Approximate Center Points in Dense Point Sets

K. Verbarg

Report No. 117 May 1995

Department of Computer Science, University of Würzburg Am Hubland, D–97074 Würzburg, Germany Tel.: +49 931 888 5058, Fax: +49 931 888 4600 Email: verbarg@informatik.uni-wuerzburg.de

Abstract

The notion of center points is one way to generalize the median of a finite ordered point set to higher dimensions. A set P of n points in d–dimensional euclidean space E^d is δ–dense, if the ratio of the largest to the smallest distance between any two points of P is bounded by δn^{1/d}, with some constant δ. We describe a simple, yet efficient algorithm to compute an approximate center point for a δ–dense set P in time O(dn). The quality of the approximation depends on δ and the dimension d. We also present an iteration method with a linear rate of convergence, which computes an improved 1/(4(d � 1)(2δ)^d)–center point.

Keywords: Computational geometry, cluster analysis, center point, density.

1 Introduction

Center Points

The notion of center points is one way to generalize the median of finite ordered point sets to higher dimensions. Let P = {p_1, . . . , p_n} ⊂ R^d be a set of points in the d–dimensional

1 INTRODUCTION 2

euclidean space. A point c ∈ R^d is a β–center (β ∈]0,^1_2 ]) of P , if every hyperplane h containing c β–splits P , i.e. there are at least ⌈nβ⌉ points of P in each closed halfspace determined by h. Since both of these halfspaces contain the points P ∩ h, we do not have to pose a general position assumption to handle extreme configurations^1. The set of 1/(d + 1)–centers is simply called the center of P .

It is shown in [Ede87] that a center always exists. But unlike the one–dimensional median, in general one can not expect to find points of P in the center. Imagine, e.g., all points of P distributed on the perimeter of a circle, then no point of P belongs to the center. The center of 5 points is displayed in Figure 1.

Figure 1: Center of 5 points distributed near a circle.

For the planar case (d = 2) a point in the center can be computed in linear time [JM94]. Using a randomized approach [Cea93], an approximate center can be computed via iterated radon points. A radon point of P is a point in both convex hulls CH(P_1) ∩ CH(P_2), where P_1, P_2 form a partition of P . The algorithm computes in time subexponential in d a β–center with β ∈ Ω(1/d^2) and error probability at most 1/n.

Dense Point Sets

To define density, the structure of a distance function is necessary. In this paper we always

use R^d equipped with the euclidean metric |.| and denote this euclidean space by E^d .

A set of n points P in E^d is called δ–dense (δ > 0), if the ratio of the maximum to the minimum distance between two points in P is at most δn^{1/d}. Arbitrary large dense sets can be constructed as the intersection of a grid with a disk. So it is equivalent to say that

1E.g. if all points of P lie on the same line l, then l 1–splits P .

2 ALGORITHM 3

the minimum distance is a constant and the maximum distance is bounded linearly by the diameter of n as close as possible packed points (respecting the minimum distance).

In E^2 , δ ≈ 1.05 is sufficient to admit arbitrary large δ–dense sets.

Without loss of generality, we assume that the minimum distance is m := 1. So the diameter of the δ–dense set P is at most M := δn^{1/d}.

Dense point sets are described in [EVW94]. They are relevant in practice, since in many interesting applications, e.g. motion planning in factories, density of the environment can be assumed. Contrary to this, in theoretical worst–case analysis often large distance ratios are constructed [Zir92, p. 107], sometimes exponential in the number of points, to obtain extremal complexity of an algorithm.

2 Algorithm

This section describes a simple algorithm to compute a center point. The quality of this approximation will be estimated in the following sections.

The Algorithm A is simply to compute the center of mass or weighted average, i.e.:

A(P ) := 1 n n∑ i=1 p_i. (1)

The time effort to compute (1) is clearly O(dn).

If not all points of P are on the same line, then A(P ) is in the interior of the convex hull of P , and it is therefore at least a 1/n–center. But we will give a better estimation of the quality in the sequel. If we wanted to show that Algorithm A only computes a 1/n–center in the worst–case, we would e.g. construct a sequence with an accumulation point or place one point of P arbitrarily far away. This is not possible in dense point sets.

