Julius-Maximilians- Chair for X,
UNIVERSITAT INFORMATICS | ||||I | fl
WURZBURG Efficient Algorithms and

KnOWledge' Based SyStems Institute for Informatics

Polylogarithmic Approximation for
Generalized Minimum Manhattan Networks

Aparna Das  Krzysztof Fleszar  Stephen Kobourov
Joachim Spoerhase  Sankar Veeramoni  Alexander Wolff

Department of Computer Science Institut fur Informatik
University of Arizona Universitat Wurzburg



Definitions: Given a set of n points in the plane. ..

O



Definitions: Given a set of n points in the plane. ..
“terminals”

O



Definitions: Given a set of n points in the plane. ..

“terminals”
O
U
O
O
Manhattan
path
O |74



Definitions: Given a set of n points in the plane. ..

“terminals”
O
U
O
O
Manhattan
path
@) |74

Manhattan-connect all terminal pairs.



Definitions: Given a set of n points in the plane. ..
“terminals”

Manhattan
path

Manhattan-connect all terminal pairs.



Definitions: Given a set of n points in the plane. .
“terminals”

Manhattan
path

Manhattan-connect all terminal pairs.

Minimize ink



Definitions: Minimum Manhattan Network (MMN)

Manhattan
path

Manhattan-connect all terminal pairs.

Minimize ink



Definitions: Minimum Manhattan Network (MMN)

Manhattan
path

Manhattan-connect all terminal pairs.

Minimize ink (total network length)!



Definitions: Rectilinear Steiner Arborescence (RSA)

O




Definitions: Rectilinear Steiner Arborescence (RSA)

O

O O

Manhattan-connect all terminals to o.



Definitions: Rectilinear Steiner Arborescence (RSA)

Manhattan-connect all terminals to o.



Definitions: Rectilinear Steiner Arborescence (RSA)

Manhattan-connect all terminals to o.

Minimize ink (total network length)!



Definitions: Generalized MMN (GMMN)

i11111111?1""""'C)
ot

A
‘$

1L
|||||I““
‘|“‘ N
| A >

&
&
&
&
&
&
&
N
N
N
N
o
L
L
L |
L |
L
n
N
N

0"5




Definitions: Generalized MMN (GMMN)

) 4
S

',"'
24

~
~
L]

L
o
d
&
&
&
~§
&
&

&
N

‘Q

o

'J-l-l-l-l-l-l-l-l-l-|-|-|-|-|-|+|-|+|-|+|-|-<)""'
.

>
‘§

-connect given terminal pairs.




Definitions: Generalized MMN (GMMN)




Definitions: Generalized MMN (GMMN)

agunt Y e
gannntt s
u‘u“nll‘ ,““
O
"""" =
“, M-connect given terminal pairs.
0.+ Minimize ink (total network length)!




llllllllll




Applications

MMN



Applications

MMN

@ point-set embedding:



Applications

MMN

@ point-set embedding:

draw K, with min. ink
(using M-geodesics)



Applications

MMN

@ point-set embedding:

draw K, with min. ink
(using M-geodesics)

@ visualization of
split networks
(also in higher dim.)



Applications

MMN RSA

@ point-set embedding:

draw K, with min. ink
(using M-geodesics)

@ visualization of
split networks
(also in higher dim.)



Applications

MMN RSA

@ point-set embedding: @ VLSI layout:

draw K, with min. ink
(using M-geodesics)

@ visualization of
split networks
(also in higher dim.)



Applications

MMN RSA

@ point-set embedding: @ VLSI layout:

draw K, with min. ink
(using M-geodesics)

@ visualization of
split networks
(also in higher dim.)



Applications

MMN RSA

@ point-set embedding: @ VLSI layout:

draw K, with min. ink
(using M-geodesics)

@ visualization of
split networks
(also in higher dim.)



