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5 Linear-ti for 3 d graphs

We now explain how to ind the Tig-path in lincar time for connected graphs, c., prove Theorem3, W
i argve b o b the i spen o recarions,anee wo o which cae e i e m.wn
the subgraphs. (This is the casier part) Next, we explain how to store cuttn pairs (for determination of
o) o how (0 tore e {0 sids Uor clteminntion of the ekl thee dok strutares v
ot complicated, bt arguing that their updates take overal Hinear ime is gty

5.1 Preliminaries.
A fow notations will be useful. Fisst, sct Dy
=0(Dp). New st Dy

lent. interior face, we have Dy < D,

= Sy pipy den(f): we airn to show that the runivg time
Evcvin i), where V(P are the vertices of P. Siner every vertex has an
e of G(Dy + D). Next,
28 G bt s of sl L s e o e, L e the vt .
if e inserted into G all the edges that were wsed as virtual edge i some recuesion. Note tht G- is stll n

it hence sufiees to argue o ruaming b

plasar graph.

et Vi be the set of vertices of G that were exterior i some subgraph G € . Nate that

10w o otk patof G has it o exteion exties . Whescombaning Tote
ol ».umz;.\m the m«umh& path always visits the same set of vertices. So Vy € V(P), and in. ]).\mu\l.\r
Vx| V(P <

Lot By bt ot of g o G (1, ponibly incluing
e g 6 € 6 The s of sk “odges necossari
B < 3Vl

“For any mvwm.(, e let Ex(G') be the edies of G* that are exterior in G/, but were
id ok et i the parent. st

some virtnal dges) that were exterior in
belong to V. Since G* is planar, we have

ot exterior (or
it wo recursed fom. Note that [Ex(G7)] 2 1 in allcases. The work done
e ecusion o st cluding the e o determine the cas o 0 the meclac) i Of| (7))

ceatise wo mist update the plasar geaph exmbedding at the places where we split the parest graph to obtain
5 i ar e ko) Oheeere Soreg |Ex(G)] < 2], bocause any edgo bocomes exterior
saly nce, e el (0 b ot s Sbsraphs that we recuree in, Therefore, the time Lo handlo
cach socnrson (exchuding th 250 i the necklace) is O(Dy ). The bottlencek for provi
Thocrom B bt b . o 1 T o i o ot ecnts 51 v e
O(Dy + D).

5.2 Data structures.

W e that with the plaas cnbodding o obtai o tadard dat st withth olloving
ertex v knows wheth exterior, and has a list L(v) o its incident faces and edges in cew
order. This list is circular if v is interior, anc begins and ends with the exterior edges at v otherwise
{Thers e exacily two sch sdges sace &l 725t n 5 e 2sonnected)

) ©

Figue 2} m Corner-3-connetivity e3e(

LW, Y), (b) the substitution trick, aud (¢) Case[]] (repeated
from page[l)

Now, consider the case where we scan an entire side S, except that ¢ andfor ¢, may already have been
adjacent. (o the side and then do not get scanned. 1f ¢, was ot yet on S, then all new entries due to it
should b appended to P ). 1T ¢; was not vet on S, then all new entrics due €o i should be prepended (in
order). o vo unst ouly bl the case whero boths ¢ ad ¢y were ey on ke 5, 1 nly

consists of these two vertices, then no scanning happened and we are done we may therefore assune that
s et e et It ) el was ey, e e c huply s So by i e
coreect of the above approaches, we can create the correct order in P, ) as long as we ensure the follovin
Property 4. Asuns s, hen ecuingfom C 1o & suph G, canan ndi s S Then ither

(£) ] contains a( mni! tuo vertices,

o & is new to

o) i 0 m} canpty

5.4 Details for the individual cases

We now fnally go throngh all cnses and Gl in some case-depend
(A) how to test whether the case applics, and

B) horw to obtain the information 10 create the subgeaphs, especially the necklace in C
We must also explain for cach subgraph G

