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Fig. 1. In a map of Seattle (left) showing 86 restaurants (black dots), a user selects a focus region (middle). At the boundary of that
region (green circle), labels are placed for a selection of the restaurants; curved lines connect the labels with the actual sites of the
restaurants. Every labeled restaurant represents a cluster of restaurants, which we indicate by drawing a stack of rectangles with the
label on top; when clicking a label, a detailed labeling for the corresponding cluster pops up (right).

Abstract—In this paper, we investigate the problem of labeling point sites in focus regions of maps or diagrams. This problem occurs,
for example, when the user of a mapping service wants to see the names of restaurants or other POIs in a crowded downtown area
but keep the overview over a larger area. Our approach is to place the labels at the boundary of the focus region and connect each
site with its label by a linear connection, which is called a leader. In this way, we move labels from the focus region to the less
valuable context region surrounding it. In order to make the leader layout well readable, we present algorithms that rule out crossings
between leaders and optimize other characteristics such as total leader length and distance between labels. This yields a new variant
of the boundary labeling problem, which has been studied in the literature. Other than in traditional boundary labeling, where leaders
are usually schematized polylines, we focus on leaders that are either straight-line segments or Bézier curves. Further, we present
algorithms that, given the sites, find a position of the focus region that optimizes the above characteristics. We also consider a variant
of the problem where we have more sites than space for labels. In this situation, we assume that the sites are prioritized by the user.
Alternatively, we take a new facility-location perspective which yields a clustering of the sites. We label one representative of each
cluster. If the user wishes, we apply our approach to the sites within a cluster, giving details on demand.

Index Terms—Focus+context techniques, data clustering, mobile and ubiquitous visualization, geographic/geospatial visualization.

1 INTRODUCTION

Users of maps normally expect answers to specific queries, for exam-
ple, where to find a good restaurant or how to reach a certain destina-
tion. General-purpose topographic maps do not answer such queries
satisfactorily, thus have become almost obsolete. Instead, Internet
mapping services such as Google Maps or Bing Maps offer interfaces
that allow for user interactions and sophisticated map visualization.
Still, the existing systems do not fully support focus-and-context visu-
alization, which generally aims at emphasizing regions and themes of
interest while showing overview information for orientation.
In order to emphasize a focus region (for example, the user’s vicin-

ity), many researchers have proposed to (locally) increase the map
scale in that region, which allows more details to be presented. Dif-
ferent methods have been proposed to define a seamless transition be-
tween a large-scale focus region and a small-scale context region, in-
cluding fish-eye projections [1] and, for network maps, optimization-
based graph drawing methods [2]. Another common approach is to
use portals [3], that is, windows with detailed information superim-
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posed on an overview map. Additionally, emphasis can be put on map
objects by appropriately setting their colors [4].
Considering that the focus and the context region of a map serve dif-

ferent purposes, we argue that special labeling techniques are needed
for focus-and-context maps. Map space can be regarded as a resource
that is more expensive in the focus region, thus text annotations and
iconic labels for points of interest (POIs) or sites in the focus region
should preferably be moved to the context region. The difficulty herein
is that correspondences between labels and sites have to remain clear.
One possibility to achieve this is to display such correspondences as
linear connections called visual links [5] or leaders [6]. We use the
latter term, which is more common in the literature on map labeling.
In this paper, we apply boundary labeling to focus-and-context

maps. Boundary labeling commonly means to place labels at the
boundary of a map and, for each label, to draw a leader that connects
a point—called port—on the label boundary with the corresponding
site in the map. In a focus-and-context map, we suggest to place la-
bels at the boundary of the focus region, which may be given explic-
itly as part of a user’s query. This is the case in the scenario shown
in Fig. 1, where a user specifies a circular region in order to query
the restaurants in that region. If the user does not specify a focus re-
gion, however, a visualization system should still be able to produce a
good focus-and-context map. As a general rule, focus should be put
on regions with many interesting sites. Taking this rule into account,
we develop also algorithms that determine a circular focus region of
given radius such that the maximum number of sites is labeled given
our boundary-labeling model.
The general problem with boundary labeling is that the leaders pro-

duce additional clutter and that the correspondence between labels and



sites may become unclear, especially if leaders are zig-zagging, cross-
ing each other, long, or close to each other. Therefore, we designed our
boundary-labeling algorithms to avoid such unfavorable leader proper-
ties. For example, we consider a variant of the labeling problem where
the leaders are straight-line segments, crossings are forbidden, and the
total length of all leaders is minimized. We also present algorithms
that visually improve solutions to this problem variant by transform-
ing the straight-line segments into Bézier curves that have at most one
inflection point. This allows us to control the slope of a leader in its
site and port, for example, to ensure that a leader connects horizontally
or vertically to its port and thus has the same slope as the boundary of
its adjoining label. According to the Gestalt criterion of good contin-
uation [7] this is favorable, as it allows map users to understand the
label-site correspondences more easily.
Maps often contain too many points of interest to label them all.

Therefore, in addition to choosing label positions and drawing lead-
ers, we have to select a subset of the sites that will become labeled.
An approach that is common in the literature on map labeling is to
search for a maximum-cardinality set of sites that allows for a feasible
labeling. If we have space for k labels at the boundary of the focus
region, however, we can select any subset of k sites to become la-
beled. Among these solutions we may search for a labeling with short
leaders, but this means that mainly sites at the boundary of the focus
region will become selected. This is unfavorable, since normally users
are particularly interested in the center of the focus region. Moreover,
we argue that the selected subset should reflect the spatial distribution
of all sites. If the input set contains a dense cluster (for example, a city
center with many restaurants), the selected subset should also contain
a cluster (which may be less dense) in the same area. In order to take
this additional criterion into account, we suggest a novel approach by
modeling map labeling as a facility location problem.
Our contribution is as follows.

• We discuss two leader models; the radial-leader model (see
Fig. 2(a)) and the free-leader model (see Fig. 2(b)) 1 and for-
mally state the corresponding layout problems (Sect. 3). While
the problems concerning the free-leader model can be reduced
to specific matching problems on graphs for which efficient al-
gorithms are known, we present new algorithmic solutions to our
problems in the radial-leader model (Sect. 4). Other than Plaisant
and Fekete [8] who have used radial leaders before (see Fig. 3
and the discussion of previous work in Sect. 2), our leaders do
not bend since we place the labels directly at the boundary of
the focus region. In order to strengthen the visual connection
between labels and objects, we deliberately decided not to place
our labels as blocks of left-aligned text, but rather in the imme-
diate vicinity of the focus region. While the approach of Plaisant
and Fekete is meant for interactive exploration, ours also makes
sense in a static environment where the aesthetic quality of the
leader and label placement is crucial. For example, we optimize
the layout in case there are more sites than space for labels. We
are particularly interested in the algorithmic challenges behind
these optimization problems.