A(P ) h

P_+

P_− P_0

Figure 2: h partitions P into P_−, P_0 and P_+.

Let h be any hyperplane containing A(P ). This hyperplane induces three subsets P_+, P_− and P_0 which contain the points of P in each of the two open halfspaces determined by h and the points on h itself, respectively (see Figure 2).

We now want to derive an estimation of the minimal cardinality of P_+ and P_− for any h containing A(P ). Assume that w.l.o.g. A(P ) = 0 ∈ E^d , then from (1) it follows that: − ∑ p∈P� p = ∑ p∈P+ p + ∑ p∈P_0 p (2)

In other words, without concerning the points in P_0, we can say that the weight of the points on either side is the same. We therefore have to estimate the relation between the weight and the cardinality of points on one side of h. This will be done in the next two sections.

For worst–case analysis we may assume that P_0 is empty: If it is not empty, then a small shift of h gives a similar^2 configuration where the number of points in P_− or P_+ is only decreasing. This results from the definition of the splitting ratio in Section 1 where points on P_0 are counted on both sides of the hyperplane.

3 Analysis in One Dimension

We first want to analyze the case d = 1. Then w.l.o.g. m := min_{x,y∈P} |x − y| = 1 and so the diameter of P is at most M := δn ≥ max_{x,y∈P} |x − y|. From (2) we can see that: ∑ p∈P� |p| = ∑ p∈P+ |p|. (3)

The worst–case for the partitioning ratio of h is displayed in Figure 3. We have to place as many points as possible on one side of A(P ) subject to the constraints that the weights of points on both sides are the same and the diameter is at most M. To achieve a maximum number of points with a minimum weight in P_− we have to place them at 0, −1, −2,. . . , because the minimum distance m is 1. We count the point at 0 only as a point in P_− (compare to the argument above that P_0 is empty). In the sequel we will use the abbreviation n_− := |P_−| and n_+ := |P_+|. Remember that A(P ) = 0 and n = n_− + n_+. So: ∑ p∈P� |p| ≥ 0 + 1 + 2 + . . . + (n_− − 1) = n_−(n_− − 1) 2 = 1 2 (n − n_+)(n − n_+ − 1) = 1 2 (n^2_+ + n_+(−2n + 1) + n^2 − n). (4)

2Only one point of P has to be moved by arbitrarily small ϵ.

M

A(P ) = 0

P_− P_+

Figure 3: Worst–case configuration of points.

As we can see above, the diameter of P_− is n_− −1. So on the other side, since the diameter of P is M, the farthest point can be at most at M − n_− + 1. With the same argument as before we have: ∑ p∈P+ |p| ≤ (M − n_− + 1) + (M − n_−) + (M − n_− − 1) + . . . + (M − n_− − n_+ + 2) = 1 2 n_+(2(M − n_− − n_+ + 2) + n_+ − 1) = 1 2 n_+(2M − 2n_− − n_+ + 3) = 1 2 n_+(2M − 2n + n_+ + 3). (5)

If we put (3), (4) and (5) together, this yields: 1 2 (n^2_+ + n_+(−2n + 1) + n^2 − n) ≤ ∑ p∈P+ |p| = ∑ p∈P� |p| ≤ 1 2 n_+(2M − 2n + n_+ + 3)

⇐⇒ n_+ + n^2 − n ≤ n_+(2M + 3) ⇐⇒ n_+ ≥ n^2 − n 2(M + 1) = n − 1 2(δ + 1/n)

. (6)

For large n this tends to the following: lim_{n→∞} n_+ n ≥ 1 2δ . So the quality of the center of mass as a median can be expressed directly in terms of δ. We summarize the results of this section in the following

Theorem 1 For a δ–dense point set P = {p_1, . . . , p_n} ⊂ E the center point A(P ) is a n−1 2(δn+1) –center that can be computed in O(n) time.

4 Extension to Higher Dimensions

We will now extend the previous approach to point sets in E^d . Again, we assume M = δn^{1/d}, m = 1 and there are no points on h.

