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Introduction

In Graph Theory, a graph is an abstract structure that represents a set of objects, called
vertices, and a set of pairs of vertices, called edges. Graphs are a frequently used tool to model
network data. For example, a social network can be modeled by a graph whose vertices
correspond to persons, and whose edges correspond to relationships between these persons.
Similarly, in integrated circuit design for the production of computer components such as
microprocessors or memory systems, vertices represent the electronic components and edges
represent connections. A wide range of problems can be solved efficiently by modeling as a
graph, and then using graph algorithms to solve the underlying problem. For instance, a route
between two positions computed by a navigation system can be found by finding a shortest
path in the graph that represents the street network. The term “graph” has been introduced by
Sylvester [|Syl78].

Graph Drawing. The area of visualizing graphs is called Graph Drawing. Graphs are
usually drawn as node-link diagrams in the Euclidean plane. In such diagrams, the vertices
are represented as geometric objects such as points, disks, or boxes, and the edges are drawn
as Jordan curves, for example, line segments, polygonal lines, or circular arcs. A drawing
should be readable, that is, the human eye should be able to easily follow the edges and
thus understand the relationship between the objects in the graph at first glance. In a good
drawing, simple tasks can be answered quickly, for example, finding a shortest path between
two vertices. Various properties that define a good drawing have been studied.

A very common approach is to draw graphs such that they induce no crossing between
edges; or, if this is not possible, to minimize the number of crossings. Another commonly
desired feature is the minimization of the drawing area, usually defined as the area of the
smallest bounding box containing the drawing under the restriction that the vertices are
placed on the integer grid. Recently, researchers have reconsidered the problem how to draw
graphs with angular restrictions.

Angular Schematization. The problem of angular schematization deals with computing
drawings of graphs under angular restrictions. In many network layouts, the directions of
the edges are restricted, for example, any edge in an orthogonal layout consists exclusively of
horizontal and vertical segments. These layouts are constructed in a wide range of research
communities: graph drawing, geographic information science, information visualization,
VLSI layout, computational geometry, and underground mining. Most fields of application
require large angles between edges that meet at a common vertex or a crossing point. Clearly,
it is hard to follow an edge if there are many edges that are drawn close to each other with
a small angle between them. We distinguish between two types of angles: vertex angles and
crossing angles. Another possible requirement in angular schematization is monotonicity, that
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is, for each pair of vertices there exists some direction such that the drawing contains a path
that connects the vertices and is increasing in this direction.

Vertex Angles. A vertex angle is the angle formed by two edges that meet at a common
vertex of the drawing. The angular resolution of a drawing is the smallest vertex angle. Angular
resolution was first defined by Formann et al. [FHH" 93] for straight-line drawings. Drawings
with small angular resolution make it difficult for the viewer to tell lines apart. Thus, an
important aesthetic criterion is to have high angular resolution, preferably perfect angular
resolution, that is, the edges are equally spaced around each vertex. Clearly, in a graph with
maximum degree d, the angular resolution is bounded by 27/d. For trees, this bound can be
achieved in polynomial area. However, even for outerplanar graphs, perfect angular resolution
cannot always be achieved with straight-line edges, since the edges of a vertex on the convex
hull of the drawing cannot be spaced equally. Moreover, for some planar graphs, the optimal
angular resolution of a planar straight-line drawing of maximum degree d is ©(1/d>) [GT94].
We deal with drawings for planar graphs of maximum degree 4 with perfect angular resolution
in Chapter[p} and with drawings of trees with close-to-perfect angular resolution in Chapter|6]

Crossing Angles. A crossing angle is the angle formed by two crossing edges in their
common crossing point. Similar to vertex angles, small crossing angles can make a viewer
follow the wrong edge after encountering a crossing. In a user study by Huang et al. [HHEOS],
it has been shown that crossings with large angles are much less harmful to the readability of
drawings than shallow crossings. Thus, not only the minimization of the number of crossings,
but also the maximization of the crossing angles are important in the visualization of graphs.
Furthermore, even more planar graphs it may be beneficial to allow some crossings if they
induce right angles [VKII|]. Such drawings are called right-angle crossing (Rac) drawings. In
general, it is NP-hard to decide whether a given graph admits a Rac drawing with straight
edges, and the maximum number of edges in such a drawing is 4n — 10. However, if bends
are allowed, this number increases to 6.5n (one bend per edge) and 74.2n (two bends per
edge). Every graph as a Rac drawing with three bends per edge. In Chapter|[7} we produce
Rac drawings (with bends) for two planar graphs on a common vertex set, and in Chapter [g|
we show that every graph with independent crossing edges admits a Rac drawing.

Contact Representations. A contact representation describes an approach in visualizing
graphs different from node-link diagrams. In such a representation, vertices are drawn as
non-overlapping geometric objects of a given type such as disks, rectangles or polygons. In
contrast to node-link diagrams, an edge is represented as a common region of two objects,
that is, if two objects touch, then an edge between their corresponding vertices exists in
the underlying graph. By a classical results of Koebe [Koe36], the class of graphs that are
representable by touching disks in the plane is exactly the class of planar graphs. However, if
the shape and area of the objects are prescribed, in general it is NP-hard to decide whether a
graph admits a contact representation. We deal with contact representations of rectangles
with given width and height in Chapter[4] Since not every graph admits such a drawing, we
seek to maximize the number of represented edges.




Outline of the Book Section 1.1

Map Labeling. The placement of labels on a map is an important field of visualization that
is related to graph drawing. In this problem, the task is to place the names (labels) of specific
sites, for example towns or points of interest, on a map such that the reader can immediately
identify which name describes which site. Usually, labels are represented by the smallest
bounding rectangle containing the text in a given font. For readability, labels have to be placed
without overlaps and close to their corresponding sites. If labels are too large to be placed
on the map, they are usually placed into the margin, and connected to the sites by so-called
leaders. We study this problem, called boundary labeling, in Chapter 3| In terms of graph
drawing, this problem can be interpreted as drawing a matching between sites and labels with
given coordinates of the sites and a specified region into which the labels have to be placed.

1.1 Outline of the Book

This book consists of three parts, each dealing with different types of angular restrictions. In
Part we deal with the placement of boxes. In this setting, vertices are associated with a text,
and are represented by the bounding rectangle of the words. The edges are represented by
common horizontal or vertical segments of the rectangles. Part[[l]is devoted to visual guidance,
that is, planar drawings with high angular resolution and edges that are appealing and easy to
follow. Finally, Part[II]] deals with non-planar graphs that are drawn with crossings with large
angles. In these drawings, crossing edges induce exclusively right angles, such that the reader
does not inadvertently “jump” to another edge when encountering a crossing. Before starting
with the main part of this book, we give a short introduction into the terminology that we
use; see Chapter[2]

1.1.1 Placement of Boxes

In Part[l of this book, we deal with the placement of boxes representing text. We consider
two different problems. First, the boxes are used to label important sites on a map with
text that is too large to be placed directly next to the corresponding site. Thus, we place the
boxes in the margin of the map and connect them to the labeled points by so-called leaders.
Second, we want to create semantic word clouds, that is, word clouds in which related words
(according to some semantic) are placed next to each other. More formally, the task is to
create a non-overlapping box contact representation of an underlying graph such that two
boxes touch if there is an edge between the corresponding vertices.

Multi-Sided Boundary Labeling

In Chapter [3} we study the Multi-Sided Boundary Labeling problem, with labels lying on
at least two sides of the enclosing rectangle; see Figure[L1 for an illustration. We present a
polynomial-time algorithm that computes a crossing-free leader layout if one exists. So far,
such an algorithm has only been known for the cases in which labels lie on one side or on
two opposite sides of R. In both cases, a crossing-free solution always exists. The case where
labels may lie on adjacent sides is more difficult. We present an efficient algorithm for testing
the existence of a crossing-free leader layout that labels all sites. We also study the problem
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Figure 1.1: Boundary Labeling for kindergartens in Karlsruhe, Germany.

of maximizing the number of labeled sites in a crossing-free leader layout. For two-sided
boundary labeling with adjacent sides, we show how to minimize the total leader length in a
crossing-free layout.

This chapter is based on joint work with Benjamin Niedermann, Ignaz Rutter, Marcus
Schaefer, André Schulz, and Alexander Wolff [KNR*13].