• Among the algorithms for the radial-leader model, we also ad-
dress a new optimization goal for circular focus regions: given
the region’s radius, we find a position of the region that maxi-
mizes the number of sites whose labels can be placed—without
overlap—at the region’s boundary; see Sect. 4.3

• We present two extensions (Sect. 5) that can be applied to both of
our models, namely (i) a facility location model that allows us to
simultaneously cluster and label a set of sites and (ii) a postpro-
cessing for (non-crossing) straight-line leaders that transforms
them into (non-crossing) Bézier curves; see Fig. 2 (bottom). To
the best of our knowledge, neither clustering nor Bézier curves
have been used for (boundary) labeling.

• We use the clustering from extension (i) to partition the focus

1A video demo showing both models is available under http://www1.
informatik.uni-wuerzburg.de/pub/videos/infovis2012.
mp4 and http://vimeo.com/user12598215/circlelab.
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Fig. 2. Example labelings with our two leader models, top: drawn as
straight-line segments, bottom: with Bézier postprocessing applied to
the above straight-line solutions.

region into subregions, one for each cluster. If the user clicks on
the label that corresponds to the cluster (or into the subregion),
we display the subregion enlarged and apply our labeling method
to the sites in the subregion; see Fig. 1 (right) and Sect. 5.1.1.

We present results of some preliminary experiments that we performed
with implementations of our algorithms; the experiments and results
are described in various sections of the paper.

2 PREVIOUS WORK

Labeling geographic maps is a central problem in cartography. Label-
ing maps manually is a tedious task that, in the 1980’s, was estimated
to consume 50% of a map’s production time [9]. Traditionally, labels
are placed directly on the map; leaders are used very rarely. A simple
model to establish a relationship between internal labels and sites is
the four-position model [10, 11]. Here a label is represented by a rect-
angular box and the label is placed such that one of the four rectangle
corners coincides with the associated site.
The idea to label data along a circular boundary has been applied

before. The excentric labeling approach by Fekete and Plaisant [8]
extends the infotip paradigm to label dense maps interactively. They
draw a circular focus region of fixed radius around the current cur-
sor position, and label the sites that fall into the circle. Labels are
left-aligned in one or two stacks to the left and/or right of the circle,
depending on where space is available. The labels are connected to the
sites by leaders. For drawing the leaders, they present two main ap-
proaches. In the first approach, they insist on ordering the labels within
each stack according to the vertical order of the corresponding sites.
As a result, leaders may cross; see Fig. 3(a). In the second approach, a
leader goes from a site via its projection on the focus circle and then,
in the case of a right stack, to the mid-point of a left label edge. In the
case of a left stack, a third segment may be needed in order to reach
the right label edge of a very short label without introducing cross-
ings between the leader of that label and other labels [8]. The authors
call this approach the non-crossing or radial approach. Obviously, the
higher the label stacks are the smaller the angles between the leaders
get. If more sites lie in the focus circle than can be labeled, an arbi-



(a) ordered (b) radial

Fig. 3. Examples of excentric labeling. Clipped figures from [12].

trary subset of representatives is chosen and labeled; additionally, the
number of sites in the circle is displayed (see Fig. 3(a)).
Fekete and Plaisant recommend the first approach as a default; the

focus of their work was on interactive speed and on a comparison to
statically labeled maps where users had to zoom and pan in order to
find specific sites. They did a user study (with eight subjects) that
showed that users completed the task using interactive labeling nearly
twice as fast as when using static labeling. Fekete and Plaisant did
not specify the asymptotic running times of their approaches, but it is
easy to see that they run in O(n log n) time, where n is the number of
points inside the focus circle.
Bekos et al. [6] introduced boundary labeling for labeling static

maps. In this model, the “map” is contained inside a rectangle and la-
bels are placed outside the rectangle. The model supports three types
of leaders: straight-line segments and rectilinear polylines with one
or two bends per line. Labels are either placed along one, two or all
four sides of the boundary rectangle. The authors show how to con-
struct a non-crossing labeling with minimal total leader length or min-
imum number of bends for some variants of their model. Later, many
other variants of boundary labeling have been investigated, among oth-
ers with octilinear leaders [13]. Recently, techniques for combining
boundary labels with interior labels have been proposed [14].
Hartmann et al. [15] introduced a more general model for bound-

ary labeling. In particular, they suggested a classification scheme that
takes also more complex boundary shapes of the map into account,
that is, the boundary can be a circle or more generally an arbitrary sil-
houette. A first algorithm for the silhouette scenario (based on a spring
embedder) is due to Ali et al. [16].
Recently, Speckmann and Verbeek [17] introduced necklace maps

to visualize statistical data on geographic domains. The size of the la-
bel is used to encode the value of the statistical variable and the labels
are placed on circles or silhouettes. Necklace maps do not use lead-
ers, but establish relations between geographic objects and labels by
matching colors and proximity. This idea is effective if the geographic
objects to be labeled have some spacial extent; here, in contrast, we
assume that we are given point data.

3 PROBLEM STATEMENTS AND MOTIVATIONS

We study several incarnations of the problem how to label focus re-
gions. We distinguish two general models. In the first model, the fo-
cus region is a disk and each leader is a section of a ray that emanates
from the center of the disk and connects a site to the boundary of the
focus region; see Fig. 2(a). We refer to this model as the radial-leader
model; we discuss it in Sect. 3.1. Note that if no two sites lie on the
same ray, leaders are disjoint by construction. In the second model,
the free-leader model (see Fig. 2(b) and Sect. 3.2), every port is placed
on a prescribed position on the boundary of the focus region. We do
not insist on any specific direction of the leaders; instead, we explic-
itly require leaders to not cross each other. Note that, in the free-leader
model, there is no need to restrict oneself to circular focus regions. In
fact, all results in this model hold for convex focus regions.

The choice of the model does not necessarily determine the orienta-
tion of the text labels. We think, however, that the radial-leader model
suits radially oriented labels particularly well. In contrast, we suggest
to use the free-leader model in conjunction with horizontally oriented
labels. For examples, see Fig. 2 (top).

3.1 Radial Leaders
For the radial-leader model, we assume that the focus region is a disk
D = (c, r) with center c and radius r. Given a label �, we define
the port p� of � by radially projecting the site s� labeled by � onto the
boundary ∂D of D, that is, p� is the intersection of ∂D with the ray
that emanates from c and goes through s�.
Clearly, this model makes it difficult to accommodate labels if the

projections of several sites lie in a very small part of ∂D. We model
this by saying that two sites s and s� are in conflict if the angle ∠scs�
is smaller than a predefined value α > 0. Our aim is to find (and label)
a maximum-cardinality subset of the sites that is conflict-free, in the
sense that no two sites in the subset are in conflict.
This model makes sense, for example, if (as in Fig. 2(a)) each label

contains one line of text and has the same orientation as its leader. Cor-
respondences between labels and sites are particularly easy to compre-
hend in this case, since the leaders can be perceived as continuations
of their labels. On the downside, the user has to read rotated text. Ac-
cording to a user study [18], however, rotating a text by not more than
90 degrees leads to only small increases in the reading speed of users
and the number of reading errors if the text consists of a single word
with five to six letters. Therefore, we suggest to use this model if the
label texts are not much longer than this.

