraphs, instead incrementally constructing i-colorable induced
subgraphs for increasing . This allows us to stop as soon as we encounter an optimal
coloring.

Algorithm 2: dynamic program based on canonical colorings

LawlerColoring(G):
Lo = {0}
for : =1 ton do
Li=0
foreach S € L;_ ;1 do
foreach I € MIS°(G — S) do
L,+ L;U {S U I}
if SUI =V(G) then
L return 7

return 0

Theorem 3.3. The chromatic number of mized graphs can be computed in O(2.44225™)
time and O(2™n) space.

Proof. We show that has the desired properties. Let G be a mixed graph
with n vertices. We begin by showing the correctness of the algorithm, followed by the
time and space complexity.

Correctness If the graph is empty, the algorithm returns 0. Otherwise, let k be the value
returned by the algorithm. The algorithm stops and returns k£ as soon as it creates the
set V(G). Further, in this case it holds that V(G) € L. As we show in the following, it
follows that G[V] is k-colorable, and thus that x(G) < k.

Claim. For each S € L;, the graph G[S] is i-colorable.

Proof. We prove this claim by induction over i, showing that for each S € L;, the
graph G[S] is i-colorable and d(S) = 0.

Base Case 1If i = 0, the empty graph G[0] is 0-colorable and d(0) = 0.

Induction Step Let ¢ > 0 and S € L;. Assume that for each S’ € L;_; it holds
that G[S’] is (1—1)-colorable and d;(S’") = 0. By construction of L;, thereisan S’ € L;_;
and I € MIS®(G —5’) such that S = S"UI. As d;(S") = 0, there is no arc from I to S’
We can thus color S’ with the (i — 1) smallest colors, and I with the i-th color, obtaining
a proper i-coloring of G[S" U I] = G[S]. Furthermore, as d,_¢ (1) = 0, it follows that
there is no arc from a vertex in V/(G) \ S to a vertex in S, i.e. d;(S) = 0. <
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In the following, we show that V(G) € Ly gy, which implies that & < x(G). For this,
we use the fact from that G has an optimal canonical coloring.

Claim.  Let (V1,..., V(@) be the color classes of an optimal canonical coloring of G.
For each i € [x(G)], it holds that V1 U---UV; € L;.

Proof. We show that V; U---UYV; € L; by induction over 3.
Base Case For i = 0, the empty union (i.e. the empty set) is in L.

Induction Step Let ¢ > 0 and assume that V3 U---UV;_1 € L; 1. As it holds that
Vi € MIS®(G — (V1 U---UV;_1)) by the definition of canonical colorings, the algorithms
adds the set (V3 U---UV;_1) UV to L;. <

As we have shown that x(G) < k and k < x(G), it follows that the algorithm computes
the chromatic number.

Runtime To save runtime, we implement each L; as a balanced binary search tree with
each set S being a bitvector of length n, where the j-th bit is set if the j-th vertex is
contained in S. Thus, remembering which bits were already compared when descending
the binary tree, inserting a set S into L; takes O(n) time.

Let T'(i) be the runtime of the i-th iteration of the outer for-loop. The runtime of
the algorithm is then 37, T'(i). In the following, we show that T'(i) € O*((1 + v/3)")
for i € [n].

As the innermost for-loop has a linear runtime, it suffices to count its iterations. For
each S € L;_1, we know that |MIS®(G — S)| < 3(»=19D/3, Thus, it holds for T'(i) that:

T = Y MIS(G-s)< Y 30505 — 3 <?>3<n_i>/3

SeLl;_ Se2V i=0
—Z( )3’/3 (14 V3)"

Therefore, the runtime of the algorithm is in O*((1 + v/3)") C O(2.44225™).

Space It holds for each i € [n] that L; C 2¥(%). Further, each entry of L; is a bitvector
of length n. Thus, the space consumption of L; is at most 2™n. Furthermore, in the
i-th iteration of the outer for-loop we only need L; and L;_1. Therefore, the total space
consumption is O(2"n). O

In order to obtain an optimal coloring, we can modify the algorithm by having each
entry S € L; be a vector of numbers instead of a bitvector, where the j-th entry is the
color of the j-th vertex, with 0 being used to indicate that the j-th vertex is not contained
in the set S. Assuming that our numbers can be stored and compared in constant space
and time, this modification does not change the runtime or space requirements of the
algorithm. Furthermore, the coloring returned by the algorithms is even an optimal
canonical coloring.
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Problems Generalizing Faster Algorithms While we were able to generalize the algo-
rithm by Lawler, we did not manage to generalize faster algorithms. The algorithm by
Eppstein [Epp01] is a modification of Lawler’s algorithm, where the dynamic program
is initialized with all 3-colorable subgraphs, and only maximally independent sets of
size at most |S|/(i — 1) are considered. The initialization of the dynamic program is
performed using a fast algorithm for 3-COLORING, which we were able to generalize to
mixed graphs; see However, we were not able to generalize the property
that it suffices to consider maximally independent sets of size at most |S|/(i — 1), as
this property relies on the fact that the color classes of a proper coloring of an undi-
rected graph can be ordered arbitrarily, in this case by decreasing size. The color classes
of a proper coloring of a mixed graph however, cannot be ordered arbitrarily, due to
arcs. As Byskov [Bys04] just modified the algorithm of Eppstein by initializing the dy-
namic program with all 4-colorable subgraphs, we were also not able to generalize this
algorithm.

The inclusion—exclusion algorithm by Bjorkelund et al. [BHK09| uses the fact that
coloring the vertices corresponds to covering the vertices with, potentially overlapping,
independent sets. However, mixed coloring, again, has to account for the order of the
independent sets, and counting the number of covers adhering to a certain order seems
far more difficult. Our attempts lead to runtimes far worse than the algorithm by Lawler
and are thus omitted. Therefore, we were also not able to generalize algorithms based
on inclusion—exclusion, such as Zamir’s algorithms [Zam21] for 5- and 6-COLORING.

3.3 Polynomial Space

As the algorithm in the previous section uses exponential space, which can be undesir-
able, we now present a divide-and-conquer branching algorithm that uses only polyno-
mial space. For that, we need the following lemma, which allows us to properly partition
a mixed graph into two subgraphs of bounded size that can be colored recursively.

Lemma 3.4. For an a € (0,1), a non-empty mized graph G with n vertices, and each
proper partition (S,I1,T) of G such that |S| < no, |T| < n(l—a), and I € MIS°(G - 5),
it holds that x(G) < x(G[S]) + 1 + x(G[T]). Furthermore, for at least one of these
partitions, it holds that x(G) = x(G[S]) + 1 + x(G[T)).

Proof. First off, we show that x(G) < x(G[S]) + 1 + x(G[T]) for each such parti-
tion (S,1,T). Let (S1,...,S5q]s))) be the color classes of an optimal coloring of G/[S]
and (T4, ..., Ty(gr)) be the color classes of an optimal coloring of G[T]. As I is an
independent set, it follows by that (S1,...,Syars), L, 11, -+ Ty(am)) s
a proper partition of G into x(G[S]) + 1 + x(G[T]) independent sets, and thus that
X(G) £ X(GIS) + 1+ X(G[T)).

We now show that x(G) = x(G[S]) + 1 + x(G[T]) holds for at least one of these
partitions. Let (Vi,..., V) be the color classes of an optimal canonical coloring of G.
We know due to that an optimal canonical coloring exists. Let ¢ be biggest
such that ]U;;lle] < na. We then set S = ;;11‘/], I =V, and T = U?:Hl V.
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By construction, we have |S| < na and |SUI| = ‘U;":l Vj| > na. Thus, it holds
that |7 <n—|SUI| < n(l—«). Furthermore, as I = V; for an i G [X(G)], it follows by
the definition of canonical colorings that I € MIS°(G — (V3 U _1)) = MIS°(G - S).
Thas, (GI8) < 11 (G & (G iy and 1(C) > XG5 + 13 GLT]). With the
upper bound from the previous paragraph, it follows that x(G) = x(G[S])+ 1+ x(G[T]).

U

Algorithm 3: polynomial-space divide-and-conquer algorithm for MixEDCOL-

ORING

PolySpaceColor(G):

if G =0 then

L return 0

T 4 00

foreach S C V(G) with |S| < [na — 1] and d(S) = 0 do

x1 = PolySpaceColor (G[S])

foreach I € MIS°(G — S) with |I| > [na — |S]] do
T=V(G)\(SUI)
x9 = PolySpaceColor (G[T])
r =min{z,r; + 1+ 22}

return z

Implementing yields a polynomial-space divide-and-conquer algorithm,
Algorithm 3| Note that, as |T| < n(1 — «), it holds that |I| = n—|T| —|S| > [na —|S]].
Using this algorithm, we obtain the following theorem.

Theorem 3.5. The chromatic number of a mized graph can be computed in O(4.81069™)
time and O(n?) space.

Proof. As implements it computes the chromatic number of a
mixed graph. It remains to show that it does so in 0(4.81069") time and O(n?) space.

Runtime For a mixed graph G, let L(G) be the number of leaves in the recursion tree
of [Algorithm 3| with G as input. It is L()) = 1 and for G # () we know that:

L(G) = >

ScV(G): |S|<[na—1],d,(S)=0

[na—1] n—i
= > ) LGS+ Y > L(G—S—I)]
(=na—i] IEMIS®(G—S): |I|=¢

=0 5e(VI9): dg(5)=0

L(G[S]) + > L(G—S — I)]

TEMIS®(G—S8): |[I|>[na—|S|]

Let L(n) be the worst-case number of leaves in the recursion tree of|Algorithm 3jon mixed
graphs with n vertices. It holds that L(0) = 1, and for n > 1 we can upper bound L(n)
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as follows, where p(n — i, ¢) denotes the maximum number of maximal independent sets
of size £ in a graph with n — ¢ vertices:

[na—1] n
Lin)< > <2>

1=0

L(3i) + Z_: (w(n —1,€) - Lin—1i—1¥))
{=[na—i|

In order to simplify the bound, we split the sum:

[na—1] n [na—1] n n—i
Lm< 3 (i)ww T () S (uln—ir0)  Ln—i— )
=0

1=0 {=[na—1i]

o117 fno—11 /. n—i
< > (Z,)L(i)—l— > (n_l> > (u(n—i,0)-Lin—i—1)
1=0

=0 l=[na—i]

[na—1] n n n {
<y (Do v (1) > wenne-n
)+1]

1=0 i=n(l-« {=[i—n(l—a)]

Next, we use the easily observed fact that for any m € Ny and f : Ng — R it holds
that Y7 £(3) < (m + 1) max( f(i):

=0

L(n) < [nal hrlx'clvz;g (n) L(i)+

ma]  max (’Z) An(l - +1) _ mix (u(i0) - L(i = D)

ma
i=|n(1—a)+1]
i=0 \ 1 i=|n(1—a)+1) \ ¢

st (@)L(iw mAx (”) max  (u(i,f) - L(i — 0))

i=0 i i=|n(1—a)+1] \ ¢ ) t=[i-n(1—a)]

< n 't (?)L(z’)m A <”>ne mhx (u(i,0) - L(i — )

< n?