Consider any hyperplane h containing A(P ) as shown in Figure 4. Since m = 1, every point p ∈ P occupies at least a hypersphere D_p with radius 1/2 around p. And because of the bounded diameter, all points are contained in a hypercube with side length M. The projection of sum (2) onto a line normal to h gives: ∑ p∈P� d(h, p) = ∑ p∈P+ d(h, p), (7) where d(h, p) is the distance of p to the hyperplane h induced by the euclidean metric^3.

A(P ) h

M

M

Figure 4: Configuration of points on one side of the hyperplane.

We inscribe a hypercube C_p in D_p with diagonal 1. Therefore the edge length of each C_p is 1/ √ d. We want to estimate the number of points for a given weight similar to the one–dimensional worst–case example. Since we place cubes C_p instead of the larger hyperspheres D_p, the placement will only be more tight. But placing cubes is easy: The optimal placement of the cubes C_p in the feasible cube M^d is admitted in levels, cf. Figure 5. 3d(h, p) = |(p − A(P )) · ⃗nh|, with | ⃗nh| = 1 the normal vector of h.

M

p

A(P )

C_p D_p h

Figure 5: Placement of the cubes C_p in levels.

Thus the number of cubes K in one of these levels is at most:

K := M^{d−1} (_{1√} d )d_{−1} = (M √ d)^{d−1}.

And the minimum number of levels for n_− = |P_−| points is then at least^4:

L_− := n_− K If we replace n_− by L_−, and n by N, respectively, we get a similar equation as in (4) with an additional factor of K/ √ d^5: ∑ p∈P� |p| ≥ 0 · K + 1 √ d K + 2 √ d K + . . . + (L_− − 1) √ d K = K √ d ( 0 + 1 + 2 + . . . + (L_− − 1) ) (8) In fact, there may be less than K points per level. But this inequality is still sufficient, because we estimated not more than n_− points in P_− (see definition of L_−) yet with perhaps a too small weight: Using the factor K we placed too many points in one level, so that some points are counted in a smaller level and therefore with less weight.

With N := n/K we obtain:

L_+ = n_+ K = n − n_− K = n K − L_− = N − L_−. 4Remind that L� is not an integer: The number of levels is larger than L�. 5K objects per level and a level has got width √ d.

According to (5) we get the estimation: ∑ p∈P+ |p| ≤ K √ d ( (M − L_− + 1) + (M − L_−) + . . . + (M − L_− − L_+ + 2) ) . (9)

With the same argument as above, although there may be more than L_+ levels, we estimated all n_+ points in P_+ yet with perhaps a too large weight. Together, with the same transformations like in (6), we have:

n_+ · 1 K = L_+ ≥

N^2 − N 2(M + 1) . And therefore:

n_+ ≥ n^2 − nK 2K(M + 1) = n^2 − nM^{d−1}λ 2λ(M^d + 1) = n − n^d �1_d δ^{d−1}λ 2λ(δ^d +^1_n ) , if we set λ := d^{(d−1)/2}. λ is a penalty factor dependent on the dimension. For large n this tends to: lim_{n→∞} n_+ n ≥ 1 2δ^dλ . Theorem 2 For a δ–dense point set P = {p_1, . . . , p_n} ⊂ E^d the centerpoint A(P ) is a n−K 2K(M +1) –center that can be computed in O(dn) time.

5 Improvement of the Algorithm

The problem of Algorithm A is that for large values of δ, points which are far away from the center are counted more than nearer ones. Since we would like count the cardinality of points, we will add a weight factor to each point according to its distance to the center. The more far away a point is the smaller this factor will be. But since the exact center is not known, we have to start with the first approximation computed with algorithm A as the center.