Approximation Algorithms for Box Contact Representations

In Chapter [4 we study the following geometric representation problem: Given a graph
whose vertices correspond to axis-aligned rectangles with fixed dimensions, arrange the
rectangles without overlaps in the plane such that two rectangles touch if the graph contains
an edge between them; see Figure|l.2|for an example. This problem was named CONTACT
REPRESENTATION OF WORD NETWORKS (CROWN) since it formalizes the geometric problem
behind drawing word clouds in which semantically related words are close to each other.
CROWN is known to be NP-hard, and there are approximation algorithms for certain graph
classes for the optimization version, Max-CROWN, in which realizing each desired adjacency
yields a certain profit.

We present the first O(1)-approximation algorithm for the general case, when the input is a
complete weighted graph, and for the bipartite case. Since the subgraph of realized adjacencies
is necessarily planar (if we insist on non-trivial contacts), we also consider several planar
graph classes (namely stars, trees, outerplanar, and planar graphs), improving upon the known
results. For some graph classes, we also describe improvements in the unweighted case, where
each adjacency yields the same profit. Finally, we show that the problem is APX-hard even on
bipartite graphs of bounded maximum degree.

This chapter is based on joint work with Michael A. Bekos, Thomas C. van Dijk, Martin Fink,
Stephen Kobourov, Sergey Pupyrev, Joachim Spoerhase, and Alexander Wolff [BvDE"14].




Outline of the Book Section 1.1

rcc LABELS
LiE LEAES)‘ﬁrég SOLUTIOA

V‘ER TY‘EXSEGMEHIEJ e G RAP H'{)ogom £
crossite ... DRAWWMEG PLAMAR
ALGORITHARA ™ EDG-E R

Figure 1.2: A semantic word cloud representing the 20 most frequently
used words in this book, excluding common English words; available at
http://wordcloud.cs.arizona.edu/cloud.html?id=715,

1.1.2 Visual Guidance

In Part[II| of this book, we seek to create drawings of specific subclasses of planar graphs
that visually guide the viewer, that is, it is easy for the human eye to continuously follow an
edge and to find a path between to vertices. Naturally, bends interrupt the eye movement
of the viewer, as it has to abruptly change the direction it follows. Thus, we seek to draw
edges with straight-line segments and circular arcs that induce no bends. For circular arcs,
we consider its tangent at the touching point with another segment to determine whether a
bend occurs. In straight-line drawings, the task is to draw them in a way that a path between
two vertices can be found by linearly following a specific direction, preferably the direction
between the two endpoints of the path. The drawings computed by our algorithms have
perfect or close-to-perfect angular resolution.

Smooth Orthogonal Layouts of Planar Graphs

Chapter[5is devoted to smooth orthogonal layouts of planar graphs. In these layouts, every
edge is an alternating sequence of axis-aligned segments and circular arcs with common
axis-aligned tangents; see Figure[L.3|for some example drawings. In this chapter, we study
the problem of finding smooth orthogonal layouts of low edge complexity, that is, with few
segments per edge. We say that a graph has smooth complexity k—for short, an SCy-layout—if
it admits a smooth orthogonal drawing with at most k segments per edge.

Our main result is that every planar graph of maximum degree 4 has an SC,-layout. While
our drawings may have super-polynomial area, we show that for planar graph of maximum
degree 3, cubic area suffices. We also show that any biconnected outerplane graph of maximum
degree 4 has an SC;-layout. On the negative side, we construct two infinite families of
biconnected planar graphs of maximum degree 4 that (1) require exponential area for an
SC,-layout and (2) do not admit an SC;-layout.

This chapter is based on joint work with Md. Jawaherul Alam, Michael A. Bekos, Michael
Kaufmann, Stephen G. Kobourov, and Alexander Wolff [ABK*14].
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Figure 1.3: An orthogonal layout (left) and a smooth orthogonal layout (right) of the same
graph.

Monotone Drawings of Trees

In Chapter[6] we investigate monotone drawings. A crossing-free straight-line drawing of a
graph is monotone if there is a monotone path between any pair of vertices with respect to
some direction. We show how to construct a monotone drawing of a tree with n vertices on
a section of size O(n'°) x O(n'?) of the integer grid such that the angles at a vertex v are
bounded from below by roughly 1/ deg(v). Our drawings are convex, that is, if every edge
to a leaf is substituted by a ray, the (unbounded) faces form convex regions. It is known that
convex drawings are monotone and, in the case of trees, crossing-free.

A monotone drawing is strongly monotone if, for every pair of vertices, the direction that
witnesses the monotonicity comes from the vector that connects the two vertices. We show
that every tree admits a strongly monotone drawing; see Figure[L4]for an example drawing.
For biconnected outerplanar graphs, this is easy to see. On the other hand, we present a
simply-connected graph that does not have a strongly monotone drawing in any embedding.

This chapter is based on joint work with André Schulz, Joachim Spoerhase, and Alexander
Wolff [KSSW14].

Figure 1.4: A monotone (and strictly convex) drawing of a tree.
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Figure 1.5: A RAcSim drawing of a tree (solid edges) and a matching (dashed edges).

1.1.3 Crossings with Large Angles

In Part[III)of this book, we consider non-planar graphs. If a drawing of these graphs induces
small crossing angles, the reader may follow the wrong edge after a crossing point. To avoid
this, angles at edge crossings should be large. We deal with drawings of non-planar graphs in
which all crossings form right angles (Rac). In simultaneous embeddings, two planar graphs
are drawn on the same point set such that each graph is plane, and the crossings between
the two graphs are Rac. Since only few classes of graphs admit such drawings, we allow a
constant number of bends per edge. Then, we consider IC-planar graphs, that is, graphs that
have a drawing in which every edge is crossed at most once and every vertex is incident to
at most one crossing edge. We prove that every IC-planar graph admits a straight-line Rac
drawing. If we drop the restriction of only one crossing edge per vertex, the graphs are called
l-planar graphs and cannot always be drawn RAc.

Simultaneous Drawing of Planar Graphs with Right-Angle Crossings

In Chapter[7} we study the RAc simultaneous drawing problem. Given two planar graphs
that are defined on the same set of vertices, a Rac simultaneous drawing is one in which
each graph by itself is drawn planar, there are no edge overlaps and the crossings between the
two graphs form right angles. The geometric version restricts the problem to straight-line
drawings. It is known, however, that there exists a wheel and a matching which do not admit
a geometric RAc simultaneous drawing.

In order to enlarge the class of graphs that admit Rac simultaneous drawings, we allow
bends when drawing the edges; see Figure We prove that two planar graphs always
admit a RAc simultaneous drawing with six bends per edge, in quadratic area. For more
restricted classes of planar graphs (that is, matchings, paths, cycles, outerplanar graphs, and
subhamiltonian graphs), we manage to significantly reduce the required number of bends per
edge while keeping the drawing area quadratic.
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Figure 1.6: A drawing of an IC-planar graph.

This chapter is based on joint work with Michael A. Bekos, Thomas C. van Dijk, Alexander
Wolff [BYDKWI5].

Recognizing and Drawing IC-Planar Graphs

In Chapter[8] we consider a subclass of 1-planar graphs, so-called IC-planar graphs. A graph is
called I-planar if it can be drawn in the plane such that each edge is crossed at most once, and
is called IC-planar if the crossings are independent and no vertex is incident to more than
one crossing edge; see Figure[L.6|for an example graph. A RAc graph is a graph that admits a
straight-line right-angle crossing drawing. It has been shown by Eades and Liotta [ELI3] that
not every l-planar graph is a RAc graph and vise versa. They have stated the open problem
of characterizing the intersection between the class of 1-planar graphs and the class of RAc
graphs. We prove that the class of IC-planar graphs lies in this intersection.

We show that every IC-planar graph admits a straight-line drawing in polynomial area
that can be computed in linear time. However, we observe that quadratic area is sometimes
necessary for straight-line IC-planar drawings. Further, the angles formed by crossing angles
in this drawing might be small. We present an algorithm that, given an embedded IC-planar
graph, computes a Rac drawing of the given graph. Our drawings need exponential area. We
also show that there is a family of graphs that cannot be drawn in polynomial area. For a plane
triangulated graph, it can be tested in polynomial time whether a disjoint set of matching
edges can be added to form an IC-planar graph. However, testing IC-planarity of a graph is
NP-complete, even if the graph is given with a rotation system.
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This chapter is based on joint work with Franz J. Brandenburg, Walter Didimo, William S.
Evans, Giuseppe Liotta, and Fabrizio Montecchiani.
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Preliminaries

This chapter contains the most important preliminaries and definitions of graphs, graph
drawing, and complexity of algorithms. We seek to give a small introduction to the notation
and the techniques used in this book. For an extended introduction into these fields, we refer
to books designated to this matter.