Our goal is to find a non-recursive upper bound for L(n), which we expect to be of the
form ¢” for a ¢ > 1. To account for a factor of 2n? introduced by the analysis on each
level of the recursion, we add a factor of (2n?)P(") where D(n) is the worst-case depth
of the recursion tree on a mixed graph with n vertices. Clearly, it holds that D(0) = 0
and D(n) = 1+ max{D([na—1]),D(|n(l—«)])}, as [na—1] and |n(1 —«)]| are upper
bounds on the size of S and T', respectively.

We show inductively that L(n) < ¢*(2n?)P™ holds for some constant ¢ > 1 and
every n € Ng. The bound holds for the base case, n = 0, as L(0) = 0 < *(2-0%)P©),
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Assuming that L(m) < ¢™(2m?)P™) holds for all 0 < m < n, we obtain:

st (7>L(¢)+Z mihix (”) méx (u(i,é)-L(i—K))]

=0 1 i=|n(1—a)+1] \ ¢ | t=[i—n(1—a)]

[Tﬁ?;)%] (TZ) i (2i2)D(i)

L(n) <n?

<n?
=0 7

+ Hl?iX (n) mzémx (M(i, g) . ci_£(2(i _ £>2)D(z’_z)> ]

i=[n(1—a)+1] \ & ) t=[i—n(1—a)]

<n?
=0 7

[%;1 (n) Ci(2n2)D(n)—1

+ m%g (n) mhx (u(i, 0) - ci_z(2n2)D(”)_1> ]

i=[n(1—a)+1] \ & ) t=[i—n(1—a)]

< n2(op2)Pm)-1 |mall (n] n n i )L ot
< ety P07 () 8 ) ) g (#0607

Let ¢ be chosen such that for all n € N the following holds:

ﬁfﬁé@ <n> < (3.1)

=0 1

max (n) mhx (u(i,ﬁ) : Ci_e) <" (3.2)

i=[n(1—a)+1| \ % ) t=[i-n(1—a)]

Then, we obtain that our bound also holds for L(n):

< n2(op2\Dm)—1 |1l 1) n n i SN it
L) < o outy 707 g () ) e (00607
n2(2n2)D(n)71 [Cn+cn]

2(2n2)D(n)—12cn

Cn(2n2)D(n)

IN AN IA
S

For given «, it remains to determine the smallest possible ¢ that fulfills both inequalities.
Up to this point, we assumed « to be a fixed constant in (0,1). To improve the runtime
of the algorithm, we choose an « such that the ¢ can become as small as possible.
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For a < 0.5, it holds that:

fma1] (@)C . ["“a)i]( ) fna—1]
=0 ) =0 7
i=|n(l—a)+1] \ 2

n n 7 g
< '7 E . Z*E
- i:Ln?ll%)HJ <z> z:[iﬂ%i{—aﬂ (’u(z )-e )

In the following, we therefore only considers « > 0.5.

In order to easier determine a small ¢ such that both inequalities hold, we strengthen
both inequalities, making them independent of n. The first inequality, [Equation (3.1)
can be strengthened using the following;:

IN

1 1 )
—— <c= [?rofaxw et <
aT-a(1—a) {

We prove this implication in two steps. First, we show that we can replace [Equation (3.1)]
with an inequality independent of n.

Claim 3.5.1. For n € N and a € (0,1), it holds that:

1 .
max B(f)c’ <c¢= [?gax1 (n) <"
BEl0,0] =0

Recall that B(f) = gogm=s-

Proof. We show this by upper bounding max!ng 1 (7) ¢t with maxge(o,a] B (B)cﬂ} " To
achieve this, we use the well-known upper bound from (7?[3) < B(B)". We
obtain:
[na—1] <TL> i
max | . |c
i=0 \ 4

-\ 8
5€{z/n|0<z< na—11} \nf

B(B)"c"?

< max
Be{i/n|0<i<[na—11}

max B(ﬁ)cﬂl

<
T | B€[0,0]

Next, we show the following claim that helps us to resolve the maximum.
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Claim 3.5.2. The function B(3)c? is strictly monotonically increasing for 8 € [0,
and strictly monotonically decreasing for 5 € (=%,1]. Its maximum for 8 € [0,

c+1?
at 8 = &5 with value (c+1).

i)
1] is

Proof. Since B(B)c? is continuous for 8 € [0,1] with B(0)c” = 1 and B(1)c' = ¢, it
suffices to consider its behavior for 5 € (0,1). Let h.(8) = B(ﬁ)cﬁ . The derivative
of he(B), denoted hL(B), is In(B/((1 — B) - ¢)) - ?(1 — B)?/((8 — 1)$®). The only zero
point of hg(3) for # € (0,1) is if In(3/((1 — B) - ¢)) = 0, which is equivalent to 8 = _f5.
Note that for € (0,1) it holds that ¢*(1 — 8)%/((8 — 1)8%) < 0. Thus, h.(B) > 0
if In(B/((1 —p5)-¢) < 0 and h.(5) < 0 if ln(,@/((l —p)-¢c)) > 0. Rewriting the

inequalities, we obtain that hi(3) > 0 if 3 < 7 and hy(B) < 0 if B > 5+ Therefore,

the function h.(8) has its only maximum in the interval (0,1) at {7 with value ¢ + 1.
<
Using this claim, we can now show the second half of the implication.
Claim 3.5.3. For a € (0,1) and n € N, the following holds:
1
————— <c¢= max B(f)’ <c
a’-a(1—a) Be[0,a]
Proof. Recall that B(a) = W It therefore holds that:
Bla)*<ce ——————"<ce ——<c
a®(1— )l at-a (1 —a)
To prove the claim, we therefore show in the following that —t < ¢ im-

al-a(1-a)
plies maxgeg o) B(B)c? = B(a)co‘.
We know from 2| that the function B(3)c? is strictly monotonically increas-
ing for 8 € [0, ;57)- Thus it holds that maxge(o,a] B(B)c? = B(a)c® if a < -

It therefore suffices to show that 1/(aT-« a(l —a)) < c implies @ < . Note

that %7 = ﬁ, which is monotonically increasing in c. It therefore holds that:

1 1 1
a< — AN =c¢|=as —
( 1 > + 1 l—a (1 — a) C + ].
aﬁ(l—a)
It therefore remains to show that @« < —s—L—— holds. It holds that:
al-a(1-a)+1
1 &
a< —5 SalaT-a(l-a)+1)<1

aT-o(1—-a)+1
@aﬁ(l—a)—i—agl

@aﬁ—i—a(l—aﬁ)gl
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As o < 1, it holds that ate + a(l — aﬁ) <ate 4 (1- aﬁ) = 1. Thus, the claim
holds. <

Combining |Claims 3.5.1| and [3.5. SL we obtain that if 1/(aﬁ(1 —a)) <c, then
tion (3.1) holds. Note that 1/(041 a (1 — a)) is monotonically increasing for a € (0,1),
as its derivative is In(a)/((a — 1)3aT- a), which is positive for aw € (0,1). As we only

consider a > 0.5, it follows that we only need to consider ¢ > 4.
Next, we deal with the second inequality, [Equation (3.2)]

Claim 3.5.4. For % <a<landc> 2711 it holds that:

81 1720 <c= max " max ( (i,0) ciié) <"
64 81 i=[n(1—a)+1) \ 7 | t=[i—n(1-a)] N -

Proof. We prove this implication by showing that if ¢ —4 and 16 < a < 1, it holds

that: -
n n i , 64c 43

WAR i—¢
i:Ln?ll&jg)+lj (z) e:nznn?iaﬂ <M(Z’ )-e ) l81 16]

1
64cl—o 43 81 1725
This bound proves the implication, as T3 < cis equivalent to g7 - g7~ <

To show the bound, we begin by using the bound on the number of maximal indepen-

dent sets of a given size by Eppstein [Epp01]; see
n n ) i
~7£ R4
i:Lnl(Ill%z)—l-lJ (z) e:[il—riz%)f—aﬂ (MZ )-e )
< max n mzﬁx (346442'*35 . cl'*e>
i=[n(l—a)+1] \ ¢ J (=[i—n(l—a)]

o (V) ke (2
T icinom+1) \i ) \3) emritnti—ay \ 43¢

4
As ¢ > 2}1, it follows that 3. < 1, and thus that the maximum of (%46) is attained
for the smallest ¢, in this case for ¢=1]i—n(l—a)]. As we are constructing an upper
bound, we can omit the ceilings, setting ¢ = i —n(1 — «) instead. We simplify the bound

accordingly, using also the bound on the binomial coefficient from
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0 n <4c>i i 31\"
max . — max —
i=n(1—a)+1] \ @ 3 ) t=[i-n(1-a)] \ 43¢
n 34 n(l-e)
< ¢ =
_izl_n?lléﬁ)—l—lj <z> (3) (43c>
L 0\ [4e\" (34"
~ peti/nlin(i eyt <i<n) <n6> (3) (4%)
e\ n 33\ *]"
= = B 2
<34> 66{i/n|[n(rlrl—a;§+ljgi§n} (5) (42> ]
[ 43¢ e 33 "
il B hal
<34> /36?11%,1] (8) (42>
[ /64c\ 1 27\*1"
== B -
_(81) PR )(16”

From [Claim 3.5. 2 we know that the maximum of B (ﬁ)275 for g € [0,1] is attained
27/16

IN

at 8 = G = .Asa > 42, it follows that 2 € [1 — «, 1]. Thus, we obtain that
maxge(i—q,1] B(ﬂ)%ﬁ = 27 g t1l= i‘g, proving the bound and therefore the claim. <

As we only consider o > 0.5, and know that we only have to consider ¢ > 4, we can

1
. . . . . 81 1725
use this claim to strengthen the second inequality, [Equation (3.2), Note that &z - 57
is monotonically decreasing for a € (0,1).
Thus, for a > 0.5, the smallest ¢ we obtained such that both inequalities holds

is max{(aT= (1 — o))", 8 172‘*} A plot of these two functions is shown in [Fig-

It remains to determine the best value for a. As for a € [0.5, ) it holds

that (aﬁ(l — @))~! is monotonically increasing from 4 to oo and 5% 18712 @ is mono-

tonically decreasing from about 5.7 to 2.6875, it follows that the best value for « is

_a —1 1
obtained when (aT-+(1 —«)) = % . 18%2‘1. Solving this equation numerically we ob-

tain a ~ 0.563964 with ¢ ~ 4.81068. The Mathematica [Wol| code used to compute
these values can be seen in the appendix (Code A.1J).

Thus, by setting the « in the algorithm to 0.563964, we obtain that for all n € Ny it
holds that L(n) < 4.81068"(2n?)P(™). We now show that the runtime of the algorithm is
within a polynomial factor of that bound. First off, the number of nodes in the recursion
tree is at most L(n)- (D(n)+1). Second, the for-loops over the sets S and I run within
a polynomial factor of their respective bounds. For S, this is achieved via enumeration
using a bitvector. For I, this follows from The remaining operations of the
algorithm are polynomial. As we show in the following, D(n) € O(logn), which implies
that the runtime is in O*(4.81068™(2n?)'s").
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Fig. 3.2: Plot of the functions (a™= (1 — 04))_1 and 8 . 129 for o € [0.5,1). The intersection
point (0.563964, 4.81068) gives the best values for o and ec.