Previous Work



Previous Work

Results for
higher dim. (d)



Previous Work

Results for
higher dim. (d)



Previous Work -+ Our Contributions

Results for
higher dim. (d)
«0-\-’
5 o S
3 i) Q8 ¢
@QQ* @QQ&@QQ& Q )(\rb \&\
b‘/ (b/ (V % O
O_‘_o



. . . ﬁx-‘_’
Previous Work + Our Contributions  ¢62¢°

QN
Results for ! |
hicher dim. (d
g (d) S
N
QQ*O+ QQ‘O:Q‘O.‘- “Q}b\“@\/’b
b‘/rb 0y Jo q/,’b $<2 Q
O-“"



MY

: _ _ @/.\: y
Previous Work + Our Contributions OQO‘?%Q@QQO%
?
| |
Results for
higher dim. (d)
S
5 o S
S S C o
@QQ* @QQ&@QQ& Q )(\rb \&\
N oy % S O
+0
&O
R



: L @/4-’ S
Previous Work + Our Contributions 2% 4¢%

O~ RO~
Results for | |

higher dim. (d)

Q@-\—‘ @QQ'
S S+ o >° LA g
O O~ © A o b
@QQ erQ erQ Q N \Q QO%
b‘/ (b/ (V % O O
O-""



: L @/4-’ S
Previous Work + Our Contributions 2% 4¢%

O~ RO~
Results for | |

higher dim. (d)

S+ o
QQ@\, ’%QQ
&O-‘- &O_‘_.&O_‘_ ‘{b ; \/’b bx \
o SZ
’bQQ erQ erQ Q X \\\ QO
b‘/ (b/ (V % O O
__\_.0
5+ ©
Q«O @QQ
SN N
IS & 6
SO °



: L @/4-’ S
Previous Work + Our Contributions _62¢° ¢¥

ONRT0~
Results for | |

higher dim. (d)

S+ o
QQ@\, ’%QQ
&O-‘- &O_‘_.&O_‘_ ‘{b ; \/’b bx \
o SZ
’bQQ erQ erQ Q X \\\ QO
b‘/ (b/ (V % O O
__\_.0
5+ ©
Q«O @QQ
SN N
IS & 6
SO °



Part |

A Simple Recursive
O(log” n)-Approximation Algorithm
for GMMN in the Plane



Main Algorithm for 2D-GMMN
= |




Main Algorithm for 2D-GMMN
== |




Main Algorithm for 2D-GMMN
[ I




Main Algorithm for 2D-GMMN




Main Algorithm for 2D-GMMN




Main Algorithm for 2D-GMMN

|

Let pop(n) = cost /OPT be the performance ratio (in w-c).



Main Algorithm for 2D-GMMN

#£ terminal pairs

Y

Let pop(n) = cost /OPT be the performance ratio (in w-c).




Main Algorithm for 2D-GMMN

#£ terminal pairs

Y

Let pop(n) = cost /OPT be the performance ratio (in w-c).
p2p(n) OPT = cost




Main Algorithm for 2D-GMMN

#£ terminal pairs

Y

Let pop(n) = cost /OPT be the performance ratio (in w-c).
p2p(n) OPT = cost <




Main Algorithm for 2D-GMMN

#£ terminal pairs

Y

Let pop(n) = cost /OPT be the performance ratio (in w-c).

pao() OPT = cost. < N —




Main Algorithm for 2D-GMMN

A\

'
#£ terminal pairs

sl

Let pop(n) = cost / OPT beﬁeperfermance ratio (in w-c).

pao() OPT = cost. < N —




Main Algorithm for 2D-GMMN

p2p(n/2) OPTiere +

'
#£ terminal pairs

sl

Let pop(n) = cost / OPT beﬁeperfermance ratio (in w-c).

pao() OPT = cost. < N —




Main Algorithm for 2D-GMMN

p20(n/2) OPTiere 4+ pan(n/2) OPTyight

'
#£ terminal pairs

sl

Let pop(n) = cost / OPT beﬁeperfermance ratio (in w-c).

p2o(n) OPT = cost < N —




Main Algorithm for 2D-GMMN

p20(n/2) OPTiere 4+ pan(n/2) OPTyight
7+ terminal pairs

sl

Let pop(n) = cost / OPT beﬁeperfermance ratio (in w-c).

p2o(n) OPT = cost < N —




Main Algorithm for 2D-GMMN

p20(n/2) OPTiere 4+ pan(n/2) OPTyight
S ,02[)(”/2) OPT

'
#£ terminal pairs

sl

Let pop(n) = cost / OPT beﬁeperfermance ratio (in w-c).

p2o(n) OPT = cost < N —




Main Algorithm for 2D-GMMN

p20(n/2) OPTiere 4+ pan(n/2) OPTyight
S ,02[)(”/2) OPT

'
#£ terminal pairs

sl

Let pop(n) = cost / OPT be(the performance ratio (in w-c).

pop(n) OPT = cost < pop(n/2) OPT + :