Problem 1. Label maximization with given center
Input: DiskD = (c, r), set S ⊂ D of n point sites, angle α.
Output: Maximum-cardinality conflict-free subset S� ⊆ S, that is,

the angle formed by any two rays that emanate from c and
go through points in S� is at least α and |S�| is maximized.

The radius r ofD and the fixed font size determine the angle α.
Next we take priorities among the sites into account, which occur,

for example, if some sites match a user query better than others. In
the literature on map labeling, this is commonly modeled by defining
weights for the sites and by selecting a maximum-weight set of sites
that allows a feasible labeling.

Problem 2. Weighted label maximization with given center
Input: Disk D = (c, r), set S ⊂ D of n point sites, weight func-

tion w : S → R+, angle α.
Output: Conflict-free subset S� ⊆ S such that the total weight

w(S�) =
�

s∈S� w(s) is maximized.

For the remaining two variants of the radial-leader model, we sup-
port the user by finding a good position of the focus region. In many
applications the focus is specified by a fixed set of sites rather than by
a fixed focus region. In order to make sure that as much useful infor-
mation as possible is displayed, we place the focus region such that it
admits a maximum-cardinality conflict-free subset of sites.

Problem 3. Label maximization with variable center position
Input: Set S ⊂ R2 of n point sites, angle α.
Output: Center c ∈ R2 \ S, maximum-cardinality subset S� ⊆ S

that is conflict-free w.r.t. c and α.

For this problem, we also consider the weighted version, which we
define analogously to Problem 2.
As the last problem of this section we ask for the disk center c,

which maximizes the minimum angular separation of the sites w.r.t. c.

Problem 4. Sector maximization
Input: Set S ⊂ R2 of n point sites.
Output: Center c ∈ R2 \ S such that S is conflict-free w.r.t. the

largest possible angle α.
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Fig. 4. (a) Radius of the smallest-angle focus disk relative to the smallest
enclosing disk as measured in Experiment 1. The blue line shows the
average ratio; the green line depicts the standard deviation in terms of
the point set size n. (b) Average of the minimum angle relative to 360◦/n
of the smallest-angle focus disk (blue), center of gravity disk (black), and
minimum enclosing disk (red) in terms of n as recorded in Experiment 2.

Our main motivation to study Problem 4 stems from the case where
all sites need to be labeled. Note that such a labeling exists if we make
the radius r of the focus disk arbitrarily large enough. Therefore, we
can assume that a small separating angle α suffices to have disjoint
labels. In practice, however, we cannot arbitrarily increase r since the
available space is limited. Therefore, it is reasonable to ask for the
smallest disk that allows us to label all sites. If α is the smallest angle
formed by two rays emanating from c and going through two sites
in S, then r has to be greater than 1/α—assuming that labels have
height 1. Therefore, minimizing the radius of the disk is equivalent to
maximizing the smallest angle between any two rays.
Problem 4 also occurs when we have a solution to Problem 3, but

two labels may be unnecessarily close to each other, even though they
do not intersect. In this case we could relocate the focus disk to obtain
a more balanced spacing between the labels.
Note that maximizing the smallest angle may be in conflict with

minimizing the size of the focus disk.

Experiment 1. For n = 5, . . . , 20, we selected a sample of n ran-
dom points under normal distribution and computed the radius of the
disk maximizing the smallest angle between leaders and covering all
sites—the smallest-angle focus disk—and the radius of the smallest
enclosing disk. For each instance size, we repeated the experiment
50 times. The result was that the radius for the smallest-angle focus
disk was on average only 30% larger than the radius of the smallest
enclosing disk, with a standard deviation about 20% (see Figure 4(a)).

Using the smallest enclosing disk as focus disk can result in arbi-
trarily bad angles. To see this, note that we can add a site near the
disk center that introduces a small angle between leaders, but will not
affect the minimum enclosing disk. Another heuristic for locating the
focus disk is the center of gravity. This is motivated by distributing the
sites inside the focus disk evenly. We can, however, add two sites that
preserve the center of gravity but introduce arbitrarily small angles.

Experiment 2. We repeated Experiment 1, but this time we computed
the smallest angle between leaders of the smallest-angle focus disk,
the smallest enclosing disk, and the center of gravity disk (see Fig-
ure 4(b)). We observed that on average the angle of the smallest-angle
disk is twice as large as the angle of the two other disks. This ratio
gets even larger for larger point sets.

We repeated Experiments 1 and 2 with uniformly distributed point
sets and skewed point sets in which all points lie close to a straight-
line segment (that is, we defined the x-coordinates to be uniformly
distributed in a small interval and the y-coordinates to be normally
distributed). The results (again 50 samples for n = 5, . . . , 20) were
very similar to what we recorded in Experiments 1 and 2.
Due to our theoretical considerations and the outcome of our ex-

periments we are convinced that the computationally harder sector-
maximization technique (see Sect. 4.4) is worth being applied when
selecting the focus disk. Fig. 5 shows a point set with focus disks
obtained by the three strategies we just discussed.

(ang) (med) (cog)

Fig. 5. An example point set with disk that maximizes the minimum
angle between leaders (ang). For comparison: the minimum enclosing
disk (med) and the disk centered at the center of gravity (cog). All three
disks are drawn with the same radius.
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Fig. 6. Construction of port locations
(black dots) for a convex focus region
F based on a set of horizontal lines
(dashed) with vertical spacing Δy. The
gray rectangles represent labels.
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Fig. 7. A crossing of two
leaders (solid edges) can al-
ways be resolved (dashed
edges) while reducing the to-
tal leader length.

3.2 Free Leaders

In the free-leader model we do not require that the focus region is
a disk, but we assume that it is a (connected) convex region F . As
in the radial-leader model, the focus region contains the sites that we
want to label and the leaders are straight-line segments, each of which
connects a site with a port on ∂F . The locations of the ports on ∂F
may be given as a set P . Alternatively, in case P is not given, we
suggest to compute the port locations as shown in Fig. 6.

The method applied in Fig. 6 requires a vertical distanceΔy ∈ R+

between two consecutive ports on F as input, that is, the spacing be-
tween two lines of text. Any intersection between a line and the bound-
ary ∂F of the focus region defines the location of a label port in the
set P . Usually, we define the set of lines such that no line intersects the
uppermost or lowermost point ofF—due to their prominent positions,
labels placed at such points would be perceived to dominate other la-
bels, which we normally want to avoid. In any case, setting Δy to a
value greater than the height of a label and using the classical four-
position point-labeling model [6] that allows any corner of a label to
coincide with the label’s port, we can always place the labels such that
they intersect neither each other nor the interior of F . As the focus
region is convex and contains all sites in its interior, every straight-line
segment that connects a port with a site lies completely in F . Hence,
intersections between leaders and labels (apart from label ports) are
impossible. We have to ensure, however, that no two leaders cross.