Recall that D(0) = 0 and D(n) = 1 + max{D([na — 1]),D(|n(l — «)|)}. Thus, it
holds that D(1) =1 and D(n) <1+ D(|n«a]) for n > 2 as a > 1/2. Therefore, it holds
that D(n) < Zi“:oﬁl/a "= [logy /o n]+1. As a is fixed, it follows that D(n) € O(logn).

We can further simplify the runtime of O*(4.81068"(2n2)1°8™) by noting that (2n?)'°&"
is quasi-polynomial. It follows that O*(4.81068"(2n?)8™) ¢ O((4.81068+¢)") for £ > 0.
Therefore, the runtime of the algorithm is in O(4.81069™).

Space As the algorithm is a branching algorithm, it needs to store the following in each
node: the sets S and I together with the current state of the algorithms generating S
and [ as well as the current bound on the chromatic number. As the algorithms generat-
ing S and I only use polynomial space, the space consumption of a node is polynomial.
Furthermore, due to the algorithm being a branching algorithm, it only needs to store
all nodes on the current path in the recursion tree, which is at most D(n) + 1 nodes.
As we have shown previously that D(n) € O(logn), it follows that the algorithm only
needs polynomial space.

More precisely, Eppstein’s algorithm to find all maximal independent sets uses O(n?)
space, while the algorithm to generate all subsets S of a certain size uses linear space.
Since a node at depth i contains a graph with at most n/a’ vertices, this results in O(n?)
total space. ]

To obtain an optimal coloring, we can store the current best coloring (e.g., as color
classes) additionally to the chromatic number and return it at the end. Assuming that
numbers can be stored in constant space, this does not change the space or runtime of
the algorithm.

34



3.4 Fixed Number of Colors

We have already seen in that for k < 2 the k-MiXEDCOLORING problem
can be solved in linear time. For fixed k > 3 the problem is NP-hard, due to the NP-
hardness of the k-COLORING problem for & > 3. In this section, we consider (polynomial-
space) algorithms for k-MIXEDCOLORING for k& > 3, with the goal of finding faster
algorithms than the exponential-space algorithm from or the polynomial-
space algorithm from

CSP-based Algorithms The currently fastest known algorithm for 3-COLORING is
based on a generalization of satisfiability and list coloring, the (a,b)-CONSTRAINT SAT-
ISFACTION PROBLEM (CSP). As defined by Beigel and Eppstein [BE05], an instance
of (a,b)-CSP consists of n variables, each with a list of at most a colors, and m con-
straints, each being a set of up to b variables together with a color for each variable. A
constraint is satisfied by a coloring of the variables, if there is at least one variable in
the constraint that has a different color than specified in the constraint. For example,
the constraint {(v1,1), (ve,1)} is satisfied by the coloring {v1 — 1,v2 — 2} but not by
the coloring {v; — 1,vy +— 1}. The goal is to decide whether there exists a list coloring
of the variables that satisfies all constraints. See for a visualization of a
(3,2)-CSP instance.

QREC OO @ Qe o

@00, ©00, —© @0, ©OY

VU3 U1 U3
(a) (b) (c)

Fig. 3.3: (a) A (3,2)-CSP instance with four variables, each with three possible colors. The
variables are represented by black nodes, containing the colors. The constraints are
represented by lines connecting incompatible variable colors. A coloring satisfying all
constraints would be {v1 — 1,v2 — 2,v3 — 3,v4 — 2}.

(b) A 3-MIXEDCOLORING instance equivalent to the CSP instance (a). The variables
in the CSP instance correspond to the vertices, and the constraints ensure for the
edge {vs, vs4} that the variables receive different colors, and for the arc (vy,v2) that vy
receives a greater color than v .

(¢) The (3,2)-CSP instance resulting from applying the transformation from
[Lemma 3.6|to the 3-MIXEDCOLORING instance (b). This CSP instance differs from (a)
as the rank bounds from have been applied to the variables.

Beigel and Eppstein showed that CSP is a generalization of COLORING. In the fol-
lowing, we show that CSP even generalizes MIXEDCOLORING by providing a translation
from k-MIXEDCOLORING to (k,2)-CSP, with the number of variables corresponding to
the number of vertices.
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Lemma 3.6. Given a k-MIXEDCOLORING instance with n vertices, we obtain in poly-
nomial time an equivalent instance of (k,2)-CSP with n variables.

Proof. Given a mixed graph, we construct an equivalent (k,2)-CSP instance as follows:
we create a variable v for each vertex v, with its possible colors being the colors [k].
For every edge {u,v} and every ¢ € [k] we add the constraint {(u,i),(v,7)}, ensuring
that adjacent vertices receive different colors. For every arc (u,v) and every i,j € [k]
with ¢ > j we add the constraint {(u,i),(v,7)}, ensuring that v receives a greater
color than u. See for an example of the CSP instance resulting from the
3-MIXEDCOLORING instance in

We can further improve the CSP instance by using the property from
that the colors of a vertex are restricted by its in- and outrank. Instead of giving each

variable v the colors [k], we restrict its colors to {p~(v) +1,...,k — pT(v)}, resulting in
each variable v having k — p(v) possible colors. See [Figure 3.3c| for an example of the
resulting (3,2)-CSP instance with restricted color lists. O

Beigel and Eppstein’s [BE05] main result is an algorithm to solve (4, 2)-CSP. Making
use of several reduction rules, they were able to have the runtime depend only on the
number of variables with at least three possible colors. The following lemma formalizes
their result.

Lemma 3.7 (Beigel & Eppstein [BE0S, Chapter 5]). A (4,2)-CSP instance can be
solved in O(1.36443%) time and polynomial space with { = nz+(2—€)ny and € ~ 0.095543
where n; is the number of variables with © possible colors.

Note that the parameters a and b of the (a,b)-CSP problem only restrict the in-
stances, but do not alter the problem itself. Thus, an algorithm for (4,2)-CSP also
solves (3,2)-CSP. Therefore, combining the reduction from MIXEDCOLORING to CSP
with the algorithm for (4,2)-CSP yields an algorithm for 3-MIXEDCOLORING, as shown
in the following.

Proposition 3.8. The problem 3-MIXEDCOLORING can be solved in (O(1.36443™) time
and polynomial space, where ng is the number of vertices with rank 0, i.e., not incident
to arcs.

Proof. A vertex incident to an arc has rank at least 1, since its in- or outrank is at
least 1. Using the translation form a variable corresponding to a vertex v
has 3—p(v) colors. Therefore, the number of variables with 3 possible colors corresponds
to the number of vertices with rank 0. Using on the resulting CSP-instance
yields the desired runtime. O

Analogously, we obtain an algorithm for 4-MIXEDCOLORING.

Proposition 3.9. The problem 4-MIXEDCOLORING can be solved in polynomial space
and 0(1.36443%) c O(1.80723") time, where £ = (2 — 0.095543)ng + n1 and n; is the
number of vertices of rank i.
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The algorithm for (4,2)-CSP can be extended to (a,2)-CSP by transforming instances
of (a,2)-CSP into equivalent instances of (4,2)-CSP in polynomial time. We achieve
this by generalizing a reduction by Beigel and Eppstein from (4,2)-CSP to (3,2)-CSP,
which replaces a variable with four colors with two variables of three colors.

Lemma 3.10. The problem (a,2)-CSP can be solved in polynomial space and O(1.36443")
time where £ =Y ¢ 5(| (i —2)/2](2—0.095543) + (i mod 2)) - n; with n; being the number
of variables with i possible colors.

Proof. We show this inductively over a. We know from that (3,2)-CSP can
be solved in O(1.36443™) time and that (4,2)-CSP can be solved in O(1.36443%) time
with £ = n3 + (2 — 0.095543)n4.

For a > 5, we reduce an instance of (a,2)-CSP to an instance of (a—1,2)-CSP by re-
placing each variable of a colors with two variables, one of 4 and one of a—2 colors. Let v
be a variable with a colors and assume w.l.o.g. that the colors of v are [a]. We then create
two new variables v; and vy, where v gets the first three colors while vo gets the re-
maining a — 3 colors. The constraints containing v and a color ¢ are adapted accordingly,
using now vy if ¢ € {1,2,3} and vy otherwise. For example, a constraint {(v,2), (u,3)}
becomes {(v1,2), (u,3)} while a constraint {(v,6), (u,1)} becomes {(v2,6),(u,1)}. It
remains to ensure that not more than one of the colors of v has to be used. This
is achieved by adding a new color, a + 1, to both variables. Additionally, the con-
straint {(vi,a + 1), (v2,a + 1)} is added to ensure that at most one variable uses the
color @ + 1 and thus that one of the colors of v must be used. An example of this

reduction is shown in [Figure 3.4

T

(b)

Fig. 3.4: A variable with seven possible colors (a) is replaced by two variables (b), one with four
colors and one with five colors.

By the induction hypothesis, we know that the resulting (a — 1,2)-CSP instance can
be solved in O(1.36443") time with ¢ = Y2923 (| (i —2)/2](2 0. 095543) + (i mod 2)) - n;
where n/ is the number of variables with i possible colors in the resulting instance. As
we replaced each variable of a colors with one variable of four colors and one variable
of a — 2 colors, it holds that n) = n4 + n, and n),_y = ng_2 + ng, with n; = n; for the

remaining numbers of colors i. It follows that:
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)

V ; 2J (2 — 0.095543) + (i mod 2)) -

V p 2J (2 - 0.095543) + (i mod 2)) i

—4
+ (2 — 0.095543) ng + ( V2J (2 — 0.095543) + (a — 2 mod 2)) ng

(2

a 9
= (V . J (2 — 0.095543) + (i mod 2)) .
=3
Therefore, it holds that the problem (a,2)-CSP can be solved in O(1.36443¢) time where
0= ((i — 2)/2](2 — 0.095543) + (i mod 2)) - n;. 0

As with 4-MixEDCOLORING, we can use the algorithm for (a,2)-CSP to solve k-
MiIXEDCOLORING, generalizing the result from [Proposition 3.9

Theorem 3.11. The problem k-MIXEDCOLORING can be solved in polynomial space
and O(1.36443%) time with £ = Y% (1 (i—2)/2](2—0.095543) + (i mod 2))-ny_;, where n;
denotes the number of vertices of rank j.

Proof. Follows from [Lemma 3.6|and [Lemma 3.10] as the number of colors a vertex v can
have is k — p(v) and thus a vertex with ¢ possible colors has rank k — i. O

Using the result from we obtain the runtimes of CSP-based algorithms
for k-MIXEDCOLORING. The runtimes for the first few values of k are shown in[Table 3.11

Runtime O(...)

1.36443™
1.80723"
2.46587"
3.26611"
4.45641™
5.90262™

0 3 O Ut i W | &

Tab. 3.1: Runtimes of CSP-based algorithms for k-MIXEDCOLORING.