A basic introduction to graph theory is given in the book Introduction to Graph Theory
by Trudeau [Tru93|]. A more algorithmic approach is used in Algorithmic Graph Theory by
Gibbons [Gib85]. The basic concepts and algorithms for graph drawing are presented in Graph
Drawing: Algorithms for the Visualization of Graphs by Di Battista et al. [BET'T99]], Drawing
Graphs: Methods and Models by Kaufmann and Wagner (editors) [KWO0I], and Planar Graph
Drawing by Nishizeki and Rahman [NR04]. These works are complemented by the recently
published Handbook of Graph Drawing and Visualization by Tamassia (editor) [Tam13]]. For
an introduction to the basic design and analysis of algorithms, we refer to Introduction to
Algorithms by Cormen et al. [CLRS09]]. Regarding approximation algorithms, more infor-
mation can be found in Approximation Algorithms by Vazirani [Vaz03] an The Design of
Approximation Algorithms by Williamson and Shmoys [WSII].

2.1 Graphs

A directed graph is defined by a tupel G = (V, E) of a non-empty set of vertices V and a set
of directed edges E € V x V = {(u,v) € V | u # v}. We say that an edge e = (u,v) starts
in u and ends in v. We call u and v the endpoints of e. We call e an outgoing edge of u and
an incoming edge of v. We forbid so-called loops, that is, edges where the two endpoints are
the same. We denote the number of vertices by n = |V| and the number of edges by m = |E|.
Clearly, m < (g) =n(n-1)/2.

An undirected graph is defined by a tupel G = (V, E) of a non-empty set of vertices V and
a set of undirected edges E = {{u,v} € V | u # v}. The notation e = (u,v) is often used for
undirected edges, too. In this case, we identify (#,v) and (v, u). If not specified otherwise,
we assume graphs to be undirected.

Inagraph G = (V, E), two vertices u, v € V are called adjacent or neighborsif (u,v) € E. We
denote the set of vertices that are adjacent to a vertex u € V by Adj(u) :={v e V| (u,v) € E}.
Given an edge (u,v) € E, we say that the vertices u and v are incident to (u,v).

For a vertex v of an undirected graph, we define the degree deg(v) := | Adj(v)| of v as the
number of adjacent vertices. The maximum degree of a graph, which we denote by A, is the
maximum of the degrees over all vertices, that is, A = max,cy deg(v). For a vertex v of an
directed graph, we define the outdegree outdeg(v) := [{u € V | (v, u) € E}| as the number of
edges leaving v and the indegree indeg(v) := |{u € V | (u,v) € E}| as the number of edges
entering v.
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We call G’ = (V',E") a subgraph of a graph G = (V,E) if V' € V and E’ € E. We say
that G’ is induced by V' if E' contains exactly the edges of G whose endpoints are both in V”,
thatis, if E' = {(u,v) € E | u,v € V'}. This graph is denoted by G[V'].

A subdivision of a graph G is a graph G’ that is obtained by replacing every edge by a path
of arbitrary length. We call this operation subdividing an edge. The inverse operation, that is,
replacing a path by an edge, is called smoothing out (the vertices on) the path. Similarly, and
edge (u,v) can be contracted, that is, it is replaced by a single vertex w that is adjacent to the
neighbors of 1 and v.

A path P of length k is a graph P = (V,E) with V = {vg,v1,..., v} and E = {(v;,vi41) |
0 < i < k—1}. We also denote a path by the sequence of its vertices P = (vy, vy, ..., V), or by
its endpoints vy — v,. A path is called simple if all vertices are pairwise different. We say that
there is a path from u to v in a graph G if there is a subgraph P = (u,...,v) of G. A cycle of
length k is a path Cy = (vq, vy, ..., v) of length k with vy = v and k > 1 for directed graphs,
and k > 2 for undirected graphs. A cycle is called simple if all vertices are pairwise different,
with the exception of vy = v.

A graph G = (V, E) is connected if for every for every pair of vertices u, v € V there is a path
from u to v in G; otherwise, G is disconnected. A connected component of G is a connected
subgraph G[ V'] induced by a maximal subset V' ¢ V, that is, for every V"' with V' ¢ V" c V,
G[V"] is not connected. Thus, G[V] = G is the only connected component of G if G is
connected.

A Hamiltonian path is a path that visits every vertex exactly one. Correspondingly, a
Hamiltonian cycle is the augmentation of a path to a cycle. A graph is called Hamiltonian if it
contains a Hamiltonian cycle.

A graph G is called k-vertex-connected or k-connected if G remains connected after the
removal of any k — 1 vertices. Correspondingly, G is called k-edge-connected if G remains
connected after the removal of any k — 1 edges. A vertex cut is a set of vertices whose re-
moval renders G disconnected, and an edge cut is a set of edges whose removal renders G
disconnected. For 2-connected and 3-connected graphs, we also use the terms biconnected
and triconnected, respectively. If a vertex cut consists of a single vertex, we refer to it as a
cutvertex. Analogously, if an edge cut consists of a single edge, we refer to it as a bridge. If an
edge cut forms a cycle, we refer to it as separating cycle. A separating cycle of length 3 is called
separating triangle.

A graph that contains no simple cycle is called a forest. A connected forest is known as a tree.
It is well-known that a tree contains exactly n — 1 edges, and that there is a unique simple path
between every pair of vertices. A tree T = (V, E) is usually considered as rooted ina root r € V.
In a rooted tree, the edges are directed such that indeg(r) = 0 and indeg(v) = 1 for every
other vertex v € V \ {r}. A vertex v € V is called a leaf if indeg(v) = 1and outdeg(v) = 0.
If (u,v) is an edge of T, we call u a parent of v and v a child of u. Similarly, we call u an
ancestor of v and v a successor of u if there exists a (directed) path from u to v. We define a
subtree T[v] of a tree to be the induced subgraph T[ V'] with V' = {u | u is a successor of v}.
Consequently, v is the root of T[v].

A caterpillar is a tree that consists of a path, called spine, and a set of leaves that are connected
to the spine. An edge between a leaf and a spine vertex is called a leg. Another subclass of
trees are stars, which consist of a set of leaves and a single vertex that is connected to all leaves,
called center. A wheel consists of a star and a cycle that connects all leaves of the star.
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Figure 2.1: Two different IC-planar embeddings of the same graph with the same rotation
system.

A graph G = (V, E) is called bipartite if the set of vertices can be decomposed into two
disjoint sets V; and V, with V = V; U V; and Vi n V; = &, such that all edges are incident to a
vertex of each set: E € {(u,v) | u € V1, v € V,}. A matching is a bipartite graph of maximum
degree 1.

2.2 Graph Drawing

A drawing of a graph G = (V, E) is a mapping T of G into the plane R*. Each vertex v € V is
mapped to a distinct point I'(v), that is, I'(u) # T'(v) for any other vertex u # v. Each edge e =
(u,v) € E is mapped to a simple Jordan curve I'(e) between the endpoints I'(u) and T'(v)
of e. The relative interior of the curve I'(e) does not contain I'(w) for any vertex w € V.

We say that two edges e; and e, cross in a drawing T if the relative interiors of I'(e;)
and I'(e;) share a point. We call e; and e; crossing edges and the common point a crossing
point. We do not allow edges to overlap, that is, to share an infinite number of points. A
drawing is planar if edges do not cross, and I-planar if each edge is crossed at most once. An
IC-planar drawing is a special case of a 1-planar drawing where each vertex is incident to at
most one crossing edge. Following Euler’s formula, a planar graph has at most 3n — 6 edges, a
I-planar graph has at most 4n — 8 edges, and an IC-planar graph has at most 131/4 — 6 edges.