(C) which

ot dotails. Tn pasticular, we must oxplain

corners of G corzespond to which corrers of G 5o that Property
(D) wiey no divied fice loses & side ineidence (Property|
() how to initnlize the Plists with the cntting pairs of ¢ that alo exist i G,
(F) which vertices may be new to sides, and that e can scan them by scaning sides in such a way that
Property Bland Property [ olds.
In all cses, we contintie with the notations and assumptions that were wsed in Section (1]

Casefland th mbstition rck (Flg B,

Ry TF i stesightiorward to et whether Coce [ apples,sne we know the ot fe

(B) Qtere it v ol o ot A e o i the mitition e The b o e
G GAT.Y) e e emone the el that vas the vight

(C) o o cormer f G erin e s o chny Fropery [ hos

(D) There are o divided fac

(E) Graph G had no cutting pairs, so all P-Tists as empty. Hemce Property [ holds.

() The ony vertices that conld be e 10 a sde aze the ones hat shared o face with (V1Y) in G. W
shonld therefore s slong the enire e g, of '] AN vertios i iy \ {IoY } re iflrns

e 10w 10 S
TR shorkcfor e e ok (o
i o, e borarion o X A ¥ € s i i

S 7 e the right ide”. Since (s can b ook up i O(1)
horthand fo this ad the ot skl

(ORI @ Vil (W Pli.g)

Figure 5: ustration of the data structures.

 Bvery interior face f has a list L(F) of ts incident. vertices and edges in cow order.
ne conld demand a similar st for the o face, but since our outer face changes frequently we will
not do this. Obscrve that oven without such  list we can walk slong the oer face in cew order,
prestming we know at least one vertex v on it by traversing the last edge in L{r) and recu
its other
o Vertices, edges ane faces are cross-hnked, ., each vertex fodso/ face knows all its occurtences in the
lists L{v) and for L(F)
Setting up this data structure is standard material and will not be explained here; see, for example, [ 16
To find cutting pairs and lefimost necklaces efficiently, we need to store more information as follows: see
Fi

g from

€5 We store a circulas list € of four references co.c1, c2,cx 1 vestices in Gs these are the corners of G
enumerated in cow order. We also know which of these comers is X. Note that the “stari coruer’
iy change when scuning, o ezl (corsides o cxamplesoph G n Cone ). but we keep

the vertex in the same place iv
ot ey o e sk any e b gl ek b s ot We e

to derote

ehe side from c; to ¢, (addition for cormers i ahvays modulo 4). 1t is important that sides are defined vin
o n  (na i rekorenes o erties) i t0 U ollowing. When ecunin in bgraph ' o may
entry e in C by 1 new vertex i we call ¢, the corner corresponding fo ¢, - With this, S now

i sl o e st sttt in G (v cal i e comresponing sde i )

o order the interior faces

ehe interior face iucident o ¢, ancl its neighbor us on .. Next come the remaining interior faces around
in clockwise order, ending with the interior face incident to 1, and its neigh .. Contine
wntil wo reach vertes ciy1. With this definition in place, we need the following three lists at vertices, faces,

and sides:
F: For every interior face f and ever estore  (possibly o) 1t F(1 ) of vrtistiat
areon 7 and on skl 5, Thre aro a0 two S verice pe s by omercomectiis ehe

the two non-consecutive vertices of  on S, would form a cutting pair within S,; see
This obvions fct s the erucial ingredient for our data.structures, becanse with this nw\\v s e
be done in constant time that otherwise would take longer. For cxample, given  vertex w, we can
el constant time which side(s) (f any) it les on. Namely, take an arbitrazy interior e f o0
and inspect F(f,) for each i = 0, Since cach st has constant size, we can check in constant
time whether w is in it hence whether it lies on

V- For every ineror yerex w and evry { = we store a (possibly empty) list Vv, i) of interior
facs well as a vertex on side S;. The list s sorted by the order in which these

Note that V(u i) allows us to check in constant time whether u s face-adjacent fo comer c, becanse
any interior face that contains w and ¢, would have to be the first entry in Wi, ) by the order of faces
ncident to 8,