As seen, this approach is only faster than the exponential-space algorithm from
for k < 4. However, it is faster than the polynomial-space algorithm from
for k < 7. Furthermore, for graphs with few vertices of low rank, the
algorithm is significantly faster.

Beigel and Eppstein showed in the same paper that 3-COLORING can be solved
in O(1.32886™) time, exploiting some graph properties to further reduce the size of
the instance. This was later improved to O(1.32173") by Meijer [Mei23].
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Lemma 3.12 (Meijer [Mei23]). 3-COLORING can be solved in O(1.32173™) time and
polynomial space.

Unfortunately, due to our additional restrictions through arcs, these results do not
directly translate to mixed graphs. However, we can still use these algorithms by re-
ducing 3-MIXEDCOLORING to 3-COLORING via 3-LISTCOLORING, while only increasing
the number of vertices by 3. We begin with the reduction from 3-MIXEDCOLORING to
3-L1sTCOLORING.

Lemma 3.13. Let G be a 3-MIXEDCOLORING instance. We can construct in polynomial
time an equivalent 3-LISTCOLORING instance (G', L") with the same number of vertices.

Proof. We set G’ to be the underlying undirected graph of G' and ensure via the lists L/,
that a coloring c is a proper list coloring for G’ if and only if it is a proper coloring
for G. Since each arc (u,v) in G is an edge in G’, it remains to ensure that c¢(u) < ¢(v)
in each proper list coloring of G’. Since we only have three colors, there is only a
proper coloring for G if A(G) < 2. Thus, if there is a directed path of length at least 3,
we can return a negative 3-LISTCOLORING instance, e.g., by setting all lists to only
contain the color 1 (since there are at least two adjacent vertices in G’, due to the
path, the resulting instance admits no proper list coloring). Due to we have
bounds pg(v) +1 < ¢(v) < 3 — pk(v) on the color a vertex v can receive in a proper
coloring c. We thus set the color list as L'(v) = [pg(v) +1,...,3 — pS(v)]. The resulting
instance can be constructed in polynomial time, as we only need to compute the in- and
outrank of each vertex, as well as the underlying undirected graph.

It remains to show that these instances are equivalent. Let ¢ be a proper coloring
of G. From we know that for each v it is pg(v) + 1 < e(v) < 3 — p&i(v).
By definition, it follows that c¢(v) € L. By c is a proper coloring of the
underlying undirected graph G’, and thus a proper list coloring of (G’, L’). Now let ¢ be
a proper list coloring of (G', L’). Suppose that ¢ is not a proper coloring of G. Since G’ is
the underlying undirected graph of GG, this must mean that an arc is violated, i.e., there
is an (u,v) € A(G) with c(u) > ¢(v). Since p;(v) > 1 and there are only three colors, it
follows that c(v) = 2 and c(u) = 3. However, as pf,(u) > 1, it follows that c(u) & L' (u),
a contradiction to ¢ being a proper list coloring of (G', L'). O

We now show the second part of the reduction, a well-known reduction from k-
LisTCOLORING to k-COLORING.

Lemma 3.14. Let (G,L) be an instance of k-LISTCOLORING. We can construct in
polynomial time an equivalent instance of k-COLORING with k additional vertices.

Proof. We modify the graph G by adding the K}, consisting of the vertices {v1, ..., vt },
resulting in a graph G’. In any proper k-coloring of G’, each vertex v; must receive
a different color, and, since we can permute the colors in a coloring of an undirected
graph, we may assume w.l.o.g. that in a proper coloring ¢ of G’ it holds that ¢(v;) = i
for each i € [k]. In order to enforce the color list of each v € V(G) in G’, we add for each
color 7 that v cannot have, i.e., for each i € [k]\ L(v), the edge {v,v;} to G’. This ensures
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that in a proper coloring of G’ the vertex v cannot be assigned a color outside L(v). An
example of the resulting instance can be seen in

Fig. 3.5: The 3-COLORING instance resulting from a 3-LiSTCOLORING instance by addition of
the clique K3. The color lists of the original vertices are depicted inside the vertices.

As we add k new vertices and up to O(k? + nk) edges, we can perform this reduction
in polynomial time. O

Joining these two reductions, we arrive at the following.

Lemma 3.15. An instance of 3-MIXEDCOLORING can be transformed in polynomial
time into an equivalent instance of 3-COLORING with three additional vertices.

This reduction allows us to use all algorithms for 3-COLORING on 3-MIXEDCOLORING.
As the three additional vertices do not influence the asymptotic runtime, using the 3-

coloring algorithm from yields the following result.

Theorem 3.16. 3-MIXEDCOLORING can be solved in O(1.32173™) time and polynomial
space.

Byskov’s Techniques We have seen that for k < 7, CSP-based algorithms are faster
than the polynomial space algorithm from In the following, we generalize
two techniques by Byskov [Bys04] to solve k-MIXEDCOLORING in polynomial space,
which results in faster runtimes. We begin with the second technique.

The idea of Byskov’s technique 2 is to partition the vertices into two sets and to color
the two induced subgraphs independently. To generalize this technique to mixed graphs,
we require the partition to be proper. The following lemma shows the correctness of this
approach.

graph G is k-colorable if and only if the;e is a proper partition (Vi,,VgR) of G such
that G[V1,] is ky,-colorable and G[VR] is kgr-colorable.

Lemma 3.17. Let k > 2 and let ki, kr > 1 such that k;, + kr = k. A given mized

40



Proof. Let (Vi,..., Vi, Vi, 1»---, Vi) be the color classes of a proper k-coloring of G.
Then, (Vi,Vr) with Vi, = V1 U--- UV, and Vg =V}, U--- UV} is a proper partition
of G. Furthermore, G[V1] is kp-colorable with color classes (Vi,...,V;, ) and G[Vg] is

kr-colorable with color classes (Vi ,,...,Vk) as k = kL + kg.

On the other hand, if there is such a partition (Vf,, Vg) with (V¥ ..., VkLL> being the
color classes of a proper kg -coloring of G[Vi] and (VR ..., Vklj;) being the color classes of
a proper kr-coloring of G[Vg], it follows fromthat (Vi oo, VkIL, VR V,%)
is a proper k-coloring of G. O

As shown by this lemma, we can freely choose how to distribute the number of colors
between the two induced subgraphs. As we show in the following, the best choice is to
distribute the colors evenly.

Theorem 3.18. The k-MIXEDCOLORING problem can be solved in O*((cpy/21+1)") time
and polynomial space if [k/2]-MIXEDCOLORING can be solved in O*((cpy/21)") time and
polynomzial space.

Proof. Assume that we can solve j-MIXEDCOLORING for j < k in polynomial space
and O*(c}) time, where ¢; > 1 is a constant. As we can reduce j-MIXEDCOLORING
to (j + 1)-MIxEDCOLORING by adding a single vertex with edges to all other ver-
tices, we can assume w.l.o.g. that the c¢; are nondecreasing for increasing j. Solv-
ing k-MIXEDCOLORING using the idea from requires creating all proper
partitions of the vertices of G into two sets (V,, Vr) and checking for each partition
whether G[V1] is kp-colorable and G[VR] is kgr-colorable. This results in a runtime
of Y0y (1)(O(chy) + OF(ci?)) = O%((en, + 1)) + O ((eay + ™). The best run-
time is therefore obtained if the number of colors is split evenly, i.e., k, = [k/2]
and kg = |k/2]. O

The idea behind Byskov’s technique 1 is to find a maximal independent set and to
color the remaining graph with one less color. It uses the property that every undirected
graph has an optimal coloring where one color class is a maximal independent set. As
we have shown in the generalization of this property is that every mixed
graph has an optimal coloring where one color class is an independent set with indegree
0. We can therefore generalize Byskov’s technique 1 and obtain the following theorem.

Theorem 3.19. Let k-MIXEDCOLORING be solvable in O*(c™) time and polynomial
space for some constant ¢ > 1. Then, (k+ 1)-MIXEDCOLORING is solvable with polyno-
mial space and a runtime of, if (|ce]lt1)/(lce + 1]leele) < 1, O*(([cd(%ﬂcl_(%@])”),
otherwise, O*((|ce] ﬁclfﬁ)").

Proof. If k-M1XEDCOLORING can be solved in O*(¢") time and polynomial space for
some constant ¢ > 1, we can solve (k + 1)-MIXEDCOLORING using the generalization of
Byskov’s technique 1 in O*(37_; p(n, £)c"~%) time and polynomial space, where j(n, £)
denotes the maximum number of maximal independent sets of size ¢ in a graph with n
vertices. We use Byskov’s [Bys04] bound on the number of maximal independent sets
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of a given size, see as well as the easily observed fact that for any m € N
and f: N — R it holds that Z ", f(i) < mmax]™, f(i) to obtain:

o{goes)

c OF (nr?_ M P E)

1?: xn/e)(/e+De= (Ln/€J+1)n_Ln/ngcn_g>

d (ld]+1)/d=1(| 7| 4 1)1~ ld)/d1-1/d n
(de{n/me [n]} J (I' J+ ) ¢ )
((maX |1 g 4 1)1 Ld]/dcl—l/d>n>

d>1

For convenience, we denote the function |d|(ld+D/d=1(|d| 4 1)1-ld/d1=1/d a5 (e, d).
In the following, we determine the maximum of F'(c,d) for d > 1.

Claim. For d > 1 and fixed ¢ > 1, the maximum of F(c,d) is attained at d = [ce]

if L <1 and at d = |ce] f%n
Proof. To obtain the maximum of F'(¢,d) w.r.t. d, we can analyze the zero points of its
derivative w.r.t. d. However, the derivative of the floor function is zero (or undefined for
integer values). Therefore, we first ignore the floors when analyzing the function, i.e.,
we analyze d(@+D/4=1(g 4 1)1=4/dc1=1/d which we denote as f.(d), instead. Note that,
since f.(d) has no floors, we can simplify it to d'/4c'=1/4,

It holds that f(d) = 4=1D/d. q1/d=2 . In(ce/d). Since c(d=D/d. g1/d=2 jis positive
for d > 1, it follows that f/(d) is positive if In(ce/d) > 0 and negative if In(ce/d) < 0.
Rewriting this, we obtain that f.(d) is positive for d < ce and negative for d > ce. Thus,
the maximum of f.(d) for d > 1 is attained at d = ce.

Since F'(c, d) uses floors, we cannot immediately deduce its maximum from the maxi-
mum of f.(d). However, we know that for integer d, it holds that F'(¢,d) = f.(d). Thus,
if we show that the maximum of F(c,d) is always at an integer point, it follows that
the maximum of F'(c¢,d) for d > 1is at d = |ce| or d = [ce], since f.(d) has only one
extreme point for d > 1. In order to show that the maximum of F'(c,d) is attained for

integer d, we first show that the function is continuous.
1/d
Note that F(c,d) can also be written as (LdLJdTl -c) . (% : %) . Thus, for
every y € N it holds that F(c, d) is continuous in the interval [y, y+1), as for d € [y, y+1)
1/d
it holds that F(c,d) = (y—zl : c) (E’;_ﬁ;) . %) . To show that F'(c,d) is continuous for
all d > 1, it remains to show that limg 1)~ F(c,d) = F(c,y + 1) for every y € N.