A drawing T of a graph G induces an embedding £(G), which is the class of topologically
equivalent drawings. An embedding specifies faces, whose boundary consists of a cyclic
sequence of edges between two vertices and of segments of edges from a vertex to a crossing
point or from a crossing point to a crossing point. We say that a vertex u is incident to a face f
in £(G) if u lies on the boundary of f. Incident edges are defined analogously. A triconnected
planar graph has a unique planar embedding: the faces of the embedding are exactly the
non-separating cycles of the graph.

An embedding can also be defined by a rotation system, that is, the circular order of the
incident edges around a vertex. Note that both definitions are equivalent for planar graphs.
For non-planar graphs, the rotation system can directly be retrieved from a drawing or an
embedding. The converse does not necessarily hold, as shown in Figure[2.1}

In every drawing, there is exactly one face of infinite area, called the outer face. All other
faces, called inner faces, are bounded by their surrounding edges. In outerplanar graphs, there
is an embedding in which all vertices are incident to the outer face. Note that every drawing
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induces a unique embedding, but for every embedding there is an infinite number of realizing
drawings.

The planarization G* of an embedding with crossings is obtained by treating the crossing
points of two edges as specialized vertices of degree at least 4 and the edge segments as new
edges. The planar embedding of G* is inherited from £(G), and the embeddings can be taken
as synonyms, in particular for an algorithmic treatment. In general, we assume that no more
than two edges cross in a single point.

Let G be a graph property, for example, planar, 1-planar, IC-planar, or Rac. An embedding
is maximal-G if no further edge can be added without violating G. We call the operation
of adding edges to make a graph maximal-G a maximal-G augmentation. A graph G € G is
maximal-G if every G-embedding is maximal-G. Such graphs are maximally dense since the
addition of an edge destroys the defining property.

An embedding £(G) of a planar graph G, called primal graph, induces a dual graph G*.
The dual graph consists of a vertex corresponding to each face in £(G), and an edge between
each pair of neighboring faces. This property is symmetric, meaning that G is the dual graph
of G*. Since any triconnected graph has a unique embedding, it induces a unique dual graph.
A weak dual is the subgraph of the dual graph after removal of the vertex corresponding to
the outer face. The weak dual can be used to get an alternative definition for outerplanar
graphs: A graph is outerplanar if and only if its weak dual is a tree. Similarly, we can define an
outerpath as a graph whose weak dual is a path.

The drawing style or layout determines the types of curves used to draw the edges. In
straight-line or geometric drawings, every edge is represented by the straight-line segment that
connects the representation of its endpoints. In polyline drawings, each edge consists of a
finite number of edge segments. The touching points of these segments are called bends. A
special type of polyline drawings are orthogonal drawings, in which every segment has to be
horizontal or vertical. Note that orthogonal drawings restrict vertex degrees to at most 4. In
circular-arc drawings, every edge is drawn as a segment of a circle. A (strictly) convex drawing
is a drawing in which every face is (strictly) convex. A monotone drawing is a straight-line
drawing such that, for every pair of vertices, there exists a path that monotonically increases
with respect to some direction. A drawing is strongly monotone if this direction is the vector
between the representation of the two vertices.

For planar graphs, many quality measures are well-studied. The most common measure
is the drawing area. If a graph is drawn such that all its vertices lie on the integer grid, the
area is defined by the width, that is, the difference between the extremal x-coordinates, and
the height, that is, the difference between the extremal y-coordinates. If the vertices are not
drawn on the integer grid, the area can be measured as the maximum distance over all pairs
of vertices over the minimum distance over all pairs of vertices. Note that the area is bounded
from below by the ratio between the length of the longest and the length of the shortest edge
in the drawing. Another important quality measure is the angular resolution of a drawing.
The angular resolution measure is defined as the smallest angle formed by any pair of edges
that meet at a common vertex. For a graph with maximum degree d, a drawing has perfect
angular resolution if the angular resolution is 27/d.

For non-planar graphs, there are different approaches to make the drawing appealing. In
general, a drawing with many crossings is harder to comprehend than a drawing with fewer
crossings. However, minimizing the number of crossings is NP-hard [GJ83]}, even for graphs
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that become planar after removal of a single edge [CM13]. Another optimization criterion is
the maximization of crossing angles, that is, the angles between two edges in a crossing point.
A drawing in which all crossing angles are optimal, that is, 90°, is called a right-angle crossing
(Rac) drawing.

2.3 Complexity

For algorithms and problems on graphs, we often analyze the complexity. There are two
fundamental types of problems. Decision problems are yes-or-no questions, for example,
whether a graph is planar. In optimization problems, we do not look for the existence of a
solution, but for a best solution according to a given target function, for example, a drawing of
a graph with the minimum number of crossings. In a maximization problem, a best solution is
one that maximizes the value of the target function. Analogously, in a minimization problem,
a best solution is one that minimizes the value of the target function.

When talking about the running time of an algorithm, we usually analyze the asymptotic
running time, which is described by the big O notation. Let f:N — N be a function that maps
the input size of a problem to the time that the algorithm requires to solve the problem. Then,
we denote by

O(f)={g:N->N|3c>0,npeN Vu2ng:g(n)<c-f(n)}

the class of functions that asymptotically grow at most as fast as f. We say that the running
time g of an algorithm lies in the order of f if g € O(f).

If the running time of an algorithm lies in O(#*) for some constant k > 0, then the
algorithm is called a polynomial-time or efficient algorithm. The class P consists of all decision
problems for which a deterministic algorithm exists that solves the problem in polynomial
time. Similarly, the class NP consists of all decision problems for which a nondeterministic
algorithm exists that solves the problem in polynomial time. It holds that P € NP, however, it
is a long standing open problem whether P = NP or P ¢ NP.

A problem A is NP-hard if every problem B € NP can be reduced to A in polynomial time.
A reduction from B to A is a transformation that maps any instance J of B to an instance I of A
such that there is a valid solution for J if and only if there is a valid solution for I. Consequently,
if we can solve one NP-hard problem in polynomial time, then we can solve every problem
in NP efficiently. Since the common conjecture is that P # NP, most people do not expect
that an NP-hard problem can be solved efficiently. A problem is NP-complete if it is NP-hard
and in NP.

An NP-hard problem is weakly NP-hard if there is an algorithm for the problem with
running time polynomial in the dimension of the problem and the magnitude of the input
numbers if they are encoded in unary. Such an algorithm is called pseudo-polynomial; see
Garey and Johnson [GJ]79]]. On the contrary, a problem is strongly NP-hard if it remains
NP-hard even when the magnitude of the input numbers are encoded in unary; see Garey
and Johnson [GJ78]. Weak and strong NP-completeness are defined analogously.

Usually, NP-hardness is proven by a reduction from a known NP-hard problem. In this
book, we use the following NP-hard problems for NP-hardness proofs.
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Sat The Boolean satisfiability problem (SAT) is the first problem known to be NP-complete,
and is used as a starting point for proving NP-hardness of any other problem [Coo71]. A Sar
formula is built from Boolean variables, the operators AND (denoted by A), OR (denoted
by v), and NOT (denoted by -). A Sar formula is called satisfiable if it is true for some
assignment of Boolean values to the variables. SAT is the problem of deciding whether a given
SaT formula is satisfiable.

A literal | is either a variable x or the negation of a variable —x. A clause ¢ is a disjunction
of literals I;, .. ., kg, thatis, c = (; v... Vv ;). A formula F is in conjunctive normal form if
it is a conjunction of clauses cy, ..., ¢y, thatis, F = ¢; A... A ¢ It is known that every SaT
formula can be converted into an equivalent formula in conjunctive normal form. However,
the size of the formula can rise exponentially by this conversion.

3Sat The 3-satisfiability problem (3SAT) is a special version of SAT. A 3SAT formula is a
formula in conjunctive normal form in which every clause consists of at most three literals.
This problem is also NP-complete; see Karp’s famous list of 21 NP-complete problems [Kar72].
On the other hand, the 2-satisfiability problem (2SaT), in which every clause consists of at
most two literals, can be solved efficiently; see Krom [Kro67].

Planar-3Sat The planar 3-satisfiability problem (PLANAR-3SAT) is a version of 3SAT that
is often used to prove NP-hardness of planar graph drawing problems. An instance of 3SAT
with a set X of variables and a set C of clauses is in PLANAR-3SAT if and only if the bipartite
graph GXC = (X U C,Exc) with

Exc={(x,¢c)|xecor-xec,xeX,ceC}

is planar. Thus, there is an edge connecting a variable x € X to a clause c € Cif x or -x isa
literal of c.