We first consider the case that the number of sites and the number
of locations for label ports are equal, that is, |S| = |P |. In this case,
the core question is which sites are assigned to which ports. This can
be formalized using graph-theoretic terms. We define the graph G =
(S∪P, S×P ) that contains a vertex for each site, a vertex for each port
location, and an edge for each pair of a site and a port location. Then
a labeling is defined by a perfect matching in G, that is, a subset M
of S × P containing exactly one edge incident to each vertex; each
edge {s, p} inM defines a leader between a site s and a port p.

Not all perfect matchings in G yield equally good labelings; some
may actually imply crossing leaders. To reduce visual clutter, we pre-
fer short leaders. Let d(s, p) be the Euclidean distance of points s and
p in the plane. We minimize the sum of this distance over all matched
pairs of a site and a port location.



Problem 5. Minimum distance port assignment
Input: Convex region F , set S ⊂ F of n sites, set P ⊂ ∂F of n

ports
Output: Perfect matching M in the graph G = (S ∪ P, S × P )

such that
�

{s,p}∈M d(s, p) is minimized and no two lead-
ers defined by edges inM cross.

To simplify our discussion, we observe that the explicit requirement
for non-crossing leaders can be dropped. Even without that require-
ment, every optimal solution to Problem 5 is crossing-free as Bekos et
al. [6] observed. For a sketch, see Fig. 7.

Observation 1 ([6]). Every perfect matchingM in G = (S ∪ P, S ×
P ) that minimizes

�
{s,p}∈M d(s, p) defines a crossing-free labeling.

Due to Observation 1, Problem 5 reduces to the problem of find-
ing a minimum-weight perfect matching in a bipartite graph whose
nodes represent points in R2 and whose edges have weights represent-
ing Euclidean distances; for any ε > 0, this problem can be solved in
O(n2+ε) time [19].
As discussed in Sect. 3.1, we often cannot label all sites. Interest-

ingly, if we are given n sites and k ≤ n port locations, we can find a
crossing-free labeling for any subset S� ⊆ S of k sites. This also fol-
lows from Observation 1. If the sites are weighted and we aim at max-
imizing the total weight of all labeled sites, we simply have to select
the k sites of largest weights, which can be done in O(n) time [20],
and can then apply the algorithm for Problem 5 to these sites. This
requires O(n + k2+ε) time in total. If there are multiple sites of the
same weight, however, selecting an arbitrary subset S� of maximum
weight can result in unnecessarily long leaders. Generally, we may
even want to relax our requirement for a maximum-weight set of sites
to achieve a labeling with shorter leaders, for example, to avoid that
clusters of heavy-weighted sites result in clusters of sites labeled with
long leaders. In order to define the trade-off between our preferences
for sites of high weights and leaders of short length, we introduce a
weight factor λ ∈ [0, 1].

Problem 6. Best trade-off between weight and leader length
Input: Convex region F , set S ⊂ F of n sites with weights

w : S → R+, set P ⊂ ∂F of k ports, number λ ∈ [0, 1].
Output: Matching M with |M | = min{k, n} in the graph

G = (S ∪ P, S × P ) that maximizes the objective
λ
�

{s,p}∈M w(s)− (1− λ)
�

{s,p}∈M d(s, p).

Note that we do not require anymore that the matching is perfect,
thus allow some sites or port locations to remain unmatched. By re-
quiring |M | = min{k, n}, however, we ensure that the largest possi-
ble number of matches is selected—which is still true if there are less
sites than locations for ports.
For λ < 1 we are sure that, if we reduce the leader length and keep

the same set of sites labeled, the objective always increases. Hence,
by Observation 1, every optimal solution to Problem 6 is free of cross-
ings. For λ = 1 we can find an optimal solution without crossings by
selecting a set S� ⊆ S of highest weight that containsmin{k, n} sites
and labeling S� with minimum leader length (by solving Problem 6
with S := S� and λ := 0).
We can solve Problem 6 by finding a maximum-weight matching in

the bipartite graph G = (S ∪ P, S × P ) if we define the weight of an
edge {s, p} inG to be λ·w(s)−(1−λ)·d(s, p)+C, whereC is a large
constant ensuring that all edge weights are positive. For example, we
may set C to the diameter of the focus region. This problem can be
solved, in O(k3 + n3) time, using the Hungarian method [21].

4 ALGORITHMS FOR THE RADIAL-LEADER MODEL
4.1 Label Maximization with Given Center
We now present an algorithm for Problem 1, that is, we maximize the
number of labels in a radial-leader labeling such that, when seen from
center c, every two labeled sites are separated by an angle of at least α.
We first select an arbitrary start node s1 ∈ S and sort the sites in S

lexicographically according to their angles and distances w.r.t. c. Let

α
c

s1
s2

s3
s4s5

s6

s7
α

s1

s2

I

Fig. 9. A reduced graph G�.
The longest path in G� is
�s1, s3, s5, s7�, which is not
closable since ∠s7cs1 < α.
A longest closable path is,
for example, �s1, s3, s5�.

Fig. 10. Arrangement Aα
S containing the

boundary of each partial double disk Uα
u,v

with u, v ∈ S. Region I is the intersection
of all partial double disks. In this example,
for every point c ∈ I, (c, S) is an optimum
solution to Problem 3.

S = �s1, s2, . . . , sn� be the resulting sequence. Then, we define the
directed graph G = (S,E) that contains the edge sisj with i < j if
the angle ∠sicsj between si and sj in c is at least α. We are looking
for a longest closable path p in G, that is, a path whose start and end
vertex also form an angle of at least α.
Let pOPT be a longest closable path inG. Assume that, for two con-

secutive sites s, sj in pOPT, there is a site si with i < j and (s, si) ∈ E.
In this case, we can replace sj with si and obtain another longest clos-
able path. Therefore, we can always assume that for every site s in
pOPT (except for the last site) the next site t in S with (s, t) ∈ E is also
contained in pOPT. This allows us to remove many edges fromG while
still having the guarantee that a longest closable path yields an opti-
mal solution. More precisely, we compute the longest closable path in
the reduced graph G� = (S,E�), see Fig. 9. The set E� ⊆ E con-
tains at most one outgoing edge for each node s ∈ S, that is, the edge
(s, si) ∈ E with smallest index i (if such an edge exists). Clearly,
the complexity of G� is O(n) and, if we have already computed the
sequence S, we can compute G� in O(n) time.
Choosing a dynamic-programming approach, we now compute for

i = n down to 1 the length κi and the end σi of a longest (not nec-
essarily closable) path in G� that starts in si. Obviously, for i = n,
this is the trivial path containing only sn, which implies κn = 1 and
σn = sn. For i < n, we compute κi and σi based on the values com-
puted before as κi = κj + 1 and σi = σj , where sj is the successor
of si in G�, that is, the node sj with (si, sj) ∈ E�. Hence, computing
κi and σi for 1 ≤ i ≤ n takes O(n) time in total.
For each of the paths computed with the dynamic program (that is,

for 1 ≤ i ≤ n) we can test in O(1) time whether it is closable, simply
by testing whether or not ∠σicsi ≥ α holds. If the longest path p
starting at node si is closable, then it is obviously longest among all
closable paths starting at si. On the other hand, if p is not closable we
can be sure that (1) there is no closable path of length κi starting at si
and (2) we can obtain a closable path of length κi − 1 by removing
the last node from p. In any case, we obtain a longest closable path
starting at si, which we denote by piOPT. Obviously, a path that is
longest among p1OPT, p

2
OPT, . . . , p

n
OPT is a longest closable path in G

�.
Summing up, it takes us O(n) time to compute a longest closable

path, which is dominated by the time needed for sorting S.