Therefore we get the following iteration:

A_0(P ) := A(P ), A_{i+1}(P ) := ϕ(A_i(P )) (10)

ϕ(x) := ∑n j=1 w_jp_j ∑n j=1 w_j , w_j := { 1, if p_j = x 1/|p_j − x|, if p_j ≠ x , x ∈ E^d . (11)

This iteration is related to the problem of minimizing the function f, defined by: f(x) = n∑ j=1 |x − p_j |. (12)

The problem of minimizing (12) occurs in facility layout problems, cf. [FMW92, page 199] and is often called Fermat–Weber problem. The function f is convex, implying that any local minimum of f is also a global minimum. Moreover, it can be shown easily that f is strictly convex, provided that the p_j are not collinear. A local minimum x^∗ of f must satisfy the necessary first order conditions:

grad f(x^∗) = n∑ j=1 x^∗ − p_j |x^∗ − p_j | = 0. (13)

Unfortunately, f is not differentiable for the finite number of points x ∈ P . To this end, we assume^6 that x /∈ P . Then, (13) is equivalent to: n∑ j=1 x |x − p_j | = n∑ j=1 p_j |x − p_j | ⇔ x = n∑ j=1 p_j |x − p_j | · 1 n∑ j=1 1 |x − p_j | (14)

For x /∈ P this leads exactly to iteration (11), which is a steepest decent algorithm to minimize (12). It is known as Weiszfeld algorithm and converges linearly to the minimum [Kat74, BL92]. The task to accelerate the speed of convergence received also much attention, cf. [Dre92].

l

A_∞(P )

A_0

Figure 6: Sequence A_i does not converge to the center.

We now want to investigate the quality of this minimum as a center point. The minimum of (12) is a fixed point of ϕ. We assume w.l.o.g. that for a fixed point ϕ(x^∗) = x^∗ we have x^∗ = 0 and so ϕ(0) = 0. Then the iteration (11) yields: n∑ j=1 p_j |p_j| = 0. (15)

6We may use a small perturbation of the distance function.

In one dimension d = 1 this is the desired median, since ∑ p∈P+ 1 − ∑ p∈P� 1 = 0 and therefore |P_+| = |P_−|.

But unlike the one–dimensional case, for d > 1 sequence A_i does not always tend to the exact center: Imagine all points of P be distributed on a line l except one point placed properly outside l like in Figure 6. Then the exact center is on l, but A_i(P ) is not on l for any i. Like before, we have to postulate density to obtain an estimation of the quality of the point of convergence.

Again we assume that h is any hyperplane containing the fixed point x^∗ = 0. h is defined by c^Tx = 0, |c| = 1. h divides P in P_−, P_0 and P_+ respectively. W.l.o.g. we may assume that P_0 = ∅. Density provides m = 1 and M = δn^{1d} like in the previous section. This situation is displayed in Figure 7.

ρ

P_+

x = 0 a c h

p_j ∈ P_−

Figure 7: Estimation of sequence A_i.

Equality (15) leads to: | | | | | | ∑ p∈P� c^T p_j |p_j | | | | | | | = | | | | | | ∑ p∈P+ c^T p_j |p_j| | | | | | | . (16)

This can be read as the projection of each point onto the unit sphere, followed by a projection onto the line determined by c.

We will now estimate the maximum number of points of P_− with a weight (related to (16)) of at most 0 ≤ a ≤ 1. These points are part of the shaded region in Figure 7 which is a part of the ball with radius M, described by the parameter angle sin ρ = a. The volume of this part relatively to the volume of the whole ball (by integration over multi–dimensional polar coordinates) is given by: π/2∫ π/2−ρ sin^{d−2} φdφ π∫ 0 sin^{d−2} φdφ ≤ π/2∫ π/2−ρ 1dφ 2^{π/2} ∫ 0 (^2_π φ)^{d−2}dφ = ρ 2 (_2 π )d_{−2 1} d−1 ( π 2 )d_{−1} = (d − 1)ρ π .

With this volume we can estimate |P^a_−|: |P^a_−| ≤ volume of shaded region volume of D_p ≤ (d − 1)^1_π (arcsina)ω_dM^d ω_d(^1_2 )^d ⇔ a ≥ sin |P^a_−|π (d − 1)(2δ)^dn ≥ 2|P^a_−| (d − 1)(2δ)^dn

. (17)

Due to the fact that δ ≥ 1 and d ≥ 1, the argument of the sin–function above is in the range of [0,^π_2 [ and therefore sin x ≥^2_π x.

