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Abstract
We prove that the induced subtree isomorphism problem is NP-complete for penny graphs and
chordal graphs as text graphs. As a step in the proofs, we reprove that the problem is NPcomplete if the text graph is planar. For many other graph classes NP-completeness follows, as
they contain one of the above three classes as a subclass, e.g., segment intersection graphs and
coin graphs (contain planar graphs) or unit disk graphs (contain penny graphs).
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Introduction

The Subtree isomorphism problem (STI) takes as input a graph G, called the text graph,
and a tree T , called the pattern graph. The task is to determine whether G contains a copy
of T , that is, a subgraph that is isomorphic to T . Clearly, this problem is in NP. It follows
from the NP-completeness of Hamiltonian path that STI is NP-complete for all graph
classes for which Hamiltonian path is hard. This includes many graph classes that we will
talk about in this work, such as planar graphs, unit disk graphs and chordal graphs [2]. In
some of the literature, such as [7, 9], STI is actually restricted to the case where G is a tree.
In this case, STI allows a polynomial algorithm.
In contrast to STI, the Induced Subtree isomorphism (ISTI) asks whether a text graph
G contains an induced copy of T . While this modification might seem rather minor at first
glance, it can actually change the problem quite significantly. For example, on interval graphs,
STI is NP-complete, whereas ISTI is tractable [4]. On the other hand, NP-completeness
can still follow from the NP-completeness of Hamiltonian path, but only after subdividing
each edge with an additional vertex (see e.g. [6]). The question then reduces to finding a
path of length 2n − 1 in the new graph, which can in turn be reduced to Hamiltonian path.
However, this reduction only works for graph classes that are closed under subdivision of
edges. This includes planar graphs, but not penny graphs or chordal graphs.
In this abstract, we will show that ISTI is still hard for the two latter classes. For chordal
graphs, this answers a question by Heggernes, van’t Hof and Milanič [4]. We will also give
an alternative proof that ISTI is hard for planar graphs. While our proof is arguably more
complicated than the argument above, it is the basis for the other reductions. For many
other classes of intersection graphs, NP-completeness of ISTI follows from our results.
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Finding an Induced Subtree in an intersection graph is often hard

In general, an intersection graph is a graph whose vertices are subsets of some ground
set and two vertices share an edge if and only if the corresponding sets intersect. The sets
can be geometric objects such as straight-line segments in the plane, giving rise to segment
intersection graphs, or disks in the plane, giving rise to disk graphs. For disk graphs, we can
also enforce that any two disks have disjoint interiors (coin graphs), that all disks have the
same radius (unit disk graphs), or both of these conditions (penny graphs). On the other
hand, the sets can also be of a combinatorial nature. For example, the vertices could be
subtrees of a given tree and two vertices share an edge if the corresponding subtrees share
at least one vertex. These subtree intersection graphs are called chordal graphs. Another
definition for chordal graphs is that every cycle of length at least 4 needs to have a chord,
i.e., an edge that is not part of the cycle but connects two vertices of the cycle. These two
definitions were shown to be equivalent by Gavril [3].
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Planar graphs

We will use a reduction from a variant of 3-SAT, called Clause-Linked Planar 3SAT. Given a CNF formula φ with clause set C and variable set V , the incidence graph
Gφ = (C ∪ V, E) is the graph that contains an edge between a variable and a clause if and
only if the variable or its negation appear as a literal in the clause. We say that φ is planar if
Gφ is a planar graph. The problem Planar 3-SAT is 3-SAT restricted to planar formulas.
Planar 3-SAT is NP-complete [5]. We can enforce even more conditions without making
the problem tractable: we say that a planar 3-CNF formula φ is clause-linked if there exists
a path P (without additional vertices) connecting the clauses in G(φ) such that G(φ) ∪ P
is still a planar graph. Clause-Linked Planar 3-SAT, which is 3-SAT restricted to
clause-linked planar formulas, is still NP-complete, see for example [8].
I Theorem 2.1. Induced Subtree Isomorphism is NP-complete even when restricted to
planar graphs.
We will only describe the construction of the gadgets, the correctness is rather straightforward.
Proof. It is straight-forward to see that ISTI is in NP, so the rest of the proof will be dedicated
to prove NP-hardness. We will do this by reduction from Clause-Linked Planar 3-SAT.
For any clause-linked planar 3-SAT formula φ we construct a planar graph H with the
property that there is an assignment satisfying φ if and only if H contains an induced copy
of a certain tree.
Let φ be a clause-linked planar 3-SAT formula and let G(φ) be its associated graph and
P the path through its clauses. Consider a plane drawing of G(φ) ∪ P . We will mimic the
formula φ by constructing subgraphs, called gadgets, that serve as variables, negations and
clauses, and concatenating them according to the drawing of the graph G(φ). We start with
the construction of the variable and negation gadgets.
Let v be a variable with k occurrences (v, C1 ), . . . , (v, Ck ) in φ, where the order of the
occurrences is according to the rotational order of the respective edges in the drawing of
G(φ) ∪ P . For an illustration of the construction, see Figure 1. We first construct a path
W = (w1 , w2 , . . . , w2k ) of length 2k. We then add k vertices x1 , . . . , xk and connect each xi
to w2i−1 and w2i . Consider the star on 5 vertices (4 leafs). We call this star the variable
signature. For each xi , construct a copy of the variable signature and connect one of its leafs
to xi . Finally, extend a path pi = (wi , pi,1 , . . . , pi,l1 , . . . , pi,l ) of length l = l1 + l2 from each
wi , where l1 and l2 are some large enough numbers (that are still polynomial in the number
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of variables), which we will define later. We call the vertices p2i−1,l and p2i,l the endpoints of
(v, Ci ). For every pair of such paths p2i−1 , p2i , add two vertices ai , bi . If (v, Ci ) is a positive
occurrence, connect both ai and bi to p2i−1,l1 , otherwise connect them to p2i,l1 . We call such
two vertices an edge signature.
p1