) The pat Py €) The path (@ The path P

(b)) proof of Lemma|

for CasoBropeated from prge)

docs ot apply, then we chieck the list of cutting pairs P(lef, right); Case [lapplies if and
s non-canpiy
(B) Assuning Pt rilt) s ey, e J° be s bt ey (cloest o 0). Tpect 7(1° ) and
o the et 1 Lakin U ones s Lo e ot i thers are v ol
S G G ) - o L e thonch o - ) was not an cdge of G, then
i ) g (o)t T s s e e g
() Gy retaims comers U, W, and Gy retains comers X.Y; both gain new coners v, . We replace corners
0 (i i al ot cass) o that he et oraers eep thr spots e the e cornes Al
the emptied spots in cew order; then, Property [ holds.
(D) We st argue that £ loses 1o side incidences. Fuce f* was incident to both the left and the vight
s i G, the s o for b pts i ok sl B, 1 ekt 1 he Lo e
of Gt only i i incident to th op e of G o i abvnys et 1o
e [ 1 ncent o the btom i of G 1 and ol 1 f s niden 16 the otiom
g e 1 e botom sk of G Sl 0 nekdencen v s o the pasts o1 17
{and possibly there are new ones)
(E) We chose the cutting pair such that €5 has no other cutting pairs, o the P-lists or G are nitialized
empiy. Subgraph G inherits the P-lists from G, et that e s e £ o Pt ) i
i ol one vt cch i F( ) ad F(/ e,
(F) Ver o o e o 0 e bt e the o side i G, and Gy, respecivly, S0 we
s o e s o I G hap 0 G, which both consist of exactly the edge (v,).
Since we scan alon entire sivgle-cdze sides, Properties Jland i) bold.

‘ase 5] (Fig. ).
) o bater el pplis, we check whether Plright, top) is non-empty: Say it is, and et /* be
i st e B the e of e n P, o), Canfl e b spplid i oul S do
wiain ¥, which op)
89 We i the cuting i () o 7o) mul 7 ngl)r) et of st s cotains
ther that “The resulting pair {w, )
snmﬁm uw Mmummm o !hv i by th e of P o Syt G G G, alng e
ough v, S, Iy, 1) was not an edge of G, then also split 1* inta two parts f; and
i e bt G o G e, e s 1 .G s ahic tlls us whethn Case
il e whether 10 ert. (y,16) nto Gy or not. Tn Case[5T] we must.further delete w 11T

EH
H
H
é
g

exee
© c; etain comners X, U, and ks y a s fonrth corer. T Casef J st cocs ¥, aud e
51- s comer ¥ and addsy, its ieighbor = on e ovter face, and

7 has corners X,
ljacent to zlm top and right side of G mul rlw same holds for f; in G due w vertex
. Face f* cannot have been adjacent to the let side of G (e we would apply Case). I

Algorithm 4: neckiace scan b

nitialize the necklace
(fprenex) ¢ first o o
ppend fyn.z to A

e x
i 2 % not face-adjacent to U then

Foreach face foes incident to x, starting afler fye, in cew oxder do

foreach vertex o/ on [y, starting after 2 i ccx ordor dl
i ' is foe 10 S then

adjae
append . t0
Uprer. ) &= (oo

with fouter face, Y )

s in L(Yy) // This idemtifies 2| correctly.

et 2)
continue with next while teration

clse // Have reached the face of N incident to U/
Jr A e V(s o)
et does not contain vertex of S, then
an 2l ot X 10 N
else // to be leftnost, include all vertices along
repeat
< vertes: after i cow ordor on fuex
append fuox 2’ to A”
wntil £ = 17

return A

Algorithm 1+ scan s1de (i .