4.2 Weighted Label Maximization with Given Center
We consider now the weighted version of the previous problem, that
is, Problem 2. In order to find a set S� of maximum weight, we again
use the circular order of sites around c, and the graph G� defined in
Sect. 4.1. We choose some starting site s� ∈ S, and suppose that
s� ∈ S�. Then, we go through all sites in counter-clockwise order,
starting at s�. During this process we store for each s ∈ S the max-
imum weight T [s] of a conflict-free set in the range from s to and
including s�. We compute T [s] as follows.
Let t be the successor of s in G�, and let s̃ be the successor of s in

clockwise order. Then T [s] = max{w(s) + T [t], T [s̃]}. Hence, we
can find a maximum-weight set S� with s� ∈ S� in O(n) time. By



λ= 0 0.45 0.50 0.55 λ= 1

Fig. 8. Solutions to Problem 6 obtained with different values for λ. Since sites close to the center c of the focus region are assumed to be important,
the weight w(s) of a site s was set to the Euclidean distance between s and c. Gray dots show sites that did not become labeled.

starting this algorithm at each site s�, we maximize the total weight of
visible labels in O(n2) time.

4.3 Label Maximization with Variable Center Position

We now present an algorithm for Problem 3, that is, we maximize the
number of non-conflicting sites but now, the center c of the (circular)
focus region is not prescribed.
For each pair of sites s1, s2 ∈ S the points from which the line

segment s1s2 appears at an angle of at least α form a region Uα
s1,s2 =

{c ∈ R2 | ∠s1cs2 ≥ α}. According to the inscribed angle theorem,
the angle at vertex c of a triangle abc does not change if c moves on
the circumcircle of the triangle (while staying on the same side of the
straight line supported by a and b). Therefore, Uα

s1,s2 is the union of
two partial disks, one on each side of s1s2. We thus term Uα

s1,s2 a
partial double disk.
We denote with Aα

S the arrangement given by the union of (the
boundaries) of the partial double disks for all pairs of sites, see Fig 10.
Since two partial double disks can only intersect O(1) times, the ar-
rangement has a combinatorial complexity of O(n4). We can traverse
the whole arrangement and visit every cell in time O(n4 log n) using
a sweep line algorithm. During the sweep we determine for each cell
C a set S� ⊆ S of maximum size such that for every point c ∈ C
the sites in S� are separated by an angle of at least α (when seen from
c). With our algorithm from Sect. 4.1 we can do this in O(n log n)
time. Together with the time needed for traversing all cells we get an
O(n5 log n)-time algorithm for finding an optimal center.
We can reduce the running time of the algorithm to O(n5) by up-

dating the circular order from cell to cell instead of sorting the points
O(n4) times. The details of this algorithm can be found in Ap-
pendix A; see the supplementary material. In the weighted setting,
we can combine the traversal of the disk arrangement with the tech-
nique presented in Sect. 4.2. This yields anO(n6)-time algorithm that
finds an optimum center position.

4.4 Sector Maximization

Let us first address the decision problem derived from Problem 4, that
is, we want to decide if we can find a center such that all sites are
separated by a given angle α. This question can be answered with
the help of the arrangement Aα

S introduced in the previous section.
We can find such a center c, if there is a cell in Aα

S , that is covered
by all possible partial double disks. In order to find such a cell, or
to report that none exists, we use again a sweep line algorithm. We
keep track of the number of partial double disks that cover the cells
we are observing during the sweep. When traversing from one cell
to another we can update this information in O(1) time. Hence the
decision problem can be solved in O(n4 log n) time.
In order to maximize α such that a center cα with minimum angle

at least α exists we use the following technique: Consider the arrange-
ment Aα�

S parametrized by α�. As long as there exists a cell with
positive volume that is covered by all partial double disks, we can de-
crease the angle α� and obtain a new arrangement with such a cell. It
follows that for an optimal angle α, there has to be at last one degener-
ated cell, formed by a single point, that is covered by all partial disks.

This however means that three or two of the partial double disks meet
in one point. Hence, it suffices to compute for all triplets and tupels
of input point pairs the angle, where their induced three (resp., two)
partial double disks meet in a single point. The smallest such angle
determines the value α. The running time of this strategy is O(n6).
For Experiment 1 and 2 we have used a prototypical implementation

to solve the sector maximization problem. We did not use the proposed
(exact) O(n6) solution, but solved the sector maximization problem
numerically. More precisely, we formulated Problem 4 as minimax
problem and solved it by the computer algebra software Mathemat-
ica via the differential evolution method. Our solutions converged for
almost all computed instances within reasonable time (see Table 1).

Table 1. Runtime for the numerical solution of the sector maximization
problem on a standard 2-core 3 GHz desktop computer.
#sites 5 15 25 35 45 55 65 75 85
time[s] 1.83 2.10 2.68 3.82 5.26 6.80 10.07 12.59 15.38

5 EXTENSIONS
In this section we discuss two extensions that can be applied to both
our leader models. First, we show how to simultaneously cluster sites
and label a representative site from each cluster (Sect. 5.1). Second,
we transform, in a post-processing step, our straight-line leaders into
well-shaped Bézier curves. For the radial-leader model, this gives us
more flexibility in the placement of the ports as compared to straight-
line leaders. Hence, we can either place more or larger labels. For
the free-leader model, Bézier curves help to lead the user’s eye in a
natural, kink-free way from the site to the label (or vice versa).