1-Planarity testing 1-PLANARITY TESTING is the problem of testing whether a given graph
is I-planar. It was shown by Grigoriev and Bodlaender [GB07] to be NP-complete. The
problem remains NP-complete even if the input graph is a maximal planar graph with one
additional edge [CM13].

Recall that NP-hard problems are not expected to admit efficient algorithms. However, for
optimization problems, we can still try to find a feasible solution that is close to optimal.

A usual approach for this is an approximation algorithm. For an instance I of an optimization
problem IT, suppose that the value of an optimal solution is OPT}, and there is an algorithm
that finds a solution with value ALG;. If IT is a minimization problem, then this algorithm
is an a-approximation algorithm if there is a factor a > 1 such that ALG; < « - OPT| for
every instance I of II. Analogously, if IT is a maximization problem, then this algorithm is
an a-approximation algorithm if there is a factor 0 < & < 1 such that ALG; > o - OPT] for
every instance I of IT. We call the algorithm an a-approximation, and « is the approximation
factor of the algorithm. Note that o does not necessarily have to be a constant; there are also
approximation algorithm whose approximation factor depends on the input size. If « is a
constant, we call the algorithm a constant-factor approximation algorithm.
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A polynomial-time approximation scheme (PTAS) is an approximation algorithm that,
given an instance of an optimization problem and a factor ¢ > 0, solves the problem with
approximation factor 1 + . The running time of a PTAS is required to be polynomial in the
input size for every fixed e. Usually, the running time heavily depends on ¢. For example, a
PTAS can have a running time of n°(/¢), The term PTAS can also be used to refer to the class
of optimization problems that have a PTAS.

The class APX is the set of optimization problems for which a constant-factor approximation
algorithm with polynomial running time exists. A problem A is called APX-hard if there is a
PTAS reduction from every problem B € APX to A, that is, a transformation that maps any
instance J of B to an instance I of A such that a (1 + ¢)-approximation to I yields a (1+ f(¢))-
approximation to J, for some surjective function f:R* — R*. A problem is APX-complete if it
is APX-hard and in APX. Under the assumption that P # NP, it holds that PTAS # APX, that
is, no APX-hard problem has a PTAS. In this book, we use the following APX-hard problems
as starting points of APX-hardness reduction.

Gap The Generalized Assignment Problem (Gap) is defined as follows. Given a set X of
items xi,...,x, and a set B of bins by, ..., b,. Each bin b; is associated with a budget w;, and
each item x; has a profit p;; and a weight w;; depending on the bin it is placed in. A solution
to GAP is an assignment of each item into at most one bin, such that, for each bin b;, the
sum of the weights w;; of the items that are assigned to the bin does not exceed its budget w;.
The profit of a solution is the sum of the profits p;; for each item-bin assignment. The goal
is to find a solution with maximum profit. Chekuri and Khanna [CKO05] proved that Gap is
APX-hard.

3DM The 3-dimensional matching problem (3DM) is a generalization of the efficiently solv-
able bipartite matching problem, that is, finding a maximum matching in a bipartite graph.
In 3DM, the input is not a graph as we know it, but a 3-dimensional hypergraph, that is, an
edge does not connect two but three vertices. The value of a solution is the number of picked
hyperedges. More formally, an instance of this problem is given by three disjoint sets X, Y, Z
with cardinalities | X| = |Y| = |Z| = k and a set E € X x Y x Z of hyperedges. The objective
is to find a matching M ¢ E, such that no element of V = X U Y U Z is contained in more
than one hyperedge in M and such that |M| is maximized. This problem was shown to be
APX-hard by Fleischer et al. [FGMSII].
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Multi-Sided Boundary Labeling

Label placement is an important problem in cartography and, more generally, information
visualization. Features such as points, lines, and regions in maps, diagrams, and technical
drawings often have to be labeled so that users understand better what they see. Even very
restricted versions of the label-placement problem are NP-hard [vKSW99], which explains
why labeling a map manually is a tedious task that has been estimated to take 50% of total
map production time [Mor80]. The ACM Computational Geometry Impact Task Force
report [Cc99] identified label placement as an important research area. The point-labeling
problem in particular has received considerable attention, from practitioners and theoreticians
alike. The latter have proposed approximation algorithms for various objectives (label number
versus label size), label shapes (such as axis-parallel rectangles or disks), and label-placement
models (so-called fixed-position models versus slider models).

The traditional label-placement models for point labeling require that a label is placed
such that a point on its boundary coincides with the point to be labeled, the site. This can
make it impossible to label all sites with labels of sufficient size if some sites are very close
together. For this reason, Freeman et al. [FMC96|] and Zoraster [Zor97] advocated the use
of leaders, (usually short) line segments that connect sites to labels. In order to ensure that
the background image or map remains visible even in the presence of large labels, Bekos
et al. [BKSW07] took a more radical approach. They introduced models and algorithms
for boundary labeling, where all labels are placed beyond the boundary of the map and are
connected to the sites by straight-line or rectilinear leaders (see Figure[3.1).

Problem statement. Following Bekos et al. [BKSWO07] we define the BOUNDARY LABEL-
ING problem as follows. We are given an axis-parallel rectangle R = [0, W] x [0, H], which
is called the enclosing rectangle, a set P ¢ R of n points py, ..., p,, called sites, within the
rectangle R, and a set L of m < n axis-parallel rectangles €, .. ., £,, of equal size, called labels.
The labels lie in the complement of R and touch the boundary of R. No two labels overlap. We
denote an instance of the problem by the triplet (R, L, P). A solution of a problem instance is
a set of m curves cy, ..., ¢,, in the interior of R, called leaders, that connect sites to labels such
that the leaders

a) induce a matching between the labels and (a subset of) the sites,
b) touch the associated labels on the boundary of R.

Following previous work, we do not define labels as the text associated with the sites, but as
the empty rectangles into which that text will be placed (during a post-processing step). This
approach is justified by our assumption that all label rectangles have the same size.

A solution is planar if the leaders do not intersect. We call an instance solvable if a planar
solution exists. Note that we do not prescribe which site connects to which label. The endpoint



Chapter 3 Multi-Sided Boundary Labeling

Tvangelischer
Kindergarten

[Kindertagesstatie
St. Stephan

Kinderhaus Evangelische Evangelischer | [Kindertagesstatte
Kunterbunt | [Kindertagesstiitte| | Kindergarten St. Stephan

T=

Tvangelische
Kindertagesstiittel

Kinderhaus
Kunterbunt.

Tagegruppe

Sterntaler

Kind en

X Marienhaus
STAdTsChcr

Kindergarten
= StAdTscher
Kindergarten

% Marienstraie

Stidischor
Kindergarten

(a) straight-line leaders (b) opo-leaders

Kinderhaus ‘ Tvangolischer
Kunterbunt Kindergarten

[Kindo
St

Tvangelische
Kindertagesstiitte]

Tvangelischer
Kindergarten

(c) po-leaders

Figure 3.1: Labeling of kindergartens in Karlsruhe, Germany. The pictures show different
types of leaders with labels on adjacent sides of the map. For better readability, we have
simplified the label texts.

of a curve at a label is called a port. We distinguish two versions of the BOUNDARY LABELING
problem: either the position of the ports on the boundary of R is fixed and part of the input,
or the ports slide, that is, their exact location is not prescribed.

We restrict our solutions to po-leaders, that is, starting at a site, the first line segment of a
leader is parallel (p) to the side of R touching the label it leads to, and the second line segment
is orthogonal (o) to that side; see Figure[3.1d} (Figure3.1b|shows a labeling with so-called opo-
leaders, which were investigated by Bekos et al. [BKSW07]). Bekos et al. [BKPSI0} Figure 16]
observed that not every instance admits a planar solution with po-leaders in which all sites
are labeled (even if m = n).

Previous and related work. For po-labeling, Bekos et al. [BKSWO07] gave a simple
quadratic-time algorithm for the one-sided case that, in a first pass, produces a labeling
of minimum total leader length by matching sites and ports from bottom to top. In a second
pass, their algorithm removes all intersections without increasing the total leader length. This
result was improved by Benkert et al. [BHKN09] who gave an O(#n log n)-time algorithm for
the same objective function and an O(#?)-time algorithm for a very general class of objective
functions, including, for example, bend minimization. They extend the latter result to the
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Figure 3.2: Length-minimal solutions may have crossings. By increasing A, we can make the
ratio between the length-minimal matching and the length-minimal crossing-free matching
arbitrarily small.

two-sided case (with labels on opposite sides of R), resulting in an O(n®)-time algorithm. For
the special case of leader-length minimization, Bekos et al. [BKSW07] gave a simple dynamic
program running in O(n?) time. All these algorithms work both for fixed and sliding ports.