Since y is integer, it holds that F(c,y + 1) = f.(y + 1). Thus, we obtain:
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Fle,y+1) = fe(y +1)
(y + 1)/ D 11/ +1)

= /D=1y 4 1)1/ (+D) 11/ (y+1)
= d|Ldl+n/d=1¢ g1 4 1y1-ldl/d 1-1/d
d—>(g£1)—|‘ J (L J ) ¢

= lim F(ed)
d—(y+1)~

In order to show that the maximum is at an integer point, we now show that the
function is monotone in each interval [y, y+1) for y € N. We already know that for given

1/d
y € Nand d € [y,y+ 1) it holds that F(c,d) = (%c) . (% : %) / . Since F(c,d)
y+D  q

1/d
is continuous, it even holds that F(c,d) = (y—ﬂ . c) . ( 7) for d € [y,y +1].

v (v "¢
Thus, if (E";ﬂ;; : %) < 1, then F(c,d) is strictly increasing in the interval [y, y + 1], and

if (% . %) > 1, then F(c,d) is strictly decreasing in the interval [y,y + 1], with the
g+ g

function being constant if (W . E) = 1. Therefore, the maximum of F(c,d) in the
gt g

interval [y,y + 1] isat d =y + 1 if (Ml> <1landatd=yif ((yH)y 'E) > 1. As

+1)¥ ¢

in each interval [y, y + 1] the maximﬁn i)s attained at one of the interval’s endpoints, it
follows that the maximum of F'(c,d) for d > 1 is at an integer point.

Therefore, the maximum of F(c,d) for d > 1 is at d = |ce| or d = [ce]. Thus, the

maximum of F(c,d) lies in the interval [|ce], [ce]] and, using the above analysis of the

maximum in an interval [y, y + 1] with y = [ce], we obtain the stated result. <

We have therefore found the maximum of F(c,d) for d > 1. For integer d, we can
simplify F(c,d) to d'/4c'=1/ resulting in the stated runtime. O

Using these two techniques, we can now determine the runtimes of polynomial-space
algorithms for A-MIXEDCOLORING, which are summarized in As seen, we
obtained algorithms faster than the algorithm from for k < 32. Note that,
as it currently stands, all faster algorithms obtained through these two techniques use

the 3-coloring algorithm from as base case. Therefore, any improvement

of 3-coloring algorithms result in an improvement of all these runtimes.
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k < Runtime O(...) Approach
2 Linear [Thm. 2.9
3 1.32173" Mhm. 3.14]
4 1.74330" MIS® (3)
5 2.15225" MIS® (4)
6 2.32173" D&C (3)
7 2.71979™ MIS® (6)
8 2.74330™ D&C (4)
9 3.13611" MIS® (8)

10 3.15225" D&C (5)
12 3.32173" D&C (6)
13 3.71075" MIS® (12)
14 3.71979" D&C (7)
16 3.74330™ D&C (8)
17 4.12981" MIS® (16)
18 4.13611" D&C (9)
20 4.15225™ D&C (10)
24 4.32173" D&C (12)
25 4.70563"™ MIS® (24)
26 4.71075™ D&C (13)
28 4.71979™ D&C (14)
32 4.74330™ D&C (16)
oo 4.81069™ Mhm. 35

Tab. 3.2: Runtimes of polynomial-space algorithms for k-MIXEDCOLORING. D&C refers to the

technique from [Theorem 3.18| and MIS® refers to the technique from [Theorem 3.19

The number in brackets refers to the number of colors in the subproblem used by
these techniques.
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4 Parameterized Colorings

In this chapter, we study the parameterized complexity of MIXEDCOLORING. We already
know that MIXEDCOLORING is NP-hard for three or more colors. Therefore, there
cannot be any FPT or XP algorithms for MIXEDCOLORING parameterized by the number
of colors unless P=NP. To obtain FPT and XP algorithms, we therefore take other
parameters into consideration, such as cliquewidth and treewidth.

4.1 Logic

A simple way to obtain FPT-algorithms parameterized by tree- or cliquewidth is to use
the algorithmic meta theorem by Courcelle [Cou90]. This theorem yields FPT-algorithms
for problems expressible as formulas in the monadic second-order logic of graphs. In the
following, we show how to apply Courcelle’s Theorem to MIXEDCOLORING.

Logic of Mixed Graphs In order to evaluate logical formulas, we need to define a logical
structure, which consists of a domain, containing the possible values of the variables, as
well as predicates. For a given mixed graph G, we define the logical structure to have
domain V(G), i.e., the possible values for variables are the vertices. Furthermore, the
logical structure also contains two predicates, E and A, where E(x,y) holds if {z,y} €
E(G) and A(z,y) holds if (z,y) € A(G).

In first order logic we can write expressions containing variables, the binary relation =,
as well as standard logical operators, such as —, A, V, —, <>. Furthermore, we can quan-
tify variables using V and 3. Semantically, the logical operators behave as usual. This
allows us to write formulas for several graph properties, such as an (undirected) graph
being a clique,

Vavy[(z # y) — E(z,y))]
or a graph being transitively closed:
VavyVz[(A(z,y) A Ay, 2)) = Az, 2)]

The monadic second-order logic (MSO;) of graphs extends the first order logic by
introducing sets of vertices as separate variables together with the membership predicate
€, which has its usual meaning[] Furthermore, we can quantify over these new variables,

! Actually, monadic second-order logic introduces monadic predicates as additional variables. Monadic
means that the predicates take a single argument. Thus, they can be seen as sets with the predicate
being the check for membership (using €).
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i.e., we can quantify over sets of vertices. This enables us to express more complex
properties which cannot be expressed in first-order logic, like an (undirected) graph
being bipartite:

AXVaVy[E(z,y) = (€ X <y & X)]

We denote variables representing vertices with small letters (z,y) and variables repre-
senting sets of vertices as capital letters (X).

Courcelle’s Theorem Courcelle [Cou90] showed that every graph property expressed
as a monadic second-order formula in the logic of graphs, allowing for quantification over
sets of edges, can be decided in FPT time parameterized by the treewidth of the graph
plus the size of the formula. Later, Courcelle et al. [CMRO00] extended this result to
cliquewidth, although without quantification of edge sets. Courcelle’s Theorem has also
been extended to mixed graphs by Arnsborg et al. [ALS91], although they only showed
the result for treewidth, not cliquewidth.

As we show in the following, we can also generalize the cliquewidth result of Courcelle’s
Theorem to mixed graphs.

Lemma 4.1 (Courcelle’s Theorem). Solving a problem on a mized graph G expressed
in MSO; via a formula ¢ is possible in O(f(cw(G) + |p|) - n(G)3) time with f being
computable.

Proof. We show how to apply the version of Courcelle’s Theorem given by Courcelle and
Engelfriet [CE12] Theorem 1.25(2)] to mixed graphs. Courcelle and Engelfriet defined
the logical structure for directed graphs, with the predicate arc(z,y) indicating whether
there is an arc from = to y. They incorporate undirected graphs by treating them
as directed graphs, where each edge {z,y} is replaced by the two opposing arcs (z,y)
and (y,z). We use the same idea for mixed graphs, which results in a directed graph
whose cliquewidth is at most the cliquewidth of the mixed graph, as we can replace
each join operation with two opposing arc operations without increasing the number of
labels and thus the cliquewidth. As we require mixed graphs to have no parallel edges
or arcs, we can express our predicates A(x,y) and E(x,y) over the mixed graph with
the predicate arc(z,y) of the directed graph as follows:

A(z,y) := arc(z,y) A ~arc(y, z)
E(z,y) := arc(z,y) A arc(y, z)

Therefore, Courcelle’s Theorem can be applied to mixed graphs as well. ]

MixedColoring as a Formula As shown in the color classes of a proper
coloring of a mixed graph form a proper partition of the vertices into independent sets.
In order to obtain a formula for MIXEDCOLORING, we first construct a formula that
checks whether a given collection of vertex sets Xi,..., Xy corresponds to the color
classes of a proper coloring, i.e., whether they form a proper partition into independent
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sets. We begin by providing a formula that checks whether a given collection forms a
partition. To achieve this, the formula has to check that each vertex is contained in
one set, and that there is no vertex contained in multiple sets. As mentioned e.g. by
Barr [Bar20], we can express the formula as follows:

k k
partition(X1, ..., Xx) = Vz l\/ T e XZ-] A —dx \/(;U e XNz e X))
i=1 i#j
Now that we can check whether a collection of sets is a partition, we need formulas to
ensure that a given partition adheres to the constraints imposed by arcs and edges, i.e.,

that the partition is proper and consists of independent sets. This is achieved by the
following formulas:

checkArcs(X1, ..., Xk) = Vz,y

A(ﬂ?,y) — (\IC/(IGXZ/\QEX]))]

i2>]
k
checkEdges(X1, ..., Xy) :=Vz,y [E(x,y) — - (\/(x eEX;, Ny € XJ)}
i=1

Combining these three formulas, we can check whether a given collection of sets corre-
sponds to a proper coloring and from that whether a mixed graph is k-colorable:

properColoring(X1, ..., Xy) := partition(X1, ..., X;) A checkEdges(X1, ..., X)
A checkArcs(X7q, ..., Xk)
colorable(k) := 3X7, ..., X : properColoring( X1, ..., X;)

We have thus expressed MIXEDCOLORING as a MSO; formula. The length of this formula
is in O(k?), due to the length of the partition and checkArcs formulas. Using
we obtain the following result.

Theorem 4.2. The problem MIXEDCOLORING is FPT parameterized by cliquewidth plus
the number of colors.

While Courcelle’s Theorem yields an FPT-algorithm for MIXEDCOLORING, the result-
ing algorithm is quite impractical. For example, the runtime contains huge constants
depending on the length of the formula, i.e., the number of colors, which cannot be
bounded by an elementary function unless P = NP, as shown by Frick and Grohe [FG04].
The algorithm does therefore not yield an XP-algorithm parameterized solely by tree- or
cliquewidth, as the running time depends non-polynomially on the number of colors k,
since polynomials are elementary functions.

4.2 Dynamic Program

It is well known |[CEFK ™15, Theorem 7.9] that COLORING, given a tree decomposition of
width tw, can be solved in O*(k"") time via a dynamic program. In the following, we
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show that this algorithm easily generalizes to MIXEDCOLORING. Assume that we are
given a nice tree decomposition 7 = (T, B) of our mixed graph G. For each node t € T
and coloring ¢; of B, we create a boolean table entry D[t,¢;] that indicates whether
there exists a proper k-coloring c of the subgraph G with | B, = Ct- The entry of the
root D[r, (], recall that () denotes the empty function ) — [k], then indicates whether
there exists a proper k-coloring of the whole graph G. We fill the table bottom-up,
starting with the leaves, as follows:

o For each leaf node t, we set DIt, ()] = true.

o For each introduce node ¢ with child ¢ that introduces a vertex v, we set D[t, ¢;] =
false if c; is not a proper coloring of G[By]. Otherwise, we set D[t, ¢;] = D[t', ¢4 B, ]

o For each forget node ¢ with child ¢ that forgets a vertex v, we set D[t,c;] =
Ve DIt s e U {v = 4],

o For a join node ¢ with children ¢; and ta, we set D[t,c;] = D[t1,¢] A Dlta, ¢y

Theorem 4.3. The problem MIXEDCOLORING, given a tree decomposition of width tw,
can be solved in O*(k™) time.