5.1 Simultaneous Clustering and Labeling
When discussing the free-leader model (Sect. 3.2) we dealt with the
problem that the input map may contain significantly more sites than
we have leader ports available. In this case, we had to select a subset
of sites that are actually labeled and to assign these sites to the ports.
In Problem 6, we addressed both issues (selection and assignment)

by an extension of bipartite matching. Our experiments indicate, how-
ever, that the sites selected by optimum solutions to Problem 6 do not
sufficiently reflect the spatial distribution of the sites. Consider Fig. 8
that shows various solutions for the same input but different values of
the parameter λ. We used a non-uniform weight function w where the
weight of a site equals its distance to the center of the circle. This
can be justified by the assumption that sites closer to the center of the
focus region could be considered more important for the user. Simul-
taneously, this avoids that only sites close to the boundary are labeled,
which happens if we use a uniform weight function or if we set λ = 0
(see solution (a)). Interestingly, this preference of sites close to the
boundary persists even if we increase λ to values slightly below 0.5
(see solution (b)). As soon as we increase λ to values greater than
or equal to 0.5 (see solutions (c)–(e)) the optimum solution exhibits a
preference for sites closer to the center. What we actually want, how-
ever, is that the labeled sites are evenly distributed thereby reflecting



their spatial distribution. This is not sufficiently accomplished by the
solutions for Problem 6 shown in Fig. 8.
The problem of selecting a subset of given cardinality k from a set

of input points so that the selected points “represent” the entire set in
a spatial sense is a common problem that arises, for example, in clus-
tering and location theory. Popular formulations as an optimization
problem are the k-means and the (Euclidean) k-median problem. For
the k-median problem the input is a set S of points (sites) and a num-
ber k ≤ |S|. The goal is to find a k-element set of facilities and to
connect each site to a facility so that the total connection cost, that is,
the sum of the Euclidean distances from the sites to their respective
facilities is minimized. In clustering theory, the facilities opened by
an optimum solution are considered as cluster centers that reflect the
spatial distribution of the set S and the clusters are the subsets of sites
that are connected to the same cluster center (facility).
In what follows we present a capacitated extension of the Euclidean

k-median problem and the closely related facility location problem
that incorporates selection and assignment into one neatly formulated
optimization problem. We aim at selecting k sites for labeling (consid-
ered as facilities) and to connect the remaining sites in S (considered
as customers) to a facility. Moreover, we need to ensure that each fa-
cility (labeled site) is connected to a port. This fits nicely into our
location model as we can simply consider the ports as additional, spe-
cial customers that need to be connected to the facilities. We have to
require, however, that each facility serves exactly one port in order to
ensure a one-to-one correspondence between labeled sites and ports;
see Problem 7. We further assign to each site s a cost c(s) that is in-
curred if a facility is opened at s. This cost reflects the importance of
labeling the site s where a smaller opening cost means higher impor-
tance. The overall goal is to minimize the sum of opening costs and
total connection cost. We impose an additional capacity constraint on
each facility that ensures that each facility is connected to roughly the
same number of sites. The reason is that in the uncapacitated variant
optimum solutions tend to place a comparatively small number of fa-
cilities into a spatially dense accumulation of points since all the sites
in such an accumulation can efficiently be served by few facilities.
By adding the capacity constraint we ensure that dense accumulations
lead also to accumulations in the set of facilities.

Problem 7. Facility location based labeling
Input: Convex region F , set S ⊂ F of n sites with opening costs

c : S → R+
0 , set P ⊂ ∂F of k ≤ n ports, number λ ∈ [0, 1].

Output: A k-element set S� ⊆ S of facilities and an assignment
σ : S∪P → S� specifying for each site or port to which facil-
ity it is connected. Each facility must be connected to exactly
one port and to at most �|S|/k� sites. A feasible solution has
a total opening cost of

�
f∈S� c(f) and a total connection

cost of λ
�

p∈P d(p, σ(p))+ (1−λ)
�

s∈S d(s, σ(s)). The
output is a feasible solution that minimizes the sum of total
opening and connection cost.

Another nice property of our model is that in optimum solutions
there are no intersections between port-facility connections and no in-
tersections between site-facility connections. This can be shown anal-
ogously to Observation 1. See also Figure 11.

Experiment 3. We formulated Problem 7 as an integer linear
program—see Appendix B for details—and implemented it in C++
using the optimizer Gurobi (version 4.6.1). We computed an optimum
solution for the same dataset we used in Fig. 8 for discussing Prob-
lem 6. It consists of n = 95 sites (restaurants on a map excerpt of
Seattle) and k = 20 ports. The result is shown in Fig. 11. Observe
that the selection of labeled sites much better represents the spatial
distribution of all sites than the solutions to Problem 6. The computa-
tion of the optimum took 124s on a PC with an Intel Core2Duo E8400
CPU with 2 cores at 3 GHz each and 4 GB RAM. In comparison, the
computation of the optimum solutions to Problem 6 with 50 different
values of α took less than 1s in total on the same PC.
As the integer programming solution is not suitable for interactive

usage, we also tested an approach for finding good solutions quickly

(a) optimum solution (b) site-facility connections

Fig. 11. Optimum solution to Problem 7 for Seattle instance (n = 95).

in two steps. First, we use a randomized algorithm algorithm for find-
ing k cluster centers. The algorithm chooses new centers one after
the other, where, in each step, the probability of choosing a point is
proportional to its distance to the closest center chosen so far. This
algorithm is known to find a solution to the k-median problem with
an expected approximation ratio of O(log k) [22]. Next, we compute
crossing-free leaders connecting the chosen centers to the ports by us-
ing our matching approach . The algorithm for finding the cluster cen-
ters is even faster than the matching algorithms, and gives solutions
in which labeled points tend to be in dense regions, but not too close
to each other. If a complete clustering is needed, the unlabeled points
may be assigned to their closest center; see also Section 5.1.2.

5.1.1 Disk-in-Disk Visualization for Labeling Large Point Sets
When dealing with large and dense point sets, only a small fraction
of the sites can actually be labeled since labels must be large enough
and may not overlap in order to be readable. We present a natural
method based on our facility location model that clusters the sites into
connected, non-overlapping subregions; one for each label. The user
can select a subregion—for example, by clicking the corresponding
label—which is then scaled up and labeled in more detail; see Fig. 1.
In the new labeling, we keep the selected label fixed, even if this causes
crossings with leaders of other labels. We think that this is less dis-
tracting than if the selected label jumped to its new position.
We associate each facility f with the set Cf of all sites that are

connected to that facility. This set Cf forms a cluster, and the label
to Cf is the unique label Lf that is connected to facility f . Note
that no cluster contains more than �|S|/k� sites due to the capacity
constraints. Our goal is to embed each cluster Cf into a connected
subregion Rf ⊆ F so that no two subregions overlap. A possible use
case is to visually highlight the regionRf whenever the cursor hoovers
over the label Lf . We want to identify subregions that can be easily
recognized by the user. Unfortunately, it is not always possible to find
convex subregions that meet the above requirements; see Appendix C.
We now propose a simple approach that partitions F into a collec-

tion of subregions containing one cluster each. Our approach is similar
to the computation of skeletons based on constrained Delaunay trian-
gulations [23, 24]. Therefore, we defer the details to Appendix D and
only provide a sketch here. We define the star Sf for facility f as the
set of line segments fs with s ∈ Cf . Note that no two stars intersect
since site-facility connections do not cross. We assume that the bound-
ary ∂F of F is given as a polygon. (Otherwise, we can choose a set
F � of sufficiently many points from ∂F and replaceF with the convex
hull of F �.) We compute the union of ∂F with all stars Sf , f ∈ S�

and complete the resulting set of non-intersecting line segments to a
complete triangulation T . For example, we can compute a constrained
Delaunay triangulation in O(n log n) time [25]. We then partition the
region F into connected subregions Rf for each f ∈ S� such that Cf

is contained in Rf . This is accomplished by partitioning each triangle
separately as shown in Figure 15(a). Our algorithm ensures that each



site of a cluster Cf is contained in Rf and that two distinct regions
Rf , Rf � are interior-disjoint. Every region Rf is connected and its
boundary ∂Rf is a simple polygon that does not contain sites.

