
1

Philipp Kindermann Winter Semester 2020

Lecture 12:
Seidel’s Triangulation Algorithm

Part I:
General Idea

Computational Geometry



2 - 1

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

(list of vertices in cw order)



2 - 2

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P

(list of vertices in cw order)



2 - 3

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

(list of vertices in cw order)



2 - 4

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

(list of vertices in cw order)



2 - 5

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.

(list of vertices in cw order)



2 - 6

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.

(list of vertices in cw order)



2 - 7

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.

(list of vertices in cw order)



2 - 8

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.

(list of vertices in cw order)



2 - 9

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.

(list of vertices in cw order)



2 - 10

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.
3. Triangulate y-monotone subpolygons.

(list of vertices in cw order)



2 - 11

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.
3. Triangulate y-monotone subpolygons.

(list of vertices in cw order)



2 - 12

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.
3. Triangulate y-monotone subpolygons.

(list of vertices in cw order)



2 - 13

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.
3. Triangulate y-monotone subpolygons.

(list of vertices in cw order)



2 - 14

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.
3. Triangulate y-monotone subpolygons.

(list of vertices in cw order)



2 - 15

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.
3. Triangulate y-monotone subpolygons.

(list of vertices in cw order)



2 - 16

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.
3. Triangulate y-monotone subpolygons.

(list of vertices in cw order)



2 - 17

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.
3. Triangulate y-monotone subpolygons.

(list of vertices in cw order)



2 - 18

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.
3. Triangulate y-monotone subpolygons.

(list of vertices in cw order)



2 - 19

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.
3. Triangulate y-monotone subpolygons.

Running time:

(list of vertices in cw order)



2 - 20

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.
3. Triangulate y-monotone subpolygons.

Running time:

O(n log n)

(list of vertices in cw order)



2 - 21

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.
3. Triangulate y-monotone subpolygons.

O(n)

Running time:

O(n log n)

(list of vertices in cw order)



2 - 22

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.
3. Triangulate y-monotone subpolygons. O(n)

O(n)

Running time:

O(n log n)

(list of vertices in cw order)



2 - 23

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.
3. Triangulate y-monotone subpolygons. O(n)

O(n)

Running time:

O(n log n)

(list of vertices in cw order)



2 - 24

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.
3. Triangulate y-monotone subpolygons. O(n)

O(n)

Running time:

O(n log n)

O(n log n)

(list of vertices in cw order)



2 - 25

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.
3. Triangulate y-monotone subpolygons. O(n)

O(n)

Running time:

O(n log n)

O(n log n)

(list of vertices in cw order)



2 - 26

Triangulating a Polygon
Given: Polygon P = 〈p1, . . . , pn〉

Find: Triangulation of P
i.e., a partition of P into triangles by
diagonals (segments of type
pi pj ⊂ P)

Approach:

1. Trapezoidize interior of P.
2. Draw diagonals inside trapezoids.
3. Triangulate y-monotone subpolygons. O(n)

O(n)

Running time:

O(n log n)

O(n log n)

(list of vertices in cw order)

Lemma 1. Given a trapezoidation, a polygon can be triangulated
in linear time.
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Idea: Exploit polygon structure!
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Lemma 5. S as before, R ⊆ S random subset, r := |R|.
Let I be the number of intersections between
rays of T (R) and segments in S \ R. Then
E[I] ≤ 4(n− r), where the expectation is over all
size-r subsets of S.
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T (Si−1) that are intersected by si is at most 4.
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The Results
Theorem.

� We can build T (S) and Q(S) in O(n log?n)
expected time.

� The expected size of Q(S) is O(n).
� The expected time for locating a point in
T (S) via Q(S) is O(log n).

Let S be the edge set of a polygon, |S| = n.
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� The expected size of Q(S) is O(n).
� The expected time for locating a point in
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Theorem.

� We can build T (S) and Q(S) in
O(n log?n + k log n) expected time.

� The expected size of Q(S) is O(n).
� The expected time for locating a point in
T (S) via Q(S) is O(log n).

Let S be the edge set of a plane straight-line
graph with k connected components, |S| = n.
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