Fach case will state which corner 2 of G’ coresponds Lo which cormer Z of G i.e., takes the entry of Z
¢ thi W

put: ¢ and dare vertices on (he outer face, the cew path from ¢ (o d 15 on 500 5,
foreach vertex v on side S, from ¢ to 4 do
i 0 weas not on side S, before then
Torenh i face I L4s) I ocknise rdes sorche orter tcs) do

s

o F
i 1w ot ke 0 ide oo o 79

| scan face(

“Algorithm 2: scan face (/. 1.1)
Taput: 7 s an iterior face and et 10 oxieror veriex v on e 5,
foreach vertex w € E(F) \ {1} in clockwise order after v do

i s interior then
L append £ to Vi, i)
ol If g () ok on theanter o than
() 4 S onbiin - do
oo i oo 7
ill o gt caned then
afio

17 e

P For any two disinet sides S, we store a it P, of ikerior faces that contin  cutting pair (1,0}
of G, with v on side S, and 1 an side S, This list is sorted by the order in which these faces are
sncident 0 side 5 see Fi
Note that P(j, i) is the reverse of P, ), bt i will be convenint to store botl of them. We assume
hat any e f knows of all its occurrences in some li. P, ) this is only & constant overhend per
fce.

Initialization. We argue low to intialize the data structure in O(n) time: this then also shows that it
2 Ole)spcn, Wo mnme ti oo givn e ot conr, en e i C by valing
arounel the onter face. For all other data structures, we call scan.side(i,c, iy
Algorithms [ and [} This visits al exterior vertices,
the lists a5 needed._One verifes that, since we scan along a side in ecw order. the lists antomatically receive
the carrect arder. We shonld also mention that the conditions i

alvays true for the nitinlization and can be tested in constant time fo
catm b tested i consa i er e by maring (efore taring anysean o any ) all vories hat

will b scnned; i the nitilzation,this s

artexy e plus its incident interior faces

i v il comt i o s The opetation of s e 1 e O{des{ 1) ot 1o v,
the ruuning tine of the fuitiaization is therefore proportional to the degrees of vertices and faces that are
incidont 1 the oute ce, whichis 6(Dy + D) suce 7 vis ll extero vesioes.

e all thre neident vt Facss el speites al

5.3 Updating

We first give some general rules for how ta update the data structure, and then il in for each individual
cnse s exse-dopandnt dtal, Asie Ut we s o s subiraph G o G, Whre el ve
will use “primeed” versions (such as V' and ) for the data structures and properties of

® 6}
Figuref1} Casef}] (o) G satisfes c3c(X, U
page

was adjacent to the bottom side, then this must hence hve happened at IV, which makes (5, 17} &

cxitin, . By ous srin o€ (e, o) b il ottt o et

to the bottom side [

y)plnh {else it becomes part of the outer face).
that face.f; touches all four sides since it is

@

(repeated from

e i o 1 G o (V-] wlich
fnckdnt 09 om0
e T e
e ace b, Plvihe o) 5 iher 1+ o bt 15 Gr. b o ot o - Aoyt . (- o
A 10 G becans /- Lt o ertes o the e i (s Can ] would apply. Auy 0
Pton. top) 5 ncutont o ither 0 ox W Those st to el 1o G- 1w
1 o o1 1 s el . anl s i of e b 1+ So i
Pt o) b e of - Tt Pt i it e s 1 e
i th o e ¢ 1 5 mlod) i
s P o
() G o i et oo esterior, bt s e 1
i i e of th it s of G ottt thi s Propety
Fur

So we scan along edge (1),

L and 5§, srepart of hei corrspon

this means that we scan S

and 5L,

i since (y,u)

S, The former is a single edge, so Properties J) and
e oty v o on e, bt i et w et i in
nee o the side. So Property[Bi) and Property i) hold, since = o 5,
me e e s o Coe 3, repcing e s 7

o nck i, otk o o] b Galin e st clement 1 f Pt o) nc
treatment of this case is symmetric to Case[l]

Case
4I)(~‘kmg o e

sefd] (Figs. (] and [§).
m) T one 12 6 the proviouscass applis, t
o find out whether to apply.