Proof. We show the correctness of the above algorithm inductively. Clearly, the entries
for the leaves are computed correctly, as an empty graph has a proper k-coloring. Assume
that for a vertex of the tree decomposition t the entries of its children have been computed
correctly.

If ¢ is an introduce node, it holds that G; has a proper k-coloring ¢ with ¢] B, = Ct

if and only if ¢; is a proper coloring of G[B;] and Gy has a proper k-coloring ¢ with
d | B, = ct| B, Indeed, if G has a proper k-coloring ¢ with ¢] B, = Ct it follows that c;
is a proper coloring of G[B;|. Furthermore, ¢ = C‘Vt, is a proper coloring of G[V}/] = Gy
and, since By C By, it follows that C/|Bt, = Ct‘Bt,‘ On the other hand, if ¢; is a proper
coloring of G[B;] and there exists a proper k-coloring ¢’ of Gy with /| B, = ct| B, We can
construct the following proper k-coloring ¢ of Gy. We set ¢ = ¢/ U¢;. This is well-defined,
as ¢ and ¢; overlap only on By, and we required that ¢/ | B, = Ct| B, Clearly, ¢ is a
proper coloring of Gy and G[B;]. Thus, as there is no edge or arc in G; not already
in Gy or G[By], due to the properties of the tree decomposition, ¢ is a proper k-coloring
of G; with c| = ¢;.

Iftisa forget node, it holds that there is a proper k-coloring ¢ of Gy with | B, = Ct
if and only if there is a k-coloring ¢’ of Gy with ¢| g = U {v — ¢}. Indeed, assume
there is such a coloring ¢ of G;. As ¢ colors v, the vertex forgotten by ¢, there must
be a color ¢ € [k]| such that c¢(v) = ¢. Thus, as Gy = G; ¢ is a proper k-coloring
of Gy with C‘Bt/ = ¢ U{v — ¢} (as By = B; U {v}). Conversely, if there is a proper k-
coloring ¢’ of G with ¢/| B, = ctU{v — ¢} for an ¢ € [k] it is also a proper k-coloring of G¢
with ¢/| B, = Ct There being a color £ € [k] such that there is a proper k-coloring ¢ of Gy
with c’|Bt, = c;U{v — (} is precisely checked by the expression Ve D[t ct U{v — £}].
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If t is a join node with children ¢; and to it holds that there is a proper k-coloring ¢
of Gy with C|Bt = ¢ if and only if there is a proper k-coloring c of Gy, and Gy, with C|Bt =

‘| B, = Ct: Clearly, if there is such a coloring ¢ of G it is also a coloring of G, and Gy,
2
(as Gt = th U Gt2) with C‘B = C’B
1 to
direction also holds as G; = G, UGy, (i.e., there is no edge or arc in Gy not already in Gy,
or G,). There being a proper k-coloring c of G4, and Gy, such that c| B
1

= ¢ (as By = By, = By,). Conversely, the reverse

= C|Bt2 = ¢ is

equivalent to there being proper k-colorings c; of G¢, and ¢z of Gy, such that c; | B, = Ct
“1
and cs B, = Ct This follows from the fact that Gy, and Gy, overlap only on By, and
2

thus ¢ = ¢1 Ucs is well-defined and a proper coloring of both graphs. Therefore, it holds
that D[t, ¢;] if and only if D[tq, ;] A D[ta, ¢t].

Computing each entry takes polynomial time, as we access at most k table entries and
check whether a coloring is proper. As |B;| < tw + 1, the size of the table is in O*(k™),
as a nice tree decomposition has polynomially many nodes. Thus, the overall runtime
is O*(k™). This algorithm is quite similar to the tree decomposition based coloring
algorithm for undirected graphs, with the only difference being that when checking
whether a coloring is proper we have to account for arcs. O

By using backtracking, we can even obtain a proper k-coloring, if it exists. As shown in
the following, this algorithm yields FPT and XP runtimes, depending on the parameter.

Corollary 4.4. MIXEDCOLORING is FPT parameterized by treewidth plus the number
of colors and XP parameterized solely by treecwidth.

Proof. Recall that we can compute a nice tree decomposition of minimum width in FPT
time parameterized by treewidth. Thus, the dynamic program from yields
an FPT algorithm for MIXEDCOLORING parameterized by treewidth plus the number of
colors.

By implementing a preprocessing step that returns True immediately if £ > n, as a
graph is always k-colorable for such k, the runtime becomes O*(n*v), i.e., XP parame-
terized solely by treewidth. O

Note that this algorithm is also an improvement over the XP-algorithm by Ries and
de Werra [RAWO0S|, which runs in O(n?™+4m™+2) time, where m is the number of
edges.

4.3 Bounds

We have seen in the two previous sections that MIXEDCOLORING is FPT parameterized
by cliquewidth plus the number of colors, and that it is XP parameterized solely by
treewidth. In this section, we extend these results to other graph parameters, includ-
ing vertex cover number, treedepth, and maximum rank. Note that, to extend FPT or
XP results from a parameter a to a parameter b, it suffices to show that a is bounded
by b, i.e., that there is a computable function f such that a < f(b). For example, it is

49



well-know that treewidth is bounded by vertex cover number, which results in MIXED-
COLORING being XP parameterized by vertex cover number. Apart from the number
of colors, all considered parameters depend on the provided graph. As the number of
colors is, as part of the input, independent of the provided graph, it cannot be bounded
by the other graph parameters. However, MIXEDCOLORING is also FPT parameter-
ized by cliquewidth plus chromatic number. Indeed, we achieve this by performing a
linear search for the chromatic number using the algorithm from [Theorem 4.2 which
has a runtime of O*(f(cw + k)) for a computable, w.l.o.g. monotonically increasing, f.
This results in a runtime of O*(f(cw + X)) to compute the chromatic number of mixed
graphs. As we can use the chromatic number to immediately decide MIXEDCOLORING,
we obtain that MIXEDCOLORING is FPT parameterized by cliquewidth plus chromatic
number. We can apply the same idea to the algorithm from to obtain that
MIxEDCOLORING is solvable in O*(x"™) time. The current state of the parameterized
complexity of MIXEDCOLORING is shown in

Fig. 4.1: Current state of the parameterized complexity of MIXEDCOLORING. An arc from
parameter « to parameter 3 indicates that parameter « is bounded by parameter 3.

Treewidth & Maximum Rank For undirected graphs, it is well known that x < tw+1.
As COLORING is FPT parameterized by treewidth plus chromatic number, it follows
that COLORING is FPT parameterized solely by treewidth. However, for mixed graphs
the treewidth is no longer an upper bound on the chromatic number. Gutowski et
al. |[GJK™23| Theorem 9 & Proposition 10] showed that for mixed interval graphs it
holds that x < (A + 1) - w and that this bound is asymptotically tight. As w = tw + 1
on (mixed) interval graphs, this implies that the chromatic number of mixed graphs is
not bounded by treewidth. In the following, we generalize the bound by Gutowski et al.
to mixed graphs, while also tightening it.

To obtain the bound, Gutowski et al. introduced the concept of layering. A layering
of a mixed graph G is a partition of the vertex set into A(G) + 1 layers (Lo, - .., La@))»
such that the layer L; contains all vertices with inrank i. Layerings have some nice
properties. First off, each arc is oriented towards the higher layer, i.e. for each (u,v) €
A(G) with u € L; and v € L; it holds that ¢ < j. This stems from the fact that an
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arc (u,v) implies that i = ps(u) < ps(v) = j, as stated in Thus, a layering
forms a proper partition. Furthermore, each induced subgraph G[L;] is undirected. We
are now equipped to show the bound on the chromatic number of mixed graphs.

Theorem 4.5. For every mized graph G and its corresponding layering (Lo, . . ., LA(G)>
it holds that x(G) < N9 (tw(G[Li)) + 1).

Proof. We know that x(G[L;]) < tw(G[L;]) + 1 for each layer L;, as each induced sub-
graph GI[L;] is undirected. As the layering (Lo, ..., Lj(g)) of G is a proper partition,
replacing each layer L; with the color classes of a (tw(G[L;])+ 1)-coloring of G[L;] yields,
according to |[Lemma 2.3 and a proper coloring of G that uses Zf:(g;) (tw(G[Ls]) +1)

colors. See [Figure 4.2] for an example of the resulting coloring. O

Ly (6) (6)

L4 9v9

1 O

(a)

Fig. 4.2: (a) A mixed graph with its layering (Lo, L1, L) of three layers, with tw(G[Lo]) = 1,
tw(G[L1]) = 2, and tw(G[Lz2]) = 0. The proof of [Theorem 4.5|yields a 6-coloring.
(b) An optimal 4-coloring, showing that the coloring obtained via [Theorem 4.5|is not
optimal.

Note that the only property of treewidth used in the proof of the bound is the fact
that treewidth is an upper bound on the chromatic number of undirected graphs. Thus,
substituting treewidth with any other bound on the chromatic number of undirected
graphs, such as maximum degree, yields an analogous bound.

For undirected graphs, it is further well-known that the bound x < tw + 1 is tight,
with the family of complete graphs yielding an equality. By placing a complete graph in
each layer and fully connecting adjacent layers via arcs, we obtain for each combination
of treewidth and maximum rank a graph for which the bound from is tight.
We formalize this in the following.

Proposition 4.6. There is a family G consisting of mized graphs Gy for each £,t € Ny
with A(Gey) = € and tw(Ge[Li]) = t for each layer L; of Goy such that x(Gey) =
Siso(t+1).

Proof. For each ¢ € Ny and t € Ny, we construct a graph Gy, such that A(Gy;) = ¢ and
tw(Grt[Li]) =t for each layer L;. This is done by taking ¢+ 1 copies of the graph Ky,
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with each vertex in the i-th copy having an incoming arc from each vertex in the (i —1)-
th copy, and an outgoing arc to each vertex in the (i + 1)-th copy, with the first and
last copies having no incoming and outgoing arcs, respectively. See for a
visualization of G 3. We now show that (£+1)-(t+1) colors are necessary and sufficient
to properly color this graph. Note that in the transitive closure Gzt, each vertex in layer ¢
has an incoming arc from each vertex in a lower layer, and an outgoing arc to each vertex
in a higher layer. Each vertex must therefore receive a higher color than all vertices in
layers below, and a lower color than all vertices in layers above. Thus, in an optimal
coloring, the colors used in a layer are successive, with no other layer using these colors.
Since each layer, being a copy of the Ky11, needs ¢t + 1 colors, we need (¢ + 1) - (t + 1)
colors in total. O

Note that in order to show the tightness of the bound, we just relied on the fact that
there is an undirected graph (in this case the K,) for which the bound on undirected
graphs (in this case x < tw + 1) is tight. Thus, for any other tight bound on the
chromatic number of undirected graphs, such as x < A + 1, it follows that their bound
on mixed graphs analogous to is also tight, with the corresponding graph
family being constructed analogously to [Proposition 4.6]

LQ /\>|

i

\
1/

Pl

(a)
Fig. 4.3: (a) A visualization of G2 3 from [Proposition 4.6] consisting of three layers, each with

a treewidth of 3.

