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G has Z split thickness k: there is a k-split of G with-preperty P

planar which is planar
= G is k-splittable
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2-Splits of Complete Bipartite Graphs

[Ka,b is 2-splittable if and only if ab < 4(a + b) — 4]

Proof: ab < 4(a+b) —4= G c K, p, Ks 16, K¢ 10, or K, g
ab > 4(a + b) — 4 = too many edges (Euler)
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Max-Degree-A Graphs

[Every max-degree-A graph is [A/ 2]-splittable]

\ / \0 = max-degree 2
/v\ j 7’0\ = planar

length of smallest cycle
[Not every max-degree-A graph is |A/ 2J-splittable]

1. A > 5 = 3 A-regular graphs of size n With Q(logn)
2. Splitting a graph cannot decrease its girth.

3. High-girth planar graphs have < (1 + 0(1) )n edges
. Ik
4. Any | A/2]-split would have (1 + 1= )n edges

Lower bound holds for every minor-free graph class
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NP-hardness of 2-Splittability

(Vv V) A (M VY, V) A (v, VY, viYy,)

(2—splittability is NP—completeJ VI AV, AV, AV,
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Approximation

Pseudoarboricity pa(G): minimum # pseudotrees whose union
is the given graph

—

Every graph is pa(G)-splittable

Every n-vertex k-splittable graph G has < 3kn — 6 edges
=3k(n—-1)+3k -6
Nash-Williams add
= 3k trees = pa(G) < 3k

(Pseudoarboricity approximates splittability with factor 3)
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VS1,S, cE:(VeeE:(ee€8; <> —-(e€Sy)) = I(v,w)eE:veS  AwEeES,
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Fixed-Parameter Tractability

Monadic second-order logic: —=, A, v, =, <>, (, ), V,3,=,c, €

quantified formulae over vertex and edge sets: VSc E: 3T c V : ...

can test for absence of minors — planar = (K, K, ;)-free

1. create DFS tree — directed edges AT CE:3JreV:
2. create k* edge sets S, ;,. .., Sk x to partition edges
3. Simulate the MSO formula on the split graph

(Courcelle’s Theorem
Every graph property definable in the monadic second-order
logic of graphs can be decided in linear time on graphs of

bounded treewidth )

Can test k-splittability of graphs of treewidth < w
in time O(f(k,w) - n)
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New concept of k-splittability
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Tight bounds for @ complete graphs
@ complete bipartite graphs

@ graphs of bounded maximum degree

NP-complete but 3-approximable
FPT for bounded treewidth
Open Problems: anything you want!
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