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2-split

G has P split thickness k: there is a k-split of G with property P
planar which is planar

⇒ G is k-splittable



Maps of clustered social networks

k-split of cluster graph
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Heawood’s empire problem [1889]

M-pire map: n empires, each at mostM components
How many colors do you need?

1-pire: 4 colors

2-pire: 12 colors [Kim ’??]

3-pire: 18 colors [Taylor ’81]

4-pire: 24 colors [Taylor ’81]

5-pire: 30 colors [Jackson & Ringel ’82]

M-pire: 6M colors [Jackson & Ringel ’82]

Optimal k-splittability for Kn (n > 6) is k = ⌈n/6⌉
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2-Splits of Complete Bipartite Graphs

K2,n ?✓
K3,n ?✓
K4,n ?✓
K5,n ? n ≤ 16

K6,n ? n ≤ 10

K7,n ? n ≤ 8

Ka ,b is 2-splittable if and only if ab ≤ 4(a + b) − 4

Proof: ab ≤ 4(a + b) − 4⇒ G ⊆ K4,b , K5,16, K6,10, or K7,8
ab > 4(a + b) − 4⇒ too many edges (Euler)
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⇒max-degree 2

⇒ planar

1. ∆ ≥ 5⇒ ∃ ∆-regular graphs of size n with girth Ω(log n)
2. Splitting a graph cannot decrease its girth.

3. High-girth planar graphs have ≤ (1 + o(1))n edges
4. Any ⌊∆/2⌋-split would have (1 + 1

∆−1
)n edges

length of smallest cycle

Every max-degree-∆ graph is ⌈∆/2⌉-splittable

≥

Not every max-degree-∆ graph is ⌊∆/2⌋-splittable

Lower bound holds for every minor-free graph class
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Genus-1-Planar Graphs

projective plane

torus

Projective-planar and toroidal

graphs are 2-splittable
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2-splittability is NP-complete v1 ∧ v2 ∧ v3 ∧ v4
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Approximation

Pseudoarboricity pa(G): minimum # pseudotrees whose union

is the given graph

Every graph is pa(G)-splittable

Every n-vertex k-splittable graph G has ≤ 3kn − 6 edges
= 3k(n − 1) + 3k − 6

Nash-Williams add

⇒ pa(G) ≤ 3k

Pseudoarboricity approximates splittability with factor 3

⇒ 3k trees
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quanti�ed formulae over vertex and edge sets: ∀S ⊂ E ∶ ∃T ⊂ V ∶ . . .

can test for absence of minors→ planar = (K5 ,K3,3)-free

1. create DFS tree→ directed edges ∃T ⊆ E ∶ ∃r ∈ V ∶

2. create k2 edge sets S1,1 , . . . , Sk ,k to partition edges
3. Simulate the MSO formula on the split graph

Courcelle’s�eorem
Every graph property de�nable in the monadic second-order

logic of graphs can be decided in linear time on graphs of

bounded treewidth

Can test k-splittability of graphs of treewidth ≤ w
in time O( f (k,w) ⋅ n)
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Open Problems: anything you want!

k-split


