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Abstract. A tree-based network N is a rooted graph that has a spanning tree T which is the subdivision of a rooted binary tree. We show that
crossing minimisation for drawings of N is either NP-hard or polynomial
time solvable depending on the drawing style used for non-T edges.
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Introduction

Phylogenetic trees and networks are rooted, leaf-labelled graphs used to model
and visualise the evolutionary history of a set of taxa, e.g. species or languages [3].
A tree-based network N is a phylogenetic network with a spanning tree T that
is the subdivision of a binary phylogenetic tree [1]. For fixed T , we refer to edges
not covered by T in N as cross edges. We assume that vertices of N are assigned
a height such that leaves have height zero and otherwise only two endpoints of a
cross edge may have the same height. We only consider drawings of N where T is
planar. Motivated by examples in the literature [4, 5] we identified the following
drawing styles for cross edges. First, cross edges may be drawn x-monotone such
that they are horizontal, snakes (i.e. have to bends), curves, or straight lines.
Second, we consider the ear and ear∗ drawing styles where a cross edge (u, v) is
drawn with two bends such that the vertical segment is to the right of the subtree
containing u and v or of T , respectively. See Figure 1 (a)–(d) for examples.
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Fig. 1. (a)-(d): The horizontal, snake, ear, and ear* drawing styles, respectively; (e),(f):
edge and vertex gadgets.
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Horizontal drawing style

Theorem 1. Crossing minimisation for a tree-based network with the horizontal
drawing style is NP-complete.
We sketch a polynomial-time reduction of an instance G of MAX-CUT to an
instance of crossing minimisation of a tree-based network N . Assume without
loss of generality that G contains no vertex of degree 1. Sort V (G) in an arbitrary
order, say v1 , v2 , . . . , vn .
We build the base tree T of N as follows. A gadget for each edge {vi , vj },
i < j, as shown in Figure 1 (e), where vil (vjm ) is a representative of vi (resp.
vj ), induces zero crossings if vi , vj are rotated differently and one crossing otherwise. Thus it represents whether the edge is in the cut or not. We connect
the edge gadgets with a binary tree. For i ∈ {1, . . . , n}, let vi1 , . . . , vik be all
vertices corresponding to vi ∈ V (G). We give vil the height i + l for sufficiently
small . Furthermore, to force them to all have the “same” rotation we add two
vertices above the so far build tree and bundles of horizontal edges as shown in
Figure 1 (f). Further bundles of horizontal edges fix the part of T that connects
the edge gadgets and the upper part of vertex gadgets.
Note that several of the drawing styles can be reduced to the horizontal
drawing style, which gives us the following corollary.
Corollary 1. Crossing minimisation for a tree-based network with the snake,
monotone curve, or straight line drawing style is NP-complete.
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Ears drawing style

Theorem 2. Crossing minimisation for a tree-based network N on n vertices
and k cross edges drawn with the ears drawing style can be solved in O(nk) time.
Let v be a vertex of T . The key observation is that the rotation of v only
determines crossings of edges from its left subtree through its right subtree or
vice versa. Thus the best rotation can be determined independently for each
vertex of T . The following algorithm runs in O(nk) time. First we determine the
lowest common ancestor (lca) for each pair of endpoints of a cross edge in O(n)
time [2]. Then we sweep from the leaves of T towards the root. At every endpoint
v of a cross edge we determine for every vertex u of T the width of its left and
right subtree at the height of v in O(n) time. Then from v up to its cross edge
lca, we add up for each vertex of T the width of the subtree not containing v to
a counter. When reaching a vertex u of T , we can decide its best rotation based
on this counter. Lastly, we extend a partial order of groups of nested vertical
segments to a total order to minimise crossings between cross edges.
Adjusting this algorithm to propagate the height up to the root instead of
only to the lca, we get the following corollary.
Corollary 2. Crossing minimisation for a tree-based network N on n vertices
and k cross edges drawn with the ears∗ drawing style can be solved in O(nk)
time.
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