Leaders that contain a diagonal part have been studied by Benkert et al. [BHKNO09]] and
by Bekos et al. [BKNSIO]. Recently, Nollenburg et al. [NPSI0] have investigated a dynamic
scenario for the one-sided case, Gemsa et al. [GHNII|] have used multi-layer boundary labeling
to label panorama images, and Fink et al. [FHS"12] have boundary labeled focus regions, for
example, in interactive on-line maps. Lin et al. [LKY08]| consider boundary labeling where
more than one site may be labeled by the same label. Lin [LinI0] and Bekos et al. [BCF13]
study hyperleaders that connect each label to a set of sites.

At its core, the boundary labeling problem asks for a non-intersecting perfect (or maximum)
matching on a bipartite graph. Note that an instance may have a planar solution, although
all of its leader-length minimal matchings have crossings. In fact, the ratio between a length-
minimal solution and a length-minimal crossing-free matching can be arbitrarily bad; see
Figure When connecting points and sites with straight-line segments, the minimum
Euclidean matching is necessarily crossing-free. For this case an O (n**¢)-time O(n'*¢)-space
algorithm exists [AES99].

Boundary labeling can also be seen as a graph-drawing problem where the class of graphs
to be drawn is restricted to matchings. The restriction concerning the positions of the graph
vertices (that is, sites and ports) has been studied for less restricted graph classes under the
name point-set embeddability (PSE), usually following the straight-line drawing convention
for edges [GMPPOI]|. For polygonal edges, Bastert and Fekete [BE96] proved that PSE with
minimum number of bends or minimum total edge length is NP-hard, even when the graph
is a matching. For minimizing the total edge length and the same graph class, Liebling et
al. [LMM™*95] introduced heuristics and Chan et al. [CHKLI3] presented approximation
algorithms. Chan et al. also considered paths and general planar graphs. PSE has also been
combined with the ortho-geodesic drawing convention [KKRWI10]|, which generalizes po-
labeling by allowing edges to have more than one bend. The case where the mapping between
ports and sites is given has been studied in VLSI layout [RCS86].

Our contribution. In the first part of the chapter, we investigate the problem Two-SIDED
BOUNDARY LABELING WITH ADJACENT SIDES where all labels lie on two adjacent sides of R,
without loss of generality, on the top and right side. Note that point data often comes in a
coordinate system; then it is natural to have labels on adjacent sides (for example, opposite
the coordinate axes). We argue that this problem is more difficult than the case where labels
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lie on opposite sides, which has been studied before: with labels on opposite sides, (a) there
is always a solution where all sites are labeled (if m = n) and (b) a feasible solution can be
obtained by considering two instances of the one-sided case.

We present an algorithm that, given an instance with # labels with fixed ports and # sites,
decides whether a planar solution exists where all sites are labeled and, if yes, computes a
layout of the leaders (see Section[3.2). Our algorithm uses dynamic programming to “guess” a
partition of the sites into the two sets that are connected to the leaders on the top side and on
the right side. The algorithm runs in O(n?) time and uses O(n) space.

We study several extensions of our main result (see Section. First, we show that our
approach for fixed ports can also be made to work for sliding ports. Second, we optimally
solve the label-number maximization problem (in O(n°logn) time using O(#n) space). This
is interesting if the position of the sites and labels does not allow for a perfect matching or
if there are more sites than labels. Finally, we present a modification of our algorithm that
minimizes the leader length (in O(n®logn) time and O(n®) space).

In the second part of the chapter, we investigate the problems THREE-SIDED BOUNDARY
LABELING and FOUR-SIDED BOUNDARY LABELING where the labels may lie on three or even
all four sides of R, respectively. To that end we generalize the concept of partitioning the sites
labeled by leaders of different sides. In this way we obtain subinstances that we can solve
using the algorithm for the two-sided case. We obtain an algorithm solving the four-sided
case in O(n°) time and O(n) space and an algorithm solving the three-sided case in O(n*)
time and O(n) space. Except for the leader-length minimization, all extensions presented
previously extend to the three- and four-sided case, of course with a corresponding impact
on the running time and space requirements.

Notation. We call the labels that lie on the right (left / top / bottom) side of R right (left /
top / bottom) labels. The type of a label refers to the side of R on which it is located. The type
of a leader (or a site) is simply the type of its label. We assume that no two sites lie on the
same horizontal or vertical line, and no site lies on a horizontal or vertical line through a port
or an edge of a label.

For a solution £ of a boundary labeling problem, we define several measures that will be
used to compare different solutions. We denote the total length of all leaders in £ by length(L).
Moreover, we denote by | |, the total length of all horizontal segments of leaders that connect a
left or right label to a site. Similarly, we denote by | L], the total length of the vertical segments of
leaders that connect top or bottom labels to sites. Note that generally, |£|, +|L], # length(L).

We denote the (uniquely defined) leader connecting a site p to a port ¢ of alabel £by A(p, t).
We denote the bend of the leader A(p, t) by bend(p, t). In the case of fixed ports, we identify
ports with labels and simply write A(p, €) and bend(p, £), respectively.

3.1 Structure of Two-Sided Planar Solutions

In this section, we tackle the two-sided boundary labeling problem with adjacent sides by
presenting a series of structural results of increasing strength. We assume that the labels are
located on the top and right sides of R. For simplicity, we assume that we have fixed ports.
By identifying the ports with their labels, we use L to denote the set of ports of all labels. For
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Figure 3.3: Illustration of the proof of Lemma[3.1} Rerouting A(p, £) and A(p’, £') to A(p, €')
and A(p’, €) changes leaders only on the boundary of K’

sliding ports, we can simply fix all ports to the bottom-left corner of their corresponding
labels. First we show that a planar two-sided solution admits a transformation sustaining
planarity such that the result of the transformation can be split into two one-sided solutions by
constructing an x y-monotone, rectilinear curve from the top-right to the bottom-left corner
of R; see Figure Afterwards, we provide a necessary and sufficient criterion to decide
whether there exists a planar solution for a given separation. This will form the basis of our
dynamic programming algorithm, which we present in Section 3.2}

Lemma 3.1. Consider a solution L for (R, L, P) and let P' ¢ P be sites of the same type.
Let L' € L be the set of labels of the sites in P'. Let K € R be a rectangle that contains all bends
of the leaders of P'. If the leaders of P \ P’ do not intersect K, then we can rematch P’ and L'
such that the resulting solution L' has the following properties:

(i) all intersections in K are removed,

(ii) there are no new intersections of leaders outside of K,
(i) |£') = |l |1, = 1
(iv) length(L") < length(L).

X

y» and

Proof. Without loss of generality, we assume that P’ contains top sites; the other cases are
symmetric. We first prove that, no matter how we change the assignment between P’ and L,
new intersection points can arise only in K. This enables us to construct the required solution.

Claim 1. Let £,¢' € L’ and p, p’ € P’ such that ¢ labels p and ¢ labels p’. Changing the
matching by rerouting p to ¢ and p’ to £ does not introduce new intersections outside of K.

Let K’ € K be the rectangle spanned by bend(p, £) and bend(p’, €'). When rerouting, we
replace A(p,€) U A(p’, £') restricted to the boundary of K’ by its complement with respect to
the boundary of K'; see Figure[3.3|for an example. Thus, any changes concerning the leaders
occur only in K’. The statement of the claim follows.

Since any rerouting can be seen as a sequence of pairwise reroutings, the above claim
shows that we can rematch L” and P’ arbitrarily without running the risk of creating new
conflicts outside of K. To resolve the conflicts inside K, we use the length-minimization
algorithm for one-sided boundary labeling by Benkert et al. [BHKN09], with the sites and
ports outside K projected onto the boundary of K. Thus, we obtain a solution £’ satisfying
properties (i)-(iv). O
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Figure 3.4: An «xy- Figure 3.5: A planar solution that contains any of the above
separating curve of a four patterns P1-P4 is not x y-separated.
planar solution.