Since we have a linear relation between a and |P^a_−| in (17), we may assume for simplicity that the weight of points in P_− is at least^1_2 a on the average, with a chosen such that |P_−| = |P^a_−| in the sequel. Then with equation (16) and (17) we conclude: |P_+| ≥ | | | | | ∑ p∈P+ c^T p_j |p_j | | | | | | = | | | | | ∑ p∈P� c^T p_j |p_j| | | | | | ≥ |P_−| · 1 2 a ≥ 1 2 |P_−| 2|P_−| (d − 1)(2δ)^dn . ⇔ |P_+| ≥ |P_−|^2 (d − 1)(2δ)^dn .

P_− is the larger partition in our worst–case example. With |P^−|n ≥ 12 we finally have: |P_+| n ≥ 1 4(d − 1)(2δ)^d

. (18)

We have established the following improved bound for the iteration A_i(P ):

Theorem 3 For a δ–dense point set P = {p_1, . . . , p_n} ⊂ E^d the sequence A_i(P ) converges to a 1/(4(d − 1)(2δ)^d)–center with a linear rate of convergence.

6 CONCLUSION 12

In practice, the algorithm will be aborted after a finite number of iterations k. So the question arises, whether the quality of the computed center A_k which is sufficiently near the fixed point of the sequence A_i, can be estimated too. Let h_k be the hyperplane containing A_k establishing the worst partitioning factor. Let h_∞ be the parallel of h_k containing the fixed point A_∞ as displayed in Figure 8. Now, the splitting factor of h_∞

A_k

A_∞ h_k h_∞

Figure 8: Estimation of the quality of points near the fixed point of the iteration.

can be estimated by Theorem 3. While sweeping the volume from h_∞ to h_k due to density only a restricted number of points of P can be passed. Therefore also the partitioning factor of h_k or any other hyperplane containing A_k can be easily estimated. We omit the exact formulas here.

6 Conclusion

The concept of density is relatively new, although dense sets appeared already earlier. As we have seen, it is a strong but often realistic supposition. It enables to investigate algorithms with otherwise bad worst–case behavior due to artificially constructed extremal point sets. Moreover the analysis under a density restriction gives some insight to the behavior of an algorithm, if density is not fulfilled. Other questions for finite point sets may be interesting (or sometimes trivial) as a question for dense point sets. The concept of density is related to the concept of fatness [OS94] and uniformly distributed sets. The requirements on density can be weakened, because e.g. few points with small distance do not disturb the obtained results.

Applying this concept of density, we are able to improve the approximations for center points in arbitrary dimensions. We have examined experimentally the quality and

7 ACKNOWLEDGMENT 13

performance of our center point algorithms [OH95] to others and obtained reasonable results. The implementation of the presented algorithms is very easy, whereas the efficient implementation of radon points in higher dimensions is not obvious.

Center points can be applied in cluster algorithms. We especially examine the benefits of center points for the monotonous bisector tree [NVZ93]. In this context we use them to retrieve good initial points for the spatial index and to repeatedly compute a partitioning with guaranteed balancing factor.

7 Acknowledgment

I do like to thank my supervisor Prof. Hartmut Noltemeier and my colleagues Sven Krumke and Riko Jacob for many helpful comments and discussions. Moreover I appreciate that Christian Zirkelbach and Thomas Roos did detailed reviews of the paper.

References

[BEG^+95] M. Bern, D. Eppstein, L. Guibas, J. Hershberger, S. Suri, and J. Wolter.

The Centroid of Points with Approximate Weights. In Proceedings Annual European Symposium on Algorithms, 1995.

[BL92] J. Brimberg and R.F. Love. Local Convergence in a Generalized Fermat–Weber Problem. Annals of Operations Research, 40:33–66, 1992.

[Cea93] K.L Clarkson and D. Eppstein et al. Approximating Center Points with Iterated Radon Points. In Proceedings of the 9th Annual Symposium on Computational Geometry, pages 91–98. ACM, 1993.

[Dre92] Z. Drezner. A Note on the Weber Location Problem. Annals of Operations Research, 40:153–161, 1992.