Main Algorithm for 2D-GMMN

p20(n/2) OPTiere 4+ pan(n/2) OPTyight
S ,02[)(”/2) OPT

'
#£ terminal pairs

sl

Let pop(n) = cost / OPT be(the performance ratio (in w-c).

pap(n) OPT = cost < pop(n/2) OPT +




Main Algorithm for 2D-GMMN

#£ terminal pairs

Y

Let pop(n) = cost /OPT be the performance ratio (in w-c).
pan(n) OPT = cost < | pap(n/2) OPT| +

= p2n(n) < pan(n/2) + prsep(n)




Main Algorithm for 2D-GMMN

TO DO:
Show that

pxsep(n) € O(log n).

#£ terminal pairs

Y

Let pop(n) = cost /OPT be/'the performance ratio (in w-c).
pa0(n) OPT = cost < | pan(n/2) OPT +

= p2n(n) < pan(n/2) + Pxsep(n)




Main Algorithm for 2D-GMMN

TO DO:

Show that

pxsep(n) € O(log n).

#£ terminal pairs

Y

Let pop(n) = cost /OPT be/'the performance ratio (in w-c).
pa0(n) OPT = cost < | pan(n/2) OPT +

= p2n(n) < pan(n/2) + Pxsep(n)
—




Main Algorithm for 2D-GMMN

TO DO:

Show that

pxsep(n) € O(log n).

#£ terminal pairs

Y

Let pop(n) = cost /OPT be/'the performance ratio (in w-c).
pa0(n) OPT = cost < | pan(n/2) OPT +

= p2n(n) < pan(n/2) + Pxsep(n)
= e O(log” n)




Algorithm for x-separated GMMN




Algorithm for x-separated GMMN




Algorithm for x-separated GMMN




Algorithm for x-separated GMMN




Algorithm for x-separated GMMN
- .




Algorithm for x-separated GMMN




Algorithm for x-separated GMMN

Let pyxsep(n) = cost / OPT be the performance ratio (in w-c).



Algorithm for x-separated GMMN

Let pyxsep(n) = cost / OPT be the performance ratio (in w-c).
Px-sep(n) OPT = cost



Algorithm for x-separated GMMN

Let pyxsep(n) = cost / OPT be the performance ratio (in w-c).
Pxsep(n) OPT = cost < | pesep(n/2) OPTI + | pyysep(n) OPT



Algorithm for x-separated GMMN

Let pyxsep(n) = cost / OPT be the performance ratio (in w-c).
Pxsep(n) OPT = cost < | pesep(n/2) OPTI + | pyysep(n) OPT
= Px-sep(N) < Pxesep(1/2) 4 Puy-sep(N)



Algorithm for x-separated GMMN

TO DO:

Show that
Pry-sep(n) € O(1).

Let pyxsep(n) = cost / OPT be the performance ratio (in w-c).
Pxsep(n) OPT = cost < | pxsep(n/2) OPT! + | pyysep(n) OPT
= Px-sep(N) < Pxsep(1/2) + Pxy-sep(N)



Algorithm for x-separated GMMN

TO DO:

Show that
Pry-sep(n) € O(1).

Let pyxsep(n) = cost / OPT be the performance ratio (in w-c).
Pxsep(n) OPT = cost < | pxsep(n/2) OPT! + | pyysep(n) OPT

= Px-sep(N) < Pxsep(1/2) + Pxy-sep(N)
= € O(log n)




Algorithm for xy-separated GMMN




Algorithm for xy-separated GMMN




Algorithm for xy-separated GMMN

Idea: Use algorithm for RSA!



Algorithm for xy-separated GMMN

Idea: Use algorithm for RSA!



Algorithm for xy-separated GMMN

Idea: Use algorithm for RSA!



Algorithm for xy-separated GMMN

Idea: Use algorithm for RSA!



Algorithm for xy-separated GMMN

O

Idea: Use algorithm for RSA!



Algorithm for xy-separated GMMN

Idea: Use algorithm for RSA! Resulting network is. . .