p2

p4

p3

p2i−1

p2i

p2k−1

p2k

edge
signature

w1
variable
signature

w2

w3

w4
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Figure 1 A variable gadget. The variable is negated in the clause Ck .

The idea behind this construction is that we will choose for each variable all the variable
signatures and either the paths p1 , p3 , . . . , p2k−1 or the paths p2 , p4 , . . . , p2k in the induced
subtree. Also choosing the edge signature for a path will then mean that the variable is set
to true. Note that every variable gadget admits a plane drawing in a disk of some radius
such that only the paths pi leave the disk and they do so according to the rotational order of
the respective edges in the drawing of G(φ) ∪ P .
We will now construct the clause gadgets. For an illustration see Figure 2. Let C1 , . . . , Cm
be the clauses in the order in which they appear along P . For every clause Ci , draw a
vertex ci and connect them with a path c1 , . . . , cm . For some clause Ci , let v1 , v2 and v3 be
the variables occurring in Ci . Connect ci to the endpoints of (v1 , Ci ), (v2 , Ci ) and (v3 , Ci ).
Again, this gadget admits a plane drawing that agrees with the rotational order around each
Ci in the drawing of G(φ) ∪ P .
v1

v2

ci
ci−1

ci+1

v3

Figure 2 A clause gadget.
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The union of all the gadgets will be the text graph H. As every gadget admits a planar
drawing that agrees with the original rotational order, H admits a plane drawing. See Figure
3 for an example of the whole construction. We will now define our pattern graph T . Start
with a path M of length m (the number of clauses). From each vertex of M , extend three
paths of length l and connect each of them to a variable signature and exactly one of them
to an edge signature.
It now follows from the construction that H contains an induced copy of T if and only if
φ is satisfiable.

v1

φ

v2

v1 ∨ v2 ∨ ¬v3

¬v2 ∨ v3 ∨ v4

v3

H

v4

T

Figure 3 A drawing of a planar formula φ with the corresponding text graph H and pattern
graph T .

J
I Corollary 2.2. Induced Subtree Isomorphism is NP-complete even when restricted to
coin graphs or segment intersection graphs.
Proof. The Koebe-Andreev-Thurston circle packing theorem states that every planar graph
is a coin graph (and vice versa). Further, every planar graph is a segment intersection graph
[1].
J
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Penny graphs

In this section we will modify our reduction to fit penny graphs. It is again straightforward
to check that ISTI is in NP, so we will only show NP-hardness. Again, we will only describe
the construction of the gadgets, as all other arguments are analogous to the case of planar
graphs.
I Theorem 3.1. Induced Subtree Isomorphism is NP-complete even when restricted to
penny graphs.
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Proof. We first show that we can draw unit disks with disjoint interiors such that their
induced embedded penny graph coincides with the drawing of a variable gadget as constructed
above. For an illustration of the construction see Figure 4. Place the centers of the disks the
path W on a circle with very large radius, i.e., the disks will only cover a very small part of
the circle. The disks corresponding to the xi ’s and the variable signatures can then be placed
inside the circle without any intersections. Further, the paths pi can be placed outside the
circle, and choosing l large enough, we can make enough space for the edge signatures. As
for the clause gadgets, note that in our original construction, each vertex ci is the center of
an induced star on 9 vertices (8 leafs). However, the largest induced star induced star in a
penny graph can have 6 vertices (5 leafs). So, instead of connecting the endpoints of p2i−1
and p2i directly to ci , we will connect them to a new vertex d and then connect this vertex to
ci by a path of some length l3 . Similarly, we will also connect ci to ci+1 by a path of length
l4 . Here, l3 and l4 are chosen large enough to have enough room the place the corresponding
unit disks without unwanted intersections. Defining the pattern graph H accordingly, it is
straight-forward to check that all the above arguments still go through.