e test condition [ by walking from W along the outer
o Cove T

ly Casel) W A aleftmost neck (@
which i onrvil. Wo delenine the vertios in o 3. Now do a lefi-firstseard
i from IV (s, e de Frayssi. o a. [ for e on et sirche. However, we scn
st anly o e, s ot et e nd v v the el fom
vertices that are face-adjacent corithm[F] We do some special handling

o omtning . heer i e (wmm htmmm B o e o) ey it
top side and (s we will sec) should not

imce e peoms i e, v B e oot ach e
that connects IV 1o X along vertices that are face-adjacent 1o ¥. Any I

allaws for face-adjacencies)
necklace also defines such &

also in Gy and hence f retains this side incidence. I f was incident. to
Vo G, then s medent 00 which belongs 0 G, a0  retns s e

at 2 vertex = £
the bottom side (
ncidence.
Assue nest: that f as parts in graph € for some 1 < i < s, and 4,_; = f,, We recnrse in G, only
i we apply the subsitution trick, in case of which edgo (1,7, is temoved. In particular, the face
i that was split along (r,—1, 7,) has no part in the graph G = G U ey, ) U ) in which we
st o £ f o it v b g b (1,8 o 1) i ot B
becomes hoth the fop-right an the bottom-right corner in G, face f (which is also
ofth ft oners 5. a2 s ncdent. 0 o ko G . i o i ente e
been los
A fualy it b pas i gaph G, for some 1 1 < 5, an ¢, # b, (Thi . patcnar
implics hat we avein Cse 1) We g thit the sde nidences e e reseivd for e resltng graph
G then, s o Bk o G = GF (-1 whic s v s o
Graph G- hias as its four sides the edges (7 (ri1,20). (@3,8), ol path S, A face
that v dividd st G contas o o these threr: o benc inmodiail b it
o comesae it e e e, w ol sl o oy shont. the o emtning i
e a1 was i by o which we ol necd 10 worry if / had vertiees o
e i s of G, Tt b, 1 I b o 102 s ot it 1w o dd
s edge, a contradiction,
et v i 1 (e

i case of which we only meed to worry if / had  vertes =
on the buttom side of G. Tf then {2, .-} would be a cutting pair by £y # £, and we would
hive applied Casefl] S  mplics £, = IV (e we wold b cuting pai vithin he
ight side of G). So / contains £, and henee is ncident to all sides of 6

in o will do this 50 that the following holds.

Property 1. Assume fhat a vertes v is incident o a side S, in G and belongs to some subgroph G that we-
recurse in. Then o is ncident to the comesponding side 5, of G
o cammo o 0 flly copy the graph st (i ot ) il () fom G i, e thi
woukd be too slow. Tnstead, hserve that G s i all cases defined ss the fnside of some noose A' of G. At
oone N, s o mcidoe st () it he two prte . e
T

vertes v traversed by faces traversod

e by A, we might inscrt a virtual edge along f; if we dlo so, then we assume that the part
s bl () berc e relience s the (st shonened 1ot T(F) (W6 mnt tlm
here, s in many of the other opeeations below, we store where the lists were cut, ancl keep  reference to the

ore the rest whe
view this record as

rest. 50 that we can resto uraing fom the rearsion in 7 e recusig ik iflernd
subgraplh of G, W Delonging” o the (possibly virtual) edge that newly became an
exterior cdge of G the final set of such edges form a planar geaph, thus this overbeac takes space O(n)

overall)

sbgeaph G mherits the lists V. ie., V'(u V(10,1) for all vertices w that are in G, and 1o time is
pemt o exeting s sy e . Wt e it S e et e

of G Recall that V(se, i) stores interior faces f that contain 1 as well ns
ataius w in G, and it docs contain a vertex on the corresponding side 5!
of G because of the following property of ons cases:

Property 2. Assume that an interior face [ i incident to side S, in G, and f (or some part of f obtained
by dividsng { along o virtual edgc) is an interior face of some subgraph G that we recurse in. Then f
incident to the corvesponding side S of G'