Definition 3.1. We call an x y-monotone, rectilinear curve connecting the top-right to the
bottom-left corner of R an x y-separating curve. We say that a planar solution to Two-SIDED
BOUNDARY LABELING WITH ADJACENT SIDES is x y-separated if and only if there exists an
x y-separating curve C such that

a) the sites that are connected to the top side and all their leaders lie on or above C

b) the sites that are connected to the right side and all their leaders lie below C.

It is not hard to see that a planar solution is not x y-separated if there exists a site p that
is labeled to the right side and a site g that is labeled to the top side with x(p) < x(g) and
y(p) > y(q). There are exactly four patterns in a possible planar solution that satisfy this
condition; see Figure[3.5 In Lemma[3.2} we show that these patterns are the only ones that
can violate x y-separability.

Lemma 3.2. A planar solution is x y-separated if and only if it does not contain any of the
patterns P1-P4 in Figure[3.5

Proof. Obviously, the planar solution is not x y-separated if one of these patterns occurs. Let
us assume that none of these patterns exists. We construct an x y-monotone curve C from
the top-right corner of R to its bottom-left corner. We move to the left whenever possible,
and down only when we reach the x-coordinate of a site p that is connected to the top, or
when we reach the x-coordinate of a port of a top label, labeling a site p. If we have to move
down, we move down as far as necessary to avoid the corresponding leader, namely down to
the y-coordinate of p. Finally, when we reach the left boundary of R, we move down to the
bottom-left corner of R. If C is free of crossings, then we have found an x y-separating curve.
(For an example, see curve C in Figure )

Assume for a contradiction, that a crossing arises during the construction, and consider
the topmost such crossing. Note that, by the construction of C, crossings can only occur with
leaders that connect a site p to a right port . We distinguish two cases, based on whether the
crossing occurs on a horizontal or a vertical segment of the curve C.

If C is crossed on a vertical segment, then this segment belongs to a leader connecting a
site g to a top port t, and we have reached the x-coordinate of either the port or the site. Had
we, however, reached the x-coordinate of the port, this would imply a crossing between A(p, r)
and A(q, t). Thus, we have reached the x-coordinate of q. This means that p lies to the left of
and above g, and we have found one of the patterns[(PT)|and [(P2)} see Figure[3.5]
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If C is crossed on a horizontal segment, then p must lie above r. Otherwise, there would
be another crossing of C with the same leader, which is above the current one. This would
contradict the choice of the topmost crossing. Consider the previous segment of C, which
is responsible for reaching the y-coordinate of the current segment. This vertical segment
belongs to a leader connecting a site g to a top port t. Since leaders do not cross, g is to
the right of p, and the crossing on C implies that g is below p. We have found one of the

patterns and see Figure O
Observe that patterns and can be transformed into patterns and respec-

tively, by mirroring the instance diagonally. Next, we prove constructively that, by rerouting
pairs of leaders, any planar solution can be transformed into an x y-separated planar solution.

Proposition 3.1. If there exists a planar solution £ to Two-SIDED BOUNDARY LABELING WITH
ADJACENT SIDES, then there exists an xy-separated planar solution L' with length(L") <
length(L), |L'|x < |L]y, and |L], < |L],.

Proof. Let L be a planar solution of minimum total leader length. We show that £ is x y-
separated. Assume, for the sake of contradiction, that L is not xy-separated. Then, by
Lemma 3.2} £ contains one of the patterns Without loss of generality, we can
assume that the pattern is of type[(P3)]or Otherwise, we mirror the instance diagonally.

Consider all patterns (p, q) in £ of type or[(P4)|such that p is a right site (with port r)
and q is a top site (with port t). Among all such patterns, consider the ones where p is
rightmost and among these pick one where g is bottommost. Let A be the rectangle spanned
by p and t; see Figure[3.6]. Let A’ be the rectangle spanned by bend(q, t) and p. Let B be the
rectangle spanned by g and r. Let B be the rectangle spanned by g and bend(p, r). Then we
claim the following:

(i) Sites in the interiors of A and A’ are connected to the top.

(i) Sites in the interiors of B and B’ are connected to the right.

Property (i) is due to the choice of p as the rightmost site involved in such a pattern. Similarly,
property (ii) is due to the choice of q as the bottommost site that forms a pattern with p. This
settles our claim.

Our goal is to change the labeling by rerouting p to t and q to r, which decreases the
total leader length, but may introduce crossings. We then use Lemma [3.1| to remove the
crossings without increasing the total leader length. Let £ be the labeling obtained from £
by rerouting p to t and g to r. We have |L"|, < |L|, - (y(p) — y(q)) and [L"| = |L]|; -
(x(q) = x(p)). Moreover, length(L") < length(L) - 2(y(p) — y(q)), as at least twice the
vertical distance between p and q is saved; see Figure[3.6] Since the original labeling was
planar, crossings may only arise on the horizontal segment of A(p, t) and on the vertical
segment of A(g, 7).

By properties (i) and (ii), all leaders that cross the new leader A(p, t) have their bends
inside A’, and all leaders that cross the new leader A(q, r) have their bends inside B’. Thus,
we can apply Lemma|3.]]to the rectangles A’ and B’ to resolve all new crossings. The resulting
solution £’ is planar and has length less than length(£). This is a contradiction to the choice
of L. O

Since every solvable instance of Two-SIDED BOUNDARY LABELING WITH ADJACENT SIDES
admits an x y-separated planar solution, it suffices to search for such a solution. Moreover, an
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Figure 3.6: Types (top =1/ right = —) of the sites inside rectangles A, A’, B, and B'.

x y-separated planar solution that minimizes the total leader length is a solution of minimum
length. In Lemma3.3|we provide a necessary and sufficient criterion to decide whether, for a
given x y-monotone curve C, there is a planar solution that is separated by C. We denote the
region of R above C by Rt and the region of R below C by Rr. We do not include C in either
Ry or Ry, so these regions are open at C.

For any point a € R, we define the rectangle R,, spanned by the top-right corner of R and a.
We define R, such that it is closed but does not contain its top-left corner. In particular, we
consider the port of a top label as contained in R,, only if it is not the upper left corner.

A rectangle R, is valid if the number of sites of P above C that belong to R, is at least as
large as the number of ports on the top side of R,,. The central idea is that the labels on the top
side of a valid rectangle R, can be connected to the sites in R, by leaders that are completely
contained inside that rectangle. We are now ready to present the strip condition.

Condition 1. The horizontal strip condition of the point b € C is satisfied if there exists a
point a € Ry with y(a) = y(b) and x(a) < x(b) such that R, is valid.

Without loss of generality we may assume that the curve C is rectilinear. The condition is
named after the horizontal segments through points in C.

We now prove that, for a given x y-monotone curve C connecting the top-right corner to
the bottom-left corner of R, there exists a planar solution in Ry for the top labels if and only if
all points of C satisfy the strip condition.

Lemma 3.3. Let C be an xy-monotone curve from the top-right corner of R to the bottom-left
corner of R. Let P’ € P be the sites that are in Ry. There is a planar solution that uses all top
labels of R to label sites in P in such a way that all leaders are in Ry if and only if each point
of C satisfies the strip condition.

Proof. For the proof we call a region S C R balanced if it contains the same number of sites
as it contains ports. To show that the conditions are necessary, let £ be a planar solution for
which all top leaders are above C. Consider a point b € C. If y(p) > y(b) for all sites p € P’,
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(a) (b) ()

Figure 3.7: The strip condition. The horizontal strip condition of b is satisfied by a.|(b)| The
horizontal segments of C partition the strips So, i, . . . , Sk.[(c)] Constructing a planar labeling
from a sequence of valid rectangles.

rectangle R, with a = (0, y(b)) is clearly valid, and thus the strip condition for b is satisfied.
Hence, assume that there is a site p € P’ with y(p) < y(b) that is labeled by a top label; see
Figure[3.7a] Then, the vertical segment of this leader crosses the horizontal line h through b.
Let a denote the rightmost such crossing of a leader of a site in P’ with h. We claim that R,
is valid. To see this, observe that all sites of P’ top-right of a are contained in R,. Since no
leader may cross the vertical segment defining a, the number of sites in R, N R is balanced,
that is, R, is valid.