Figure 4 A variable gadget (left) and a clause gadget (right) for penny graphs.

J
Clearly, every penny graph is a unit disk graph, so we immediately get the following
corollary:
I Corollary 3.2. Induced Subtree Isomorphism is NP-complete even when restricted to
unit disk graphs.
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Chordal graphs

In this section we will modify our reduction to fit chordal graphs. It is again straightforward
to check that ISTI is in NP, so we will only show NP-hardness. We will again only change
the gadgets slightly, but we will include a large number of additional edges to make the
graph chordal. As above, we will only describe the modifications in the construction.
I Theorem 4.1. Induced Subtree Isomorphism is NP-complete even when restricted to
chordal graphs.
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Proof. We make the two following modifications to the variable gadgets for planar graphs:
first, we place an additional vertex yi on the edge between wi and wi+1 . So, the path W is
now w1 , y1 , w2 , y2 , . . . , w2k−1 , y2k−1 , w2k . Secondly, instead of placing an edge signature at
one place on a path pi , we place one at every vertex. We further add an additional vertex for
every vertex on some pi , connecting it to only this vertex. We call these vertices edge leafs.
The clause gadgets we extend by constructing a set of k paths of length 3 for each clause
and connecting each of them to the respective ci . We call these k 3-paths clause signatures.
Now, we will add chords to all cycles in our current graph. There are two types of cycles:
(i) cycles defined by p2i−1 and p2i for some variable and (ii) cycles inherited from cycles
in G(φ) ∪ P . For (i), we add a complete bipartite graph between the vertices of p2i−1 and
p2i . Further, we connect all vertices of p2i−1 and p2i to y2i−1 . As every such cycle must
contain vertices from both p2i−1 and p2i and possibly yi , any such cycle will now have a
chord. Similarly we add a complete bipartite graph between the vertices of p2i and p2i+1 and
connect all vertices of p2i and p2i+1 to y2i . This does not destroy any existing cycles, but it
also does not introduce any chordless cycles. These edges will be helpful for the correctness
proof, as they ensure that not both p2i and p2i+1 can be chosen.
For (ii), recall that every edge in G(φ) corresponds to some pair of paths p2i−1 and p2i for
some variable. Further recall that all edges of P correspond to single edges in our constructed
graph. Thus, every cycle in G(φ) ∪ P that uses t edges of G(φ) induces 2t cycles in our
constructed graph. Further, each of these cycles in the constructed graphs will go through
some vertices yj and paths pi . For every pi and every yj , we connect all vertices on pi to yj .
Again, this puts a chord in every cycle.
Denote by H the chordal graph that we get from the above construction. We will now
define our pattern graph T , which will be very similar to the pattern graph in the reduction
for planar graphs. Start with a path M of length m (the number of clauses). From each
vertex of M , connect it to a clause signature and three paths of length l. Add an edge leaf
to each vertex on these paths. Finally, connect each of the paths to a variable signature and
for exactly one path per clause, connect each vertex on the path to an edge signature.
Similar to above it can now be shown that H contains an induced copy of T if and only
if φ is satisfiable.
We claim that H contains an induced copy of T if and only if φ is satisfiable. Finding
a copy of T given a satisfying assignment of φ is analogous to the proof for planar graphs.
For the other direction, we will again show that every induced copy of T corresponds to a
satisfying assignment of φ. For this, we first note that T contains 3m disjoint paths of length
l with edge leafs, each connected to a variable signature. On the other hand, H contains
6m paths of length l with edge leafs, always two of which (p2i−1 and p2i for every variable)
are connected to the same variable signature. In particular, every induced copy of T must
contain either p2i−1 or p2i and it cannot contain both. Further, due to the complete bipartite
graph between p2i and p2i+1 , T cannot contain both of them. Thus, T either contains
p1 , p3 , . . . , p2k−1 or p2 , p4 , . . . , p2k . Again, we set the corresponding variable to TRUE in the
first case, and to FALSE in the second case. Note that each the clause signatures ensure
that ci is the endpoint of three such paths and necessarily in T . By construction, each of
these paths is connected to an edge signature if and only if the corresponding literal on the
connected clause is positive. In particular, each ci being incident to a path connected to an
edge signature implies that under this assignment, each clause contains at least one positive
literal, i.e., φ is satisfiable, which concludes the proof.
J
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