This property i quite obvios for a foce f that was not divided, becase then all vertices of f must lso
bekon o G by Propety s e remains o et i it vas o n G. This propery o s
at all ovions for faces that were sion of vt s we il g i o cuc s o

ubgraph G also inberts he fous ts 7)o s e by virtaal
cdge, then this doos ot ad false o et hat £ b an side S, of G b s n & (e 1
ould e been divided) and on sde 5, (b Propert [ 1  vas livided by a virtuad edge (o). 1
e e ), whers 8 the side that contai (1), We know i from cach case below, and se
Ui = o), (o o s ke copy f th prio Kt . 1)t e a0 do i et the
ARk A ome of the tests elow we e to s the lists as they wore in G. Thisis
only cnsant spacs o)

aitialization of the P iy

o e fom (el moenions). Pusheemeres s coting it of Gt s ot G g
copied aver.

s for G will depend on each case, bt as will be scen, they ave cithe

Seans i o) k. W b iz ot i o G i e g ks potv

{cntrin that ol ot b there), bt it

side, o add these mising e, we san <pms of) each side S in such a way that all vertices that are new
3 0 be scanncd, i ¢, wo call scan side(i, . for some i € {0,  some vertices

od & 81, (Buchcao tod o will aplin xactly whnk ma, o be scanmedd.) W should mention here

that the o for V and P; wo will explain

b bk To sk i e, s e that 1 or ot abitary a1t s ol holds o

missing some entrios since somme verticos may be new (0.8

Property 3. Assume that, when recursing from G to @ subgruph G', we sean along a part 5L, of some side
{. Then, one of the following holds:

K] Wecun the etire side (. e,

sid

{ and d = ), and the vertices between ¢ and d (if any) were not

) (b} {e) )
i) el () s e U ek, b o st et e/ (sl gl g
. and s it <onld ineludo vor o pat

e g the st

i trick andl (d) assigoment of the representatives. (,vmmx rom pa|

path, 5o we find the lefumost W-necklace,

We claiin that the total time spent on finding A”is 1o more than the- time spent for updating the data

strutunes o graph G ater Firt, ve send | 0() time pe vertex that we o, Imnm 0(s) time

ince G has s new edges on the outer face, this s accounted for by the O Ex(G})) the that

e ey counted for G5 Seeond, we spen O(ks( ) time onscmingan i ' incident

x 2. This happens only f f* contains neither X nor ', because otherwise we innediately find

e st et of the neklae, ad thi was comted sbove. S 1 s vt o he 105

side of Gf, and /” contains neither X nor ¥ (and hence no vertex on the top side of G), it is newly
adjacent. to the top side aud hence wil get scaned dusing the update.

For CasefTH] finding the U-necklace is done similarly. except. that we search from the top dowsward,
mtlr than fom o befton, upsard,which equies exchanging elocksis by o in the orer of
eh

‘eI it s the clackwise neighbo

scrn. See Al or ol

in L(Vx), o

1 is ot asbitrary in

- lftmost necklace containig it.
Fist-seasch from 4, we will find the leftmost necklace that
e 35 O(s) + O(L,. des(f7)), w
Inerr fces f hat aaimcident 03 (for e 1€ < = 1), et 0 ot contain U or IV (eso we
immediately have found the next vertes of the necklace). Any such face f* was hence not incident t
i bttom side of G, b s ineident o the side (,4 ~21) that becomes the corresponding side in
G- So, s above, the time for the necklace scan is & constant overhead for the time for the seaning
dome t update the data structures.

we sum over all those

) @

) Comsruction of P wil reprosntatves (1) Grale G2

Assume that. f was dividod by (x;,), i case of which we ouly need to worry if f had a vertex = on
¥ thon 1) ol e cuting i
exfore { contains Y. ‘This iapiics £ else

