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Planar Graphs

[Schnyder 1990: Embedding planar graphs on the grid]
Any planar graph with n nodes can be drawn on the
(n − 2)× (n − 2) grid in O(n) time.

n − 2

n − 2

nodes on grid points
compact drawing

[Def] graph G planar ⇔ G can be drawn without crossings
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Orthogonal Layouts

all edge segments are horizontal or vertical
a well-studied drawing convention
many examples in applications

VLSI/PCI chip design

Fused Grid city layouts
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Mark Lombardi
(1951–2000)

Lombardi drawings
circular arc edges
perfect angular
resolution

k-Lombardi drawings
each edge sequence of k
circular arcs
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Smooth Orthogonal Layouts

Combine both worlds:

edges leave and enter vertices horizontally or vertically

each edge is drawn as a sequence of axis-aligned line
segments and circular-arc segments without bends

there are no edge-crossings (for planar graphs)

orthogonal smooth orthogonal
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complexity of an edge: number of arcs

edge complexity : maximum complexity over all edges
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Invariant:
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C-shape
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Invariants, updated

(I1)

An L-shape always contains a horizontal segment;
it never contains a vertical segment.

Every open edge is associated with a column

(I2)

(I3) An unprotected C-shape always has a horizontal segment
incident to its bottom vertex.
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[Theorem]
Every biconnected 4-planar graph admits an SC2-layout
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[Theorem]
Every biconnected 4-outerplanar graph admits an SC1-layout

[Theorem]
Any triconnected 3-planar graph admits an SC1-layout.

[Theorem]
Any Hamiltonian 3-planar graph admits an SC1-layout.
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Open Problems

Do all 4-planar graphs admit an SC2-layout
in polynomial area?

Do all 4-outerplanar graphs admit an SC1-layout?

Do all 3-planar graphs admit an SC1-layout?

Is it NP-hard to decide whether a 4-planar graph
admits an SC1-layout?
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