5.1.2 Uncapacitated Relaxation
An interesting relaxation of Problem 7 is to drop the capacity con-
straints for sites, that is, allowing that an arbitrary number of sites is
connected to the same facility. (Of course, we still insist on exactly
one port per facility.) This relaxation, gives less incentive to place
multiple facilities into spatially dense accumulations of sites since all
sites in such an accumulation can efficiently be served by one facility.
A nice property of this relaxed version is that we now can determine

a natural decomposition ofF into convex and pairwise disjoint regions
that cover the clusters of an optimum solution. To this end, consider
an optimum solution to the relaxed problem with a set S� of facilities.
Now consider the Voronoi diagram for the point set S�. Then each
facility f lies in a unique Voronoi cell Vf . These cells form a natural
decomposition of F into interior-disjoint convex regions. It is easy to
see that for each f the cluster Cf is contained in the Voronoi cell Vf .

5.2 Bézier Post-Processing
In all our previous methods, we used crossing-free straight-line lead-
ers for connecting sites and labels. Now we want to improve these
drawings by using more flexible leaders. In previous works on bound-
ary labeling, the only drawing styles for leaders have been straight-line
segments and polylines [13, Table 1]. We, however, use Bézier curves,
which—as curves without sharp bends—are easier to follow than poly-
lines. More precisely, we use cubic Bézier curves, which are defined
by their endpoints and two intermediate control points. The survey of
Böhm et al. [26] treats these curves in detail.
For computing the new leader layout, we use the force-directed ap-

proach [27], a well-known general-purpose graph-drawing method.
Our algorithms start with a straight-line drawing and let forces, de-
fined by physical analogies, iteratively transform the drawing. We
define several forces that are applied to the Bézier curves; each force
optimizes a certain aspect of the drawing. In each iteration, the desired
movement vectors for all curves are computed by summing up the sin-
gle forces. Before applying these movements to the current drawing,
we limit some movements, if necessary, to ensure that the new drawing
is crossing-free. The algorithm terminates when a prespecified num-
ber of iterations is reached or the maximum movement per iteration is
very small compared to the distances of the input sites.

5.2.1 Horizontal Labels with Given Ports
For the free leader model (Sect. 3.2) our main requirement is that the
new leaders enter the labels horizontally from within the focus region.
Additionally, the drawing should stay crossing-free, see Problem 8.

Problem 8. Bézier leaders for horizontal labels and given ports
Input: Disk D = (c, r), sites s1, . . . , sn ∈ D, ports p1, . . . pn ∈

∂D such that segments s1p1, . . . , snpn are crossing-free.
Output: Bézier curves B1, . . . , Bn such that, for i = 1, . . . , n,

curve Bi connects si to pi and enters port pi horizontally,
and no two Bézier curves intersect. Curves should not be
too close to each other and should not have high curvature.

During our force-directed algorithm, sites and ports will, of course,
stay fixed. For i = 1, . . . , n, we initialize curve Bi by making si
and pi its endpoints and by placing the two intermediate control
points ai and bi on their closer endpoint, that is, on si and pi, respec-
tively. Hence, initially Bi = sipi and, according to our assumption,
this initial drawing is crossing-free. In order to improve the shapes of
our “curves”, we must move the control points.
It is clear that, if we want the leader to enter port pi horizontally,

bi must move but stay on the horizontal line through pi and inside the
focus region. We must also move ai away from si to get a good curve.
For a nice-looking curve, it makes sense to place the control points
so that the three segments of the polyline siaibipi have roughly equal
length ri. As Fig. 12(a) indicates, there are—under this restriction—
two possible positions for ai if ri is large enough.

Label
ri

ri

ri

si

piai
bi

(a) equidistant

Label
ri

2ri
pi

si

ai

bi

(b) minimizing equal distance

Fig. 12. Placing control points of a Bézier leader for a horizontal label.

On the other hand, we strive to keep the leader short in order to
make it easier to follow. Hence, we try to keep ri = d(bi, pi) as
small as possible. In this situation, the only possible position for ai is
the center of sibi, see Fig. 12(b). To keep visual and computational
complexity small, we fix ai to this position. Our algorithm modifies,
therefore, only the parameter ri = d(bi, pi). Let rOPTi be the optimal
value of ri for Bi, that is, the value resulting in d(bi, si) = 2rOPTi .
Then the attracting force on bi is fattr(Bi) = rOPTi − ri, that is, the
“vector” from the current to the desired position.
An additional criterion to a pleasant-looking leader layout is that

two leaders do not come too close. To this end, we add a repelling
force between two leaders. Suppose that we have a pair of leaders
Bi, Bj , as shown in Fig. 13. We first compute the distance minimum
d(Bi, Bj) between the two curves. Note that this can easily be approx-
imated by a polygonization of the curves. Given the relative position
of the curves in Fig. 13, the control point bi of Bi should be repelled
towards its port pi. It is reasonable to make this repelling force larger
when the distance between the curves gets smaller. Hence, we set
frep(Bi, Bj) = −ri/d(Bi, Bj) for the force repelling Bi from Bj .
If the relative position of the curves is different, the force is defined
analogously but the direction may change.
Finally, the total force on a control point bi of curve Bi is

f(Bi) = cattrfattr(Bi) + crep
�

Bj �=Bi
frep(Bi, Bj), where the

weights cattr, crep are still flexible. In our tests, cattr = crep = 0.5
turned out to be a reasonable choice.
Once all forces are computed they should be applied onto the cur-

rent drawing, that is, the new value of ri should be r�i = ri + f(bi).
Simply applying the forces could, however, lead to crossings, de-
spite the repelling forces between leaders. Therefore we introduce
limitations to the forces, that is, a maximum allowed change of
the absolute value of ri. We set this limitation to fmax(Bi) =
0.45minBj �=Bi d(Bi, Bj). It is easy to see that, with a maximum
movement of d on bi, all points on the new curve B�

i lie within a dis-
tance of at most d from the old curve Bi. Hence, by moving bi and
bj by at most 0.45d(Bi, Bj) we cannot create an intersection of the
two leaders. It follows that limiting the absolute value of f(Bi) to
fmax(Bi)—where necessary—before applying the forces guarantees
that the drawing stays crossing-free.
The algorithm terminates when an equilibrium of forces is reached.

In practice, it suffices that the maximum change in an iteration is very
small, that is, much smaller than the distance between any two sites.
Note that it suffices to compute forces just for pairs of leaders that can
actually come close. Disregarding all unnecessary pairs gave a huge
speedup in our experiments.