(b) A schematic representation of the graphs Gg ¢+ from [Proposition 4.8 where each

vertex in the K} is preceded by its own copy of G 1t
In both figures, the edges of the complete graphs are omitted for visual clarity.
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s
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As for each layer L; of a mixed graph G it holds that tw(G[L;]) < tw(G), using
we obtain the following bound.

Corollary 4.7. For every mized graph G it holds that x(G) < (A(G)+1) - (tw(G) +1).

While the graph family G from [Proposition 4.6] shows the tightness of the bound from
it does not show the tightness of the bound from This is
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because it holds for these graphs that tw(Gy) = 2t +1, as adjacent layers form a Koo,
leading to x(Grt) = (0 +1)(t + 1) = (A(Gee) + 1)(tw(Gee) +1)/2. As we show in the
following, we can construct a family of mixed graphs that avoids creating large cliques
over adjacent layers, thereby getting closer to the bound from

Proposition 4.8. There is a family G consisting of mized graphs ég,t for each ¢ € N
and t € N such that A(Gyz) = £, tw(Geys) =t and x(Gog) = (MGep) + 1) - tw(Gey).

Proof. We construct the family inductively over £. For simplicity, we start with ¢ = 0,
even though éo,t is not part of the family. The graph CA}o,t is just a copy of the K,
which we denote K7. It holds that A(Go:) = 0 and tw(Gps) =t — 1 and x(Go) = t.
Furthermore, Goﬂg has a tree decomposition of minimum width that consists of a single
bag containing all vertices. Also, each vertex in CAJ(M has inrank 0.

For ¢ > 1, assume that we have constructed Gg,l’t with A(é’gfl’t) =/(-1, tW(CAv‘g,Lt) <
t, X(G’g,u) = /¢ -t, and that C?g,lyt has a tree decomposition of minimum width such
that the bag of the root node contains all ¢ vertices of K !. Further, assume that each
vertex in K} ! has inrank £ — 1.

The graph ég’t consists of a copy of the Ky, denoted K, and t copies of the CA}'g_Lt.

Let {v1,...,v;} be the vertices of K{. For each i € [t] we link v; to its own copy qu,t
of Gy—_14, with v; having an incoming arc from every vertex in Kf L1 A schematic

representation of this graph is shown in Therefore, for each vertex v; in Kf
there is a directed path from each vertex in Gé@l,t to v;. Since X(GALU) =/(-t it
follows that v; has to be colored with a color larger than ¢ -t. As each vertex in K}
needs a distinct color, we therefore need at least (¢ + 1) - t colors. Furthermore, as we
can color each G’}}fl’t with the first £ - ¢ colors, and Kf with the next t colors, it follows
that (¢ + 1) - t colors suffice. Thus, it holds that x(Gs) = (£+1) - t.

Since each vertex v; in K is preceded by vertices from Kf _M, which have inrank ¢—1,
it follows that each vertex in K} has inrank £. As we added no other arcs, it follows
that A(Gys) = £.

Further, we construct a tree decomposition of ég,t of width ¢ as follows: we create the
root node r with the bag B, containing all vertices of Kf. For each i € [t], we add a
child node ¢; to r, with the bag By, containing v; and all vertices in Kf L% We then
attach the tree decomposition of CA}@_M with its root node r; to ;. Since B,, contains
all vertices in Kf ~1" we obtain a valid tree decomposition. The size of the bag By,
is t + 1, the size of the bag B, is t, and we know from all other bags that, since they
are part of tree decompositions of width at most ¢, they have size at most ¢ + 1. Thus,
the width of this tree decomposition is ¢, with the root bag containing all vertices of K.
Since each vertex v; in K{ forms a (¢ + 1)-clique with the vertices in Kf it follows
that tw(Gy,) = t. O

So, as treewidth alone does not bound the chromatic number of mixed graphs, the
treewidth dynamic program from does not yield an FPT-algorithm param-
eterized solely by treewidth.
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However, we know from that the chromatic number is bounded by
treewidth plus maximum rank. It follows that MIXEDCOLORING is FPT parameter-
ized by treewidth plus maximum rank. In fact, it holds that treewidth plus chromatic
number and treewidth plus maximum rank are equivalent parameters on mixed graphs.
This is due to maximum rank being a lower bound on the chromatic number, according
to For any parameter p that upper bounds treewidth, it holds therefore
that p + x and p + A are equivalent parameters on mixed graphs.

Therefore, if we show that a parameter upper bounds treewidth and maximum rank,
it follows that MIXEDCOLORING is FPT w.r.t. said parameter. In the following, we show
that this is the case for vertex cover number and treedepth, beginning with vertex cover
number.

Vertex Cover Number It is well-known that tw < vc 4+ 1 and that for a path P, it
holds that ve(FPy) = [¢/2]. Thus, it holds for mixed graphs that A + 1 < 2vc + 1.
Therefore, MIXEDCOLORING is FPT parameterized solely by vertex cover. Furthermore,
it follows from that x < (2vc + 1)(ve + 1). However, this bound on the
chromatic number is quite large, especially considering that on undirected graphs it
holds that xy < vc+ 1. As we show in the following, there is a much better bound.

Theorem 4.9. For every mized graph G it holds that x(G) < 2ve(G) + 1. This bound
1s tight.

Proof. We construct a proper 2vc(G) + 1 coloring ¢ of G given a vertex cover C of
size vc(G) as follows: We first sort the vertices of the cover C' topologically (according
to the arcs between them in the transitive closure G7, i.e., we sort G [C] topologically),
resulting in an ordering (v1, .. ., vy(g))- We then color these vertices with distinct colors,
with each vertex v; obtaining the color 2i. This yields a proper coloring of G*[C].
For any of the remaining uncolored vertices v € V(G) \ C it holds that v only has
neighbors in C, and thus that the neighbors of v are already colored. Let ¢~ (v) =
max, ey (y) c(u) and ¢t (v) = min e+ () c(u) be the biggest and smallest color of the
incoming and outgoing neighbors of v, respectively. In the case that v has no incoming
or outgoing neighbors, we set ¢~ (v) = 0 and ¢* (v) = 2ve(G) + 2, respectively. It holds
that ¢ (v) < ¢*(v). Indeed, suppose that ¢t (v) > ¢~ (v). Then there is a u™ € NT(v)
with c(u™) = ¢*(v) and a u= € N~ (v) with ¢(u™) = ¢ (v). It follows, that there
are arcs (u,v) and (v,u") in A(G), and thus there is the arc (u=,u") € A(G™).
Asu™,ut € C, it follows that ¢~ (v) = c¢(u™) < ¢(u™) = ¢*(v) due to our initial coloring
being according to the topological order of GT[C], a contradiction to ¢~ (v) > ¢*(v).
Thus, it holds that ¢*(v) — ¢ (v) > 2, due to all colors of vertices in C' being even. We
therefore set ¢(v) = ¢7(v) + 1. Now all incoming neighbors have a smaller color, all
outgoing neighbors have a bigger color, and all remaining neighbors (adjacent via edges)
are in C' and have thus an even color, which cannot be ¢(v), as ¢(v) is uneven. Thus,
the coloring remains proper. By coloring all vertices in V(G) \ C in this manner, we
obtain a proper coloring of G with 2vc(G) + 1 colors. See for an example of
the obtained coloring.
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Fig. 4.4: The path Ps with a smallest vertex cover C' of size 3 and resulting optimal 7-coloring.

It remains to show that the bound is tight. For any ¢ € N, the directed path Py, has
a chromatic number of 2¢ + 1. Furthermore, the smallest vertex cover contains every
second vertex and has thus a size of ¢. O

Treedepth For undirected graphs, it is well-known [NOI12, Section 6.4 & 6.2], that
tw < td — 1 and that td(P) = [logy(¢ + 1)]. It follows that A + 1 < 2'4. Thus, using
it holds for mixed graphs that y < 2'9.td and therefore MIXEDCOLORING
is FPT parameterized by treedepth.

Transitive Closure Lastly, we consider the parameters on the transitive closure. In
the following, we show that, except for cliquewidth, all considered parameters on the
transitive closure upper bound the maximum rank.

Theorem 4.10. For every parameter a € {vc,td, fvs, pw,tw}, it holds on mized graphs
that o + A is bounded by a.

Proof. We know from that for each of these parameters it holds on every
mixed graph G that o(G) < a(GT). It remains to show that all of these parameters
bound the maximum rank. If a mixed graph G has maximum rank ¢, it must contain
a directed path P;. As the underlying undirected graph of the transitive closure of P,
is the complete graph Ky 1, GT must contain a K,y as a relaxed subgraph. Thus,
it follows from that a(Ky11) < a(GT). Further, it is well-known that
ve(Kyp1) = 4, td(Kyy1) =4, fvs(Kpp1) =0 — 1, pw(Kyy1) = ¢, and tw(Kyy1) = £. Thus,
all of these parameters on the transitive closure upper bound the maximum rank. ]

Therefore, MIXEDCOLORING is FPT parameterized by any of these parameters on the
transitive closure. This results in the parameterized complexity seen in

4.4 Hardness

Lokshtanov et al. [LMS18] showed that under SETH, there is no algorithm that solves
COLORING faster than the treewidth dynamic program, i.e., no algorithm with a run-
time of O*((k — &)™) for any € > 0. Together with the result that treewidth is not
an upper bound for the chromatic number of mixed graphs, this seems to imply that
under SETH there is no FPT-algorithm for MIXEDCOLORING parameterized solely by
treewidth. However, for the graphs constructed by Lokshtanov et al. to show the lower
bound it holds that £ < tw-+1. Thus, the lower bound under SETH does not exclude the
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Fig. 4.5: State of parameterized complexity of MIXEDCOLORING after |Section 4.3 The bold
(orange) arcs indicate bounds shown in this section.

possibility of an O*(tw") time algorithm for MIXEDCOLORING. In this section, we ex-
clude this possibility (unless W[1]=FPT) by showing that MIXEDCOLORING is W[1]-hard
w.r.t. pathwidth, feedback vertex set, and cliquewidth.

It was shown by Fomin et al. [FGLS10] that COLORING is W[1]-hard w.r.t. cliquewidth.
It follows that MIXEDCOLORING is also W([1]-hard w.r.t. cliquewidth. Furthermore, as
COLORING is a special case of MIXEDCOLORING where A = 0 and cw' = cw, as G+ = G
for undirected graphs G, it follows that MIXEDCOLORING is W([1]-hard w.r.t. cliquewidth
plus maximum rank, as well as w.r.t. the cliquewidth of the transitive closure.