S contain b1, nd e et ol

there are only two possible cutting paies in G: The
gbbors of Y. if deg(Y') = 2.
2. hen the top side is not & single odge (else we would be in CaselJox|
L i ) =2 s o el
e s X £ U): o ey biou t G and fomn  ctin pi e italize the spproprinte
st of G with the interior foce at X
o) 2t ot e e - i i o Lt Vs b e ghbor of ¥ o the o side
this exists beconse X # V. (o eghborsof / woukd b a1 o ting
g et o o o and thercfor
e e et ot i o e B \x L, e e i (o e
would be o cutting o within oo k), i meaws i he e e i v i
the buso case. So we k 1 ot Y b the eghbor o Y on o it sk, (ol iy~ 11
Cutting pair (Y, Yiv} is inherited by the subgraph G, that contains the edge (Vv Y). We initinlize
the appropriate P-lsts of G with the face fy-
Al Pl ot iz by he b re il empy:
(F) W san il mraphslan ol et idsth contain e oo s Such ks e e
olee side, with the m«cptmn of side (x0. ..z (n Coe oy ) n Cosc 7). e
and 1 i ide, 50 Propey B Tods Alo, the PTots re
ot i o 1] ot Coe o1 oo s . gl i e (). i
corner 1, is new to the side. So Property [ holds.

the

sighbors lie o the left and to

YD i, e e a0 0ol s il s e ittt computin e
necklace€akes oo ore e han what s spent on ssnming vertices and faces. Note further ]
ok, e L g e T (i e degtes of v s e e b the s o )
asdesired.

(i) d= Ly, (end) is am edge. ¢ was on S, in G, and d s mot on 5, in G,
1t is worth pointing out that the second situation is need only one ease (for araph G in Case[s).
Recall Algorithm [ for scanning sides. We exempt. in line[]a vertex v from scanning i it was alicady

on side 8 before. (By Property[§] this can happen only to ¢ or to d, because all other vertices were new to

el P, oo thnt s cabe G inconsan e by pecing () (win the o s thy
were in G) for some interior face f incident 10 v. 1 o was alteady on side S, in G, then scanning . would
ot s o n e ace f incident o oy VAt or P et althes s alrendy contained

were inleritel. Also, auy cutting pair (v, ) of G* where both v and w already cxisted on theie

e B P o1 i b 1 1wt o its side (say ) in G i

we vill scan at 3¢ from side 7, i the cutting pair then, and update P(i,) as well e to line

there is w0 need to sean at v

e st s
G was non-cpty. As

foce  from scanning i vasalhady on the i e i he 1 7(1)
(0 wissed entries in the data stricture
Nl the o e he el bt 1o e Raneing tie doam 5 Toea

Lemma 7. The tofal time to scn sides of subgraphs of G is O(Dy: + D)

Prol. When s s (i one goph ') wo may spend e on et i exd up 0t beng
Scanned, due to lin Property ] there aze at most two vertices on each side, hew
W ot i 25 et 0 o Fn O (G (e e o G e, 0 ot comr ¢
fusther here.

ikewise, we spend some time on futerior faces that were incident o a scanmed vertes v, but already
incident 10 the side of v and thercfore end up not beine scamed due 1o line[GH], We spend O1) time per
such face, hence O{deg(1) time per scanned vertex v. We count this as averlead Lo the time that we budget
for g o ol o . e e

S0 we must only bound the time spend on scanning faces and verices that were actually new

Evey vt i et b ok ot A i, and s ¢ v o i cdnce by Prope
" O(1) tmes.
a g some recursion, e f iy
split into more picces in Tater secusons: Lt fy..... i be the (disjint) picces of f
thiat do ot get split further, and note that k < deg(f) — 2 since at the worst f gots split nto-deg([) 2
triangles.

Consider some part £ of f (possibly £/ = f) that gets scanned, which takes O(deg(f")) time. Let
Fu oo f (it i € {1 -, k}) b the pcecs of 7 that belong to 7, Therefore 3, dogi(f,} > des(").
S i o scount o the work f v eign Odeg(fy) o o achpce . Doing s e f /'
it acaqines a new side incidence due 1o the rile in e inlly, by Property[3 this side inciderce
also et in cach £, Therebre, we count Odegf ) T oo 5. e o e eidene
which happens . most 4 times. In consequence, the fotal time spent on scamning all the pieces of f is
O(SF, dea(f,)) = Ofdex(f) + k) = O(deg(£)).