Experiment 4. We tested a Java prototype implementation of our al-
gorithm on the same machine used for Experiment 3. We fixed port
positions as in Fig. 6. We were mainly interested in the increase of
total leader length caused by improving the shape of the leaders. For
the test, we used growing subsets of the Seattle instance (see Fig. 1)
where all sites had to be labeled (that is, k = n). In each new subset,
we added sites farther from the city center and increased the radius
of the focus region accordingly. For each instance, the algorithm did
200 iterations. Table 2 shows the results.
As we can see, the postprocessing increases the total leader length

only by a small percentage while producing nice-looking leaders. For
comparison, we refer to the Bézier leader layout in Fig. 1 (center):



Table 2. Runtime for Bézier postprocessing; increase of leader length.
#sites (n) 10 20 30 40 50 60 70 80 90
time [ms] 25 169 123 141 121 170 168 253 354
incr. [%] 4.07 3.09 2.69 2.14 2.57 1.51 1.37 1.90 1.83
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Fig. 14. Rectangular boundary labeling with
leaders drawn as Bézier curves.g

There, the increase of leader length compared to the straight-line ver-
sion was only 3.1%, the running time was 0.3s. Note that the running
time heavily depends on the distribution of sites. If there are very
dense regions such as the cluster in the center, the algorithm is slower
due to strong repelling forces which increase the number of necessary
iterations. If, however, the sites are better distributed, for example,
after selecting a subset with the method presented in Sect. 5.1, the
postprocessing is faster and produces better-looking leaders.

5.2.2 Traditional Boundary Labeling
Traditional, two-sided boundary labeling for rectangular maps has, so
far, only been approached with straight-line or polyline leaders. It is,
however, easy to create such a labeling using Bézier curves as leader
using our techniques. Note that we did not use the shape of the focus
region in the previous section. Suppose that we are given a rectangular
focus region with sites inside and ports on the boundary. Then we can
compute a port–label assignment such that straight-line leaders do not
cross by the matching technique that solves Problem 5. Using this
assignment, we can apply the Bézier postprocessing of the previous
section to get a crossing-free layout of Bézier leaders, see Fig. 14.

5.2.3 Radial Labels without Given Ports
In the radial-leader scenario we cannot improve much by simply
rerouting the leaders using Bézier curves: The leaders already leave
sites as well as ports radially and have—as straight-line segments—
minimum length. There could, however, be pairs of ports forming
a small angle at the center compared to the necessary average angle
360◦/n, even after optimizing the smallest angle with the algorithm
presented in Sect. 4.4. We can optimize these angles by moving the
ports on the boundary and rerouting the leaders using Bézier curves.
We still want the leaders to leave sites and ports radially and insist on
crossing-free leaders, see Problem 9.

Problem 9. Bézier leaders for radial labels without given ports
Input: DiskD = (c, r), sites s1, . . . , sn ∈ D.
Output: Ports p1, . . . pn ∈ ∂D and Bézier curves B1, . . . , Bn such

that the circular order of the ports is the same as the order
of their respective sites, for i = 1, . . . , n, curve Bi leaves
site si radially and enters port pi radially, and no two
Bézier curves intersect. The gaps between the ports should
be of approximately equal length and the ports should be
close to their sites.

This problem can again be tackled using a force-directed algorithm:
We start by setting, for i = 1, . . . , n, port pi to the projection of si
onto ∂D, and by using the straight-line leader sipi, which is a special
Bézier curve. In each iteration, we try to improve the distribution of
the ports on ∂D under the additional requirements of Problem 9.
As we want to enter/leave sites and ports radially, the intermedi-

ate control points ai and bi of the curve Bi connecting site si and
port pi must lie on the straight lines csi and cpi, respectively, see

(a) triangulation-based (b) Voronoi-based

Fig. 15. Partitioning the focus region.

si
ai

bi

si+1

si−1

pi

c

Fig. 16. Bézier curve Bi

between neighbors Bi−1

and Bi+1.

Fig. 16. Thus, our algorithm keeps track of three parameters for each
Bézier leader Bi: the position of port pi and the distances d(si, ai)
and d(bi, pi). We introduce the following forces:

• A force attracting port pi to the midpoint of pi−1pi+1. In an
equilibrium, that is, if all ports have equal distance to both of
their neighbors, all gaps are of equal length.

• A force attracting each port pi towards its initial position, that is,
the radial projection of si, for straightening the Bézier curve.

• Repelling forces on the control points if two neighboring curves
are too close. This should avoid small distances between the
leaders. We try to move both control points to the same direction
such that ai stays closer to the center of the disk than bi.

• A force that tries to move ai and bi such that the dis-
tances d(si, ai) and d(bi, pi) both are 1/3 of the distance of si
to the original position of pi, which is r − d(c, si).

For any force, it is enough to consider the two neighboring
sites si−1 and si+1 in circular order. To avoid crossings between la-
bels we limit forces if necessary. This can, again, be done based on
the minimum distances to the two neighboring curves.

Experiment 5. The algorithm was implemented in Java and tested
on the same machine and the same instances as in Experiment 4. We
did 200 iterations per instance. As the positions of ports are flexible,
we also measured the optimization criterion, that is, the smallest angle,
and compared it to the upper bound 360◦/n. Table 3 shows the results.

Table 3. Runtime, minimum angle (% of 360◦/n), increase of length.
#sites (n) 10 20 30 40 50 60 70 80 90
time [ms] 218 281 324 292 353 400 445 506 574
angle [%] 64.8 26.7 43.3 39.9 48.5 29.3 31.3 37.3 29.2
incr. [%] 11.9 6.4 0.9 1.2 1.0 0.6 0.6 0.4 0.3

For n ≥ 20, the initial straight-line solution had—due to the dense
region of sites in the center—an initial minimum angle of less than
(0.001◦). With our postprocessing this was always improved to a rea-
sonable percentage of the upper bound 360◦/n. As in Experiment 4,
the relative increase of the total leader length was very small. For a vi-
sual inspection of the improvement, see Fig. 2(c): when using Bézier
curves, the minimum angle increased from 11◦ to 35◦ (upper bound
45◦), whereas the total leader length increased by a mere 6.3%.

6 CONCLUSION
We have investigated the problem of labeling sites in a focus region by
placing labels at the boundary of the focus region and connecting sites
and their labels by leaders. We have considered the free-leader model
and a new radial-leader model. Usually, users will insist on horizontal
labels, which we recommend to combine with the free-leader model.
If, however, it is crucial to label a lot of sites (with short labels), it is
better to place leaders and labels radially. We strongly recommend to
take advantage of the Bézier postprocessing, especially for the radial-
leader model which otherwise suffers from small port distances. In a
dynamic environment, we suggest to use straight leaders during user
interaction. As soon as an interaction ends, one could turn the straight
leaders into Bézier leaders by animating the execution of our force-
directed algorithm.
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