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Drawings of Graphs
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Planar Graphs

Def| graph G planar < G can be drawn without crossings
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Planar Graphs

Def| graph G planar < G can be drawn without crossings

SCh nyder 1990: Embedding planar graphs on the grid]

Any planar graph with n nodes can be drawn on the
(n—2) x (n—2) grid in O(n) time.

@ nodes on grid points
@ compact drawing
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@ all edge segments are horizontal or vertical
@ a well-studied drawing convention
@ many examples in applications
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Orthogonal Layouts

@ all edge segments are horizontal or vertical
@ a well-studied drawing convention ¢

@ many examples in applications
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Orthogonal Layouts

@ all edge segments are horizontal or vertical
@ a well-studied drawing convention

@ many examples in applications
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Orthogonal Layouts

@ all edge segments are horizontal or vertical
@ a well-studied drawing convention ¢

@ many examples in applications

Fluidic 8X8 Microvalve Pneumatic
Inlets/Qutlets Array Inlets
.--""'-_-

]

g

——

VLSI/PCI chip design




Orthogonal Layouts — Well-Known Results




Orthogonal Layouts — Well-Known Results



Orthogonal Layouts — Well-Known Results



Orthogonal Layouts — Well-Known Results

Can minimize number of bends for fixed embedding.

Without fixed embedding, bend minimization is hard to approx.

Can compute drawing on the (n x n)-grid with < 2n + 2 bends
for any embedding (and < 2 bends/edge — except octahedron)

Given an embedding and a function flex: E — N>q, can
compute a drawing with < flex(e) bends/edge (if one exists).



Orthogonal Layouts — Well-Known Results

[Tamassia, SIAM J Comp'87]
Can minimize number of bends for fixed embedding.

|Garg & Tamassia, SIAM J Comp'01]
Without fixed embedding, bend minimization is hard to approx.

[Biedl & Kant, CGTA'98], [Liu et al., DAM'98]

Can compute drawing on the (n x n)-grid with < 2n + 2 bends
for any embedding (and < 2 bends/edge — except octahedron)

[Blasius et al., '11]
Given an embedding and a function flex: E — N>q, can

compute a drawing with < flex(e) bends/edge (if one exists).
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@ circular arc edges

@ perfect angular
resolution
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(1951-2000)
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Lombardi drawings

@ circular arc edges

@ perfect angular
resolution

k-Lombardi drawings
@ each edge sequence of k
circular arcs

Mark Lombardi
(1951-2000)



Smooth Drawings

The New Global Wealth Machine SRR

Sovereign wealth funds have emerged in recent months as the world’s power brokers. They have used their tremendous
‘wealth to make big cross-border investments and prop up some of Wall Street's best-known firms. The increased activity
«comes as other kinds of acquirers have been sidelined by the credit crisis. These funds are state-sponsored investment
vehicles and have combined assets of $2 trillion. With that much dry powder, sovereign funds dwarf the formerly
booming private equity industry — and in some cases, compete directly with it, The Government of Singapore
Investment Corporation has been the most active among the world's sovereign funds, making its deputy
chairman, Tony Tan, a major center of gravity. Wall Street veterans always follow the money, so many of the
Dbig-name advisers in New York and London have found themselves traveling the globe playing

international matchmaker to these funds. But sovereign funds have also learned the downside of

deal-maki some of their blockbuster transactions have been big money losers so far,
The question is where all that money will go next.  ANDREW ROSS SORKIN
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Smooth Orthogonal Layouts

Combine both worlds:

@ edges leave and enter vertices horizontally or vertically
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Smooth Orthogonal Layouts

Combine both worlds:
@ edges leave and enter vertices horizontally or vertically

@ each edge is drawn as a sequence of axis-aligned line
segments and circular-arc segments without bends

O—0

orthogonal smooth orthogonal



Smooth Orthogonal Layouts

Combine both worlds:
@ edges leave and enter vertices horizontally or vertically

@ each edge is drawn as a sequence of axis-aligned line
segments and circular-arc segments without bends

@ there are no edge-crossings (for planar graphs)

O—0

orthogonal smooth orthogonal
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Edge Complexity

complexity of an edge: number of arcs
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Edge Complexity

complexity of an edge: number of arcs
edge complexity: maximum complexity over all edges

orthogonal smooth orthogonal



Edge Complexity

complexity of an edge: number of arcs
edge complexity: maximum complexity over all edges
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@ Invariant:
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When we fix an endpoint of edge e, we associate e with a column.