7' Nert or foce gt scamed, hen i cither was ncident to the outer face alrady (as s he case in
e nklation i) or i became nden o nc mor e benc nident fo the onler s o i+
¥ fin case of  veren) o inchlent to  vertx n Vx (i e of a focc). Asbefte, Vi € VP, o0 only
Cetices on o faces cident 1o g scaned and 2he Fuming tne s s deied.

the side.
e gains.

o o

ct split into picces,

Maintaining the correct order, Duing eide-acand,c.63 ve posily addcotcsto £(1), Ve

P ), for some interior face f, vertex w, and side Flists have constant size and no partieular
o, ot o o cp e . the vr(\vr in Mm]x o are nciden o ide 5, Fripert
is crueial for showing this: we wsually sean nearly th

e i that e scan an el (6 whm-u o1 15 new to side S, Therefore, the existing entries
i () or P(5) e faes whose Nerex o 5, o Wfor entries (which must all be
duc to entry ., since all other vertices on S are also on 5,) can simply be appended and we waintain the
order

“Algorithm 3 necklace scan 4

e face, W
secklace A with {feey. )

(fp

nitialize the

i 2 3% not face-adjacent to X th
foreach face foo incident o x, starting after fe, in
foreach vertex 1/

clocwise order do
. v tating afcs 1 cocvieoxd do
i 2 i et o ¥
append f,‘m 2N
Uprer. ) & (oo 2)

i i ot vl trsion

clse // Have reached the face of A dncident to X
oot <= st fuce in V(x, top)
I o dors not contain ¥ then
| append fooms. X t0 A
else £/ to be leftaost, tnclude all vervices along -

repea
o - ertex after -1y clockvie onder o o
e S 0

-

return the reverse of A

ot e, ot cae, oce e o the ek (o f e o2, we ol sl i
the ety o =1, v 1 (e v dtemine i ). Nemey fo i 1,16
be the last face in V(z.‘ngl\t) (this exists by choice of #,); then, t, is one of the vertices in ¥
using the one that comes cow later on the outer face if there are two. This gives all the mmuml
o 10 detenine the ubrph 0 e

(€) In Case[ta] graph G retai W, and adds W again 25 a comer. In Cas raph G
recang corers X, U’ (hough el orde wm. "X s th top it corme i G It Betomes the
top-right comer in G} and ad(ls ay and o
Any subgraph G (for i in both C?\w.nml@ s four corners i,y i tiet. We
letf tak the plce o ¥ 3 € fwith (i, e 5,1, of G, comesponds tosde Sy of G o4 e
for Propert;
As always, conters that are neicher retained nor expliitly assigned o place in € are filled in a5 to
maintain the cew order in

D) W et ange st amy e hat. was i i Cose s ot o sy s i
Assume first that some part of / belongs to graph G in Case[la] Any incidence of f w
or bottom side of G is carried over since G inherits these sides. So we only have to
incidences of f with the right or tap side alG But f camnot be
have no part in G, 8o if f was incident to the top side, then by
hi verex on the fop il of G Sumlarl, i 1 v djacee

W, and it retains this vertos

e[ ALY incidence of 7 with the et side of G i

e ver since G inheris this side. Face / cannot contain any vertex on the righ side o G (and
n partienlar not ¥ or V), else by i ol bavo 10, pre n 3. S0 w10t ndns 0
the right side of G. Furthermore, if f vas incident 10 the top side of G, then this incidence bappened
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Running Time
Store:
® corners
e faces: all vtcs on each side
e vitcs: all face-incidences to each side

® sides: all cutting pairs
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Necklace scan

face gets scanned:
= one vtx becomes outer

= O(1) times
= O(Lrdeg(f)) = O(n) time

Theorem.
G int. 3-conn., X, Y, « on outer face = Tiy-path in O(n) time.
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