[Ede87] H. Edelsbrunner. Algorithms in Combinatorial Geometry. Springer, 1987.

[EVW94] H. Edelsbrunner, P. Valtr, and E. Welzl. Cutting Dense Point Sets in Half.

In Proceedings of the 10th Annual Symposium on Computational Geometry, pages 203–210. ACM, 1994.

[FMW92] R.L. Francis, L.F. McGinnis, and J.A. White. Facility Layout and Location.

Prentice Hall, 1992.

[JM94] S. Jadhav and A. Mukhopadhyay. Computing a Centerpoint of a Finite Planar Set of Points in Linear Time. Discrete and Computational Geometry, 12:291– 312, 1994.

[Kat74] I.N. Katz. Local Convergence in Fermat’s Problem. Mathematical Programming, 6:89–104, 1974.

REFERENCES 14

[NVZ93] H. Noltemeier, K. Verbarg, and C. Zirkelbach. A Data Structure for Representing and Efficient Querying Large Scenes of Geometric Objects: MB^∗ Trees. In G. Farin, H. Hagen, and H. Noltemeier, editors, Geometric Modelling, pages 211–226. Springer, 1993.

[OH95] H. Oehring and H. Hiebl. Auswahl von Clusterzentren in komplexen Szenen.

Technical report, Universität Würzburg, 1995.

[OS94] M.H. Overmars and A.F. van der Stappen. Range Searching and Point Location Among Fat Objects. Technical Report 30, University of Utrecht, 1994.

[Zir92] C. Zirkelbach. Geometrisches Clustern — ein metrischer Ansatz. PhD thesis, Universität Würzburg, 1992.

Preprint-Reihe Institut für Informatik Universität Würzburg

Verantwortlich: Die Vorstände des Institutes für Informatik.

[70] S. Öhring und S. K. Das. Embeddings of Tree-Related Topologies in Hyper Petersen Networks.

Oktober 1993.

[71] S. Öhring und S. K. Das. Optimal Communication Primitives on the Folded Petersen Networks.

Oktober 1993.

[72] O. Rose und M. R. Frater. A Comparison of Models for VBR Video Traffic Sources in B-ISDN.

Oktober 1993.

[73] M. Mittler und N. Gerlich. Reducing the Variance of Sojourn Times in Queueing Networks with Overtaking. November 1993.

[74] P. Tran-Gia. Discrete-Time Analysis Technique and Application to Usage Parameter Control Modelling in ATM Systems. November 1993.

[75] F. Hübner. Output Process Analysis of the Peak Cell Rate Monitor Algorithm. Januar 1994. [76] K. Cronauer. A Criterion to Separate Complexity Classes by Oracles. Januar 1994. [77] M. Ritter. Analysis of the Generic Cell Rate Algorithm Monitoring ON/OFF-Traffic. Januar 1994.

[78] K. Poeck, D. Fensel, D. Landes und J. Angele. Combining KARL and Configurable Role Limiting Methods for Configuring Elevator Systems. Januar 1994.

[79] O. Rose. Approximate Analysis of an ATM Multiplexer with MPEG Video Input. Januar 1994. [80] A. Schömig. Using Kanban in a Semiconductor Fabrication Environment — a Simulation Study.

März 1994.

[81] M. Ritter, S. Kornprobst und F. Hübner. Performance Analysis of Source Policing Architectures in ATM Systems. April 1994.

[82] U. Hertrampf, H. Vollmer und K. W. Wagner. On Balanced vs. Unbalanced Computation Trees.

Mai 1994.

[83] M. Mittler und A. Schömig. Entwicklung von ” Due–Date“–Warteschlangendisziplinen zur Optimierung von Produktionssystemen. Mai 1994.

[84] U. Hertrampf. Complexity Classes Defined via k-valued Functions. Juli 1994. [85] U. Hertrampf. Locally Definable Acceptance: Closure Properties, Associativity, Finiteness. Juli 1994.