Algorithm for xy-separated GMMN

Idea: Use algorithm for RSA! Resulting network is. . .
— feasible v/



Algorithm for xy-separated GMMN

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal:



Algorithm for xy-separated GMMN

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal:



Algorithm for xy-separated GMMN

RSA network

OPTRSA

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal:



Algorithm for xy-separated GMMN

RSA network

OPTRSA <

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal:



Algorithm for xy-separated GMMN

RSA network “cross”

OPTRSA <

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal:



Algorithm for xy-separated GMMN

RSA network “cross”

OPTRrsa < OPT

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal:



Algorithm for xy-separated GMMN

RSA network “cross”

OPTRSA < OPT —+

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal:



Algorithm for xy-separated GMMN

RSA network “cross”
—0
0, < G
o O
O
OPTRSA < OPT -+

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal:



Algorithm for xy-separated GMMN

RSA network “cross”
—0
0, < G
o O
O
OPTRSA < OPT -+

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal:



Algorithm for xy-separated GMMN

RSA network “cross”
O
—0
0, < O
~ & |
O
O
OPTRSA < OPT -+

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal: cross + GMMN network is RSA network



Algorithm for xy-separated GMMN

RSA network “cross”
OV
—0
0, < O
~ iy I
uC
O
OPTRSA < OPT -+

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal: cross + GMMN network is RSA network



Algorithm for xy-separated GMMN

RSA network “cross”
O
,_,O
o) < O 0
~ iy I
uC
O
OPTRSA < OPT -+

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal: cross + GMMN network is RSA network



Algorithm for xy-separated GMMN

RSA network “cross”
OV
0, < 0,
o O
i
O ‘_
O
OPTRSA < OPT -+

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal: cross + GMMN network is RSA network



Algorithm for xy-separated GMMN

RSA network “cross”

OPTgrsa < OPT —+

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal: cross + GMMN network is RSA network



Algorithm for xy-separated GMMN

RSA network “cross”
O
—0
0, < O
~ & |
O
O
OPTRSA < OPT -+

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal: cross + GMMN network is RSA network\/



Algorithm for xy-separated GMMN

RSA network “cross”
O
—0
0, < O
~ & |
O
O
OPTRSA < OPT -+

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal: cross + GMMN network is RSA network\/

— efficiently constructable: RSA admits PTAS in 2D.



Algorithm for xy-separated GMMN

RSA network “cross”
O
—0
0, < O
~ & |
O
O
OPTRSA < OPT -+

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal: cross + GMMN network is RSA network\/

— efficiently constructable: RSA admits PTAS in 2D./



Algorithm for xy-separated GMMN

RSA network “cross”
O
—0
0, < O
~ & |
O
O
OPTRSA < OPT -+

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal: cross + GMMN network is RSA network\/

— efficiently constructable: RSA admits PTAS in 2D./
= Pxy-sep <



Algorithm for xy-separated GMMN

RSA network “cross”
O
—0
0, < O
~ & |
O
O
OPTRSA < OPT -+

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal: cross + GMMN network is RSA network\/

— efficiently constructable: RSA admits PTAS in 2D./
= Pxy-sep < 2(1 T E)



Algorithm for xy-separated GMMN

RSA network “cross”
O
—0
0, < G
~ & |
O
O
OPTRSA < OPT -+

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal: cross + GMMN network is RSA network\/

— efficiently constructable: RSA admits PTAS in 2D./
= Prysep < 2(L+¢€), pxsep € O(logn)



Algorithm for xy-separated GMMN

RSA network “cross”
O
—0
0, < O
~ & |
O
O
OPTRSA < OPT -+

Idea: Use algorithm for RSA! Resulting network is. . .

— feasible v/
— near-optimal: cross + GMMN network is RSA network\/

— efficiently constructable: RSA admits PTAS in 2D./
= Pxy-sep = 2(1+¢), Px-sep € O(logn), p2p € O(Iog2 n)




Main Result for Higher Dimensions

Dimension

Approximation Factors

Step 1: Partition

Step 2: RSA

Result

2
d>?2




Main Result for Higher Dimensions

Dimension

Approximation Factors

Step 1: Partition

Step 2: RSA

Result

2
d>?2

O(log” n)

O(1)

O(log” n)



Main Result for Higher Dimensions

Approximation Factors

Dimension || Step 1: Partition | Step 2: RSA Result
2 O(log” n) O(1) O(log” n)
d > 2 O(log” n) O(log n) O(log”** n)



Main Result for Higher Dimensions

Approximation Factors

Dimension || Step 1: Partition | Step 2: RSA Result
2 O(log* n) 0(1) O(log* n)
d > 2 O(log” n) O(log n) O(log”** n)



Main Result for Higher Dimensions

Approximation Factors
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TO DO:

In 2D, remove one level of recursion!
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