@ Use ports in this order: L
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@ Use ports in this order: L
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@ choose vertices s and t
@ place vertices by their st-numbering

@ Invariant:
When we fix an endpoint of edge e, we associate e with a column.

@ Use ports in this order: L
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@ choose vertices s and t
@ place vertices by their st-numbering

@ Invariant:
When we fix an endpoint of edge e, we associate e with a column.

@ Use ports in this order: L
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biconnected 4 -planar graph — orthogonal complexity-3 layout

@ choose vertices s and t
@ place vertices by their st-numbering

@ Invariant:
When we fix an endpoint of edge e, we associate e with a column.

@ Use ports in this order: L
. I\
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biconnected 4 -planar graph — orthogonal complexity-3 layout

@ choose vertices s and t
@ place vertices by their st-numbering

@ Invariant:
When we fix an endpoint of edge e, we associate e with a column.

@ Use ports in this order: o2l
out: T — <«

in. | <+« — ﬂ_ﬂﬂ‘
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biconnected 4 -planar graph — orthogonal complexity-3 layout

@ choose vertices s and t
@ place vertices by their st-numbering

@ Invariant:
When we fix an endpoint of edge e, we associate e with a column.

@ Use ports in this order: o2l
out: T — <«

in. | <+« — 5113‘

@ Eliminate S-shapes %




Liu et al. Algorithm

biconnected 4 -planar graph — orthogonal complexity-3 layout

@ choose vertices s and t
@ place vertices by their st-numbering

@ Invariant:
When we fix an endpoint of edge e, we associate e with a column.

@ Use ports in this order:

out: T — < o1
In: l <~ =
@ Eliminate S-shapes e ol
£ X
13 7
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Cut

Def. @ y-monotone curve
@ consists of horizontal, vertical and circular segments
@ divides the current drawing into a left and a right part
@ intersects only horizontal segments

Problems:
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Invariants

(/1) Every open edge is associated with a column

AIA

A4

() An L-shape always contains a horizontal segment;
It never contains a vertical segment.

.

(l5) A C-shape always has a horizontal segment
incident to its bottom vertex.

D
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Maintain invariants

|L-shape Double C-shape




Maintain invariants

|L-shape Double C-shape

protected

CFH
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Invariants, updated

(1) Every open edge is associated with a column

AIA

A4

() An L-shape always contains a horizontal segment;
It never contains a vertical segment.

.

(l5) An unprotected C-shape always has a horizontal segment
incident to its bottom vertex.

D
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Eliminate crossings

1. move v up

2. find a cut
3. move vertices to the left
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[Theorem|]
Every biconnected 4-planar graph admits an SCs-layout

L
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Extension to Arbitrary Graphs

|

[Theorem|]
Every 4-planar graph admits an SCs-layout

Draw specific vertex on outer face
Draw cut vertices with right angles
Connect the pieces
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Area Requirement of SC;-Layouts

([Theorem]
There is an infinite class of graphs that require

\exponential area if they are drawn with SC;.
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Biconnected Graphs without SC;-Layout

([Theorem]
There exists a biconnected 4-planar graph that admits

an OCs-layout, but does not admit an SC;-layout.
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Biconnected Graphs without SC;-Layout

([Theorem]
There exists a biconnected 4-planar graph that admits

an OCs-layout, but does not admit an SC;-layout.
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Open Problems

@ Do all 4-planar graphs admit an SC,-layout
in polynomial area’?

@ Do all 4-outerplanar graphs admit an SC;-layout?
@ Do all 3-planar graphs admit an SC;-layout?

@ Is it NP-hard to decide whether a 4-planar graph
admits an SCy-layout?
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