[86] O. Rose und M. R. Frater. Delivery of MPEG Video Services over ATM. August 1994. [87] B. Reinhardt. Kritik von Symptomerkennung in einem Hypertext-Dokument. August 1994. [88] U. Rothaug, E. Yanenko und K. Leibnitz. Artificial Neural Networks Used for Way Optimization in Multi-Head Systems in Application to Electrical Flying Probe Testers. September 1994.

[89] U. Hertrampf. Finite Acceptance Type Classes. Oktober 1994. [90] U. Hertrampf. On Simple Closure Properties of #P. Oktober 1994.

[91] H. Vollmer und K. W. Wagner. Recursion Theoretic Characterizations of Complexity Classes of Counting Functions. November 1994.

[92] U. Hinsberger und R. Kolla. Optimal Technology Mapping for Single Output Cells. November 1994.

[93] W. Nöth und R. Kolla. Optimal Synthesis of Fanoutfree Functions. November 1994. [94] M. Mittler und R. Müller. Sojourn Time Distribution of the Asymmetric M/M/1//N – System with LCFS-PR Service. November 1994.

[95] M. Ritter. Performance Analysis of the Dual Cell Spacer in ATM Systems. November 1994. [96] M. Beaudry. Recognition of Nonregular Languages by Finite Groupoids. Dezember 1994. [97] O. Rose und M. Ritter. A New Approach for the Dimensioning of Policing Functions for MPEG- Video Sources in ATM-Systems. Januar 1995.

[98] T. Dabs und J. Schoof A Graphical User Interface For Genetic Algorithms. Februar 1995. [99] M. R. Frater und O. Rose. Cell Loss Analysis of Broadband Switching Systems Carrying VBR Video. Februar 1995.

[100] U. Hertrampf, H. Vollmer und K. W. Wagner. On the Power of Number-Theoretic Operations with Respect to Counting. Januar 1995.

[101] O. Rose. Statistical Properties of MPEG Video Traffic and their Impact on Traffic Modeling in ATM Systems. Februar 1995.

[102] M. Mittler und R. Müller. Moment Approximation in Product Form Queueing Networks. Februar 1995.

[103] D. Rooß und K. W. Wagner. On the Power of Bio-Computers. Februar 1995. [104] N. Gerlich und M. Tangemann. Towards a Channel Allocation Scheme for SDMA-based Mobile Communication Systems. Februar 1995.

[105] A. Schömig und M. Kahnt. Vergleich zweier Analysemethoden zur Leistungsbewertung von Kanban Systemen. Februar 1995.

[106] M. Mittler, M. Purm und O. Gihr. Set Management: Synchronization of Prefabricated Parts before Assembly. März 1995.

[107] A. Schömig und M. Mittler. Autocorrelation of Cycle Times in Semiconductor Manufacturing Systems. März 1995.

[108] A. Schömig und M. Kahnt. Performance Modelling of Pull Manufacturing Systems with Batch Servers and Assembly-like Structure. März 1995.

[109] M. Mittler, N. Gerlich und A. Schömig. Reducing the Variance of Cycle Times in Semiconductor Manufacturing Systems. April 1995.

[110] A. Schömig und M. Kahnt. A note on the Application of Marie’s Method for Queueing Networks with Batch Servers. April 1995.

[111] M. Daniel, F. Puppe und G. Seidel. Qualifizierende Arbeitsgestaltung mit tutoriellen Expertensystem für technische Diagnoseaufgaben. April 1995.

[112] G. Buntrock, und G. Niemann. Investigations on Weak Growing Context-Sensitive Grammars.

Mai 1995.

[113] J. García and M. Ritter. Determination of Traffic Parameters for VPs Carrying Delay-Sensitive Traffic. Mai 1995.

[114] M. Ritter. Steady-State Analysis of the Rate-Based Congestion Control Mechanism for ABR Services in ATM Networks. Mai 1995.

[115] H. Graefe. Konzepte für ein zuverlässiges Message-Passing-System auf der Basis von UDP. Mai 1995.

[116] A. Schömig und H. Rau. A Petri Net Approach for the Performance Analysis of Business Processes.

Mai 1995 [117] K. Verbarg Approximate Center Points in Dense Point Sets. Mai 1995