It remains to show that MIXEDCOLORING is W]l]-hard w.r.t. pathwidth and feed-
back vertex set. We achieve through a parameterized reduction from LiISTCOLORING,
which was shown to be W([1]-hard w.r.t. treewidth by Fellows et al. [FFL™11]. To show
WI(1]-hardness w.r.t. treewidth, Fellows et al. used a parameterized reduction from MUL-
TICOLOREDCLIQUE, which was shown to be W[1]-hard w.r.t. to the size of the clique by
Fellows et al. [FHRV09]. In the following, we restate their proof and show that it even
yields W[1]-hardness w.r.t. vertex cover number.

Definition 4.11 (MULTICOLOREDCLIQUE). Given a graph G together with an ¢-coloring,
is there an /-clique containing exactly one vertex of each color?

Lemma 4.12 (Fellows et al. [FFLT11) Section 2.1]). LISTCOLORING parameterized by
vertex cover number is W[1]-hard.

Proof. Given an instance (G, ¢) of MULTICOLOREDCLIQUE, Fellows et al. [FFL™11] con-
struct an instance (G', L) of LISTCOLORING as follows: For each color class V; of ¢, they
create a color-class-vertex v; in G' and set its list L(v;) to VZE| For every pair of dif-
ferently colored non-adjacent vertices x,y, i.e., for x € V; and y € Vj such that ¢ # j
and {z,y} € E(G), they add an edge-vertex vz, to G’ and set it adjacent to v; and v;

2The vertices of G can be treated as colors by numbering them arbitrarily. For simplicity, we use the
vertices as colors, without explicit numbering.
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with L(vgy) = {x,y}. Since the color-class-vertices v; form a vertex cover of G’, the ver-
tex cover number is at most £. An example of the reduction can be seen in

@y @D

(a—)—() & — -
S S
@) (b)

Fig. 4.6: (a) An instance of MULTICOLOREDCLIQUE with three colors and five vertices. It
has a multicolored 3-clique consisting of the vertices a, b, and e. (b) The instance
of L1ISTCOLORING resulting from the MULTICOLOREDCLIQUE instance. The vertices
with a bold (colored) rim are the color-class-vertices corresponding to the color classes
of the MULTICOLOREDCLIQUE instance. Since the MULTICOLOREDCLIQUE instance
has a multicolored 3-clique, the LiISTCOLORING instance has a proper list coloring
(highlighted in bold).

We now show that a multicolored ¢-clique in G corresponds to a proper list coloring
of G'. Given a multicolored ¢-clique C, let (w1, ..., wy) be the vertices in C' and assume
w.l.o.g. that c¢(w;) = i. We color each color-class-vertex v; € G’ with the color w;.
For each edge-vertex vy, it holds that {z,y} ¢ E(G). Thus, z and y cannot be both
contained in C. Therefore, as we treat vertices from G as colors in G’, at least one of
these two colors can be used to color vy, resulting in a proper list coloring of G'.

Given a proper list coloring ¢’ of G', the set C = {/(v;) | i € [¢]} is a multicolored
¢-clique. Indeed, suppose that there are x,y € C with {z,y} € E(G). Let c¢(x) =i
and c(y) = j. Then, vy, is adjacent to v; and v; which are colored z and y, respec-
tively. As the color of v,, must be either = or y, the coloring ¢’ would be improper, a
contradiction. O

To reduce LISTCOLORING to MIXEDCOLORING, we use a similar idea as in
using directed paths instead of a clique to enforce the color-list of each vertex.

Lemma 4.13. There exists a parameterized reduction w.r.t. pathwidth as well as w.r.t.
feedback vertex set from LISTCOLORING to MIXEDCOLORING.

Proof. Given an instance (G, L) of LISTCOLORING with L(v) C [¢] for each vertex v of G,
we construct the following mixed graph G’: For each vertex v of G and j € [{] — L(v), we
add the directed path (w]”,...,w,”), denoted P;|. For each color j € [{] — L(v), we

add the edge {v, w;”j }. See for an example of the additions for each vertex.

In any proper ¢-coloring of G’, a vertex w; J must be colored with the color i, as it is
part of a directed path of length £ —1. As v is adjacent to vertices w;-” for j € [¢]— L(v),
it must subsequently be colored with a color in L(v). Thus, a proper f-coloring of G’

corresponds to a proper list coloring of G and vice versa.
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v

(D-(2(3)(1) (D-(2)(3)(1)

Fig. 4.7: An example of the additions for a vertex v in an instance of LISTCOLORING with £ = 5
and L(v) = {1,4}. Each added path P, prevents v from being colored with the color j
in a proper 5-coloring.

As we can assume w.l.o.g. that ¢ < n?, where n is the number of vertices in G, the
reduction is possible in polynomial time. It remains to show that the parameters remain
bounded. We only modified G by adding paths, each connected via a single edge to a
vertex in G. Thus, no new cycles were created, and feedback vertex set remains the
same.

To show that pathwidth remains bounded using this reduction, we first show that we
can perform a slightly different reduction that gives a simpler argument for pathwidth
remaining bounded. Instead of adding the path P, for each forbidden color j €
[(] — L(v), we add the path P/ ; once for each vertex v, and connect it to v via the
edges {v,wj} for each forbidden color j € [¢] — L(v). This still enforces the color list
of v, and is thus a valid reduction. In the following, we show that this reduction increases
the pathwidth by at most 2. Given a path decomposition 7 of G of minimal width tw(G),
we construct a path decomposition T’ of G’ as follows: For each vertex v of G, let B; be
a bag containing v that contains at most tw(G) + 1 vertices. To obtain 7', we replace
the node t with a path (to,t1,...,te—1,t¢). Let (t{,...,tj_;) be the nodes of the path
decomposition of Py ; with bags By = {wy,w,} for i € [( —1]. We set By, = By,
By, = ByU By for i € ¢ — 1], and By, = B;. As P}, is only connected to v, which
is contained in By, this results in a valid path decomposition of G’. As the new bags
contain at most two additional vertices, the width of the path decomposition of G’ is at
most the width of the path decomposition of GG plus 2. For the original reduction where
for each vertex we added several adjacent paths, we can apply the same argument to
each added path, resulting in an overall increase of pathwidth by at most 2. O

Combining the W[1]-hardness of LiISTCOLORING with the parameterized reduction to
MIxXEDCOLORING we obtain the following theorem.

Theorem 4.14. MixEDCOLORING is W[1]-hard w.r.t. feedback vertex set as well as
w.r.t. pathwidth.

The W[1]-hardness w.r.t. treewidth follows from the fact that we showed W[1]-hardness
for parameters that upper bound treewidth, in this case pathwidth and feedback vertex
set. The resulting parameterized complexity of MIXEDCOLORING is shown in [Figure T.1]
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5 Conclusion

In this thesis, we have developed exact single-exponential time algorithms to color mixed
graphs. In the following, we take a look at open problems and directions for future
research.

General Algorithms (Sections 3.1|t03.3)) We were able to generalize Lawler’s [Law76]

algorithm to mixed graphs, but were not able to generalize faster algorithms [Epp01],
Bys04, BHK09], due to arcs imposing a strict partial order on the colors. It would be
interesting to see if there are ways to generalize these faster algorithms. This could
be done, for example, by finding a way to quickly count the number of proper cov-
ers of mixed graphs with independent sets, as this would allow for the usage of the
inclusion-exclusion approach. Another aspect would be to find new properties that can
be exploited algorithmically, as we did for the polynomial-space algorithm in

Fixed Number of Colors For a fixed number of colors, we have shown
that MIXEDCOLORING can be reduced to CSP, which yields fast algorithms if there
are few vertices of small rank. Furthermore, we have reduced 3-MIXEDCOLORING to 3-
COLORING, which allows us to use existing algorithms for 3-COLORING on mixed graphs.
For more than three colors, however, we were not able to find a reduction that maintains
the size of the graph. It is an intriguing question whether reductions that add a constant
number of vertices exist, or if such reductions are impossible. We have also generalized
two coloring techniques of Byskov [Bys04] to mixed graphs, which allowed us to obtain
algorithms for k-MIXEDCOLORING from algorithms for (k — 1)-MIXEDCOLORING and
[k/2]-MIXEDCOLORING, respectively. As all of our algorithms for k-MIXEDCOLORING
are ultimately based on 3-COLORING, any improvement for 3-COLORING would also
improve our k-MIXEDCOLORING algorithms.

Parameterization On the parameterized side, we applied Courcelle’s The-
orem and generalized a treewidth dynamic program to obtain FPT and XP runtimes.
We were able to propagate the FPT and XP results to further parameters, especially to
parameters on the transitive closure of mixed graphs, by generalizing a bound on the
chromatic number of mixed interval graphs by Gutowski et al. [GJK™23|. In doing so, we
have developed a framework to obtain tight bounds on the chromatic number of mixed
graphs from tight bounds on the chromatic number of undirected graphs. However, we
were not able to show tightness of the bound x < (A + 1)(tw + 1). It remains to be
seen whether this bound can be improved, or if it is already tight. Another open ques-
tion is whether the treewidth dynamic program, is optimal under SETH,

99



as the current lower bound has only been shown for undirected graphs. It is also still
unclear whether there exists an XP algorithm parameterized by cliquewidth. Note that,
for undirected graphs, such an algorithm exists. Furthermore, a large part of the graph
parameter hierarchy remains unexplored.

Variants Other aspects which have not received much consideration are variants of
MIXEDCOLORING. For example, LISTCOLORING, which we have used throughout this
thesis, generalizes naturally to mixed graphs. Furthermore, it seems that,
the property used by several of our algorithms and thus the algorithms themselves, can be
generalized to LISTCOLORING. Other results, such as the treewidth, the MSO;-formula,
and, in particular, the reduction to CSP, also seem to generalize to LISTCOLORING.
This raises the question whether the algorithms and results of this thesis can also be
applied to other coloring variants, such as DEFECTIVECOLORING, CLIQUECOLORING,
or BOUNDEDCOLORING; see [CCWS86, DSSWIT|, [KGS95] for the respective definitions.
However, for some of these problems it is not clear how they would generalize to mixed
graphs, such as in the case of DEFECTIVECOLORING or CLIQUECOLORING. Noth of
these problems rely on improper colorings, i.e., colorings where some adjacent vertices
may have the same color. For these problems it would be necessary to define how arcs
should be treated, i.e., whether the constraints imposed by them may be violated or not.
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A Code

In[1]:= N[Reduce[1/(a"(a/(1 - a))*(1 - a)) == 81/64*(172/81)"(1/a)
&& 1/2 <= a < 1, a, Reals]]

oufl]= a == 0.563964
In2l=  81/64%(172/81)~(1/0.563964)

out)=  4.81068

Code A.1: Mathematica code used to compute good values for a and ¢ in the runtime analysis
of the polynomial-space algorithm from
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Wiirzburg, den 3. September 2025

Antonio Lauerbach
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