Conversely, we show that if the conditions are satisfied, then a corresponding planar solution
exists. For each horizontal segment of C consider the horizontal line through the segment.
We denote the part of these lines within R by hy, . .., hj, respectively, and let iy be the top side
of R. The line segments h;, ..., h; partition Rt into [ strips, which we denote by Sy,..., S;
from top to bottom, such that strip S; is bounded by h; from below for i = 1,...,1; see
Figure Additionally, we define Sy to be the empty strip that coincides with k. Let Sk
be the last strip that contains sites of P’. For i = 0,...,k — 1, let a; denote the rightmost
point of h; N Ry such that R, is valid. Such a point exists since the leftmost point of h; n C
satisfies the strip condition. We define a; to be the point on /; N Rr, whose x-coordinate
is min;<;{x(a})}. Note that R,, is a valid rectangle, as, by definition, it completely contains
some valid rectangle Ry with x(a;») = x(a;). Also by definition the sequence formed by the
points a; has decreasing x-coordinates, that is, the R,, grow to the left; see Figure

We prove inductively that, for each i = 0,. .., k, there is a planar labeling £; that matches
the labels on the top side of R,, to points contained in R,,, in such a way that there exists
an x y-monotone curve C; from the top-left to the bottom-right corner of R,, that separates
the labeled sites from the unlabeled sites without intersecting any leaders. Then Ly is the
required labeling.

For i = 0, £y = @ is a planar solution. Consider a strip S; with 0 < i < k; see Figure[3.7d
By the induction hypothesis, we have a curve C;_; and a planar labeling £;_;, which matches
the labels on the top side of R,, , to the sites in R,, , above C;_;. To extend it to a planar
solution £;, we additionally need to match the remaining labels on the top side of R, and
construct a corresponding curve C;. Let P; denote the set of unlabeled sites in R,,. By the
validity of R,,, this number is at least as large as the number of unused ports at the top side
of R,,. We arbitrarily match these ports to the topmost sites of P; that are not labeled in £;_;.
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We denote the resulting labeling by L. We observe that no leader of £! crosses the curve C;_,
and hence such leaders cannot cross leaders in £;_;. Let & be the topmost horizontal line such
that all labeled sites of £/ lie above h. Further, let K be the rectangle that is spanned by the
top-left corner of R,,_, and the intersection of h with the left side of R,,. Since the ports of £’
lie on the top side of K, any leader’s bend of £} lies in K. We apply Lemma[3.JJon L/ to obtain
a planar labeling £/, which has no crossings with £;_;. Hence, the set £; = LY U £;_; is the
required labeling.

It remains to construct the curve C;. For this, we start at the top-left corner of R,, and
move down vertically, until we have passed all labeled sites. We then move right until we
either hit C;_; or the right side of R. In the former case, we follow C;_; until we arrive at
the right side of R. Finally, we move down until we arrive at the bottom-right corner of R,,.
Note that all labeled sites are above C;, unlabeled sites are below C;, and no leader is crossed
by C;. This is true since we first move below the new leaders and then follow the previous
curve C;_;. O]

A symmetric strip condition (with vertical strips) can be obtained for the right region Rg
of a partitioned instance. The characterization is completely symmetric.

In the following we observe two properties of the strip condition. The first observation
states that the horizontal strip condition at (x, y) is independent of the exact shape of the
curve between the top-right corner r of R and (x, y), as long as the number of sites above the
curve remains the same. This is crucial for using dynamic programming to test the existence
of a suitable curve. The second observation states that the horizontal strip condition can only
be violated when the curve passes the x-coordinate of a top site. This enables us to discretize
the problem.

Observation 3.1. The horizontal strip condition for a point a € C depends only on the number
of sites in R, above C, in the following sense: Let C and C' be two x y-monotone curves from r
to a with u sites in R, above C and C', respectively. Then, a satisfies the strip condition for C if
and only if it satisfies the strip condition for C'.

Observation 3.2. Let a,b € C,x(a) < x(b) such that there is no top site € with x(a) < x(€) <
x(b). Then, a satisfies the horizontal strip condition for C if and only if b satisfies the horizontal
strip condition for C.

Symmetric statements hold for the vertical strip condition. In the following, we say that a
point (x, y) on a curve C satisfies the strip condition if it satisfies both the horizontal and the
vertical strip condition.

3.2 Algorithm for the Two-Sided Case

How can we find an x y-monotone curve C that satisfies the strip conditions? For that pur-
pose we only consider x y-monotone curves contained in some graph G that is dual to the
rectangular grid induced by the sites and ports of the given instance. Note that this is not
a restriction since all leaders are contained in the grid induced by the sites and ports. Thus,
every x y-monotone curve that does not intersect the leaders can be transformed into an
equivalent x y-monotone curve that lies on G.
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Figure 3.8: The four boxes B'(s,t),B'(s,t), B=(s,t) and B~(s,t) defined by grid
point (s, t).

When traversing an edge e of G, we pass the x- or y-coordinate of exactly one entity of our
instance; either a site (site event) or a port (port event). When passing a site, the position of
the site relative to e (above/below e or right/left of e) decides whether the site is connected to
the top or to the right side. Clearly, there is an exponential number of possible x y-monotone
traversals through the grid. In the following, we describe a dynamic program that finds an
xy-separating curve in O(n*) time.

Let mpg and my be the numbers of ports on the right and top side of R, respectively. Also,
let N =n+mr +2and M = n + mpg + 2, then the grid G has size N x M. We define the grid
points as G(s, t),0 < s < N, 0 < t < M with G(0, 0) being the bottom-left and r := G(N, M)
being the top-right corner of R. Finally, let G, (s) := x(G(s,0)) and G, (t) == y(G(0, t)).

For each grid point (s, t) that is neither on the topmost row nor on the rightmost column,
we define four boxes B' (s, t), B'(s, t), B~ (s, t) and B~ (s, t) as follows; see Figure 3.8/ for an
illustration.

L B'(s,t) = {(x,y) € R| Gx(s) <x < Gy(s+1) Ay > G,(1)}

2. BY(s, 1) = {(x,y) € R| Gx(s) <x < Gy(s+1) Ay < G, (1)}

3. B7(s,t) ={(x,y) eR| G, (t) <y < Gy(t +1) Ax < Gi(5)}

4. B7(s,t) ={(%, ) € R|Gy(t) Sy < G, (t +1) Ax 2 Gy (s) }
We define a table T[(s, t), u, b] that assigns to each grid position (s, t) and number of points u
and b a Boolean value. We define T[(s, t), u, b] to be true if and only if there exists an x y-
monotone curve C satisfying the following conditions.

(i) Curve C starts at r and ends at G(s, t).

(ii) Inside the rectangle spanned by r and G(s, t), there are u sites of P above C and b sites

of P below C.
(iii) For each grid point on C, the strip condition holds.

These conditions together with Proposition [3./and Lemma [3.3]imply that the instance
admits a planar solution if and only if T[(0,0), u, b] = true for some u and b.

We define a Boolean function S[(s, t), u, b] that is true if and only if the strip condition
at (s, t) is satisfied for some x y-monotone curve C (and thus by Observation[3.1/for all such
curves) from r to G(s, t) with u sites above and b sites below C. The following lemma gives a
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recurrence for T, which is essentially a disjunction of two values, each of which is determined

by distinguishing three cases.

Lemma 3.4. Fors= N and t = M, it holds that T[(s, t),0,0] = true. Fors € [0, N —1] and
t € [0, M - 1], it holds that

T[(s+1,¢t),u,b] AS[(s, ), u,b] LnB'(s,t) + @

T[(s+1,¢t),u—1,Db] if PnB'(s,t)#@

T[(s+1,t),u,b] PNB'(s,t) + &
T[(s,t),u,b] = V

T[(s,t+1),u,b] AS[(s, t),u,b] LnB7(s,t)+ @

T[(s,t+1),u,b-1] if PNnB~(s,t)*@

T[(s,t+1),u,b] PnB(s,t)+ @

Proof. 'We show equivalence of the two terms. Let C be an x y-monotone curve from r to (s, ).
Let e be the last segment of C and let C’ = C - e. Since C is xy-monotone, C’ ends either
at the grid point (s + 1, ¢) or at (s, t + 1). Without loss of generality, we assume that C’ ends
at (s +1,¢). We show that T[(s, t), u, b] = true if and only if the first term of the right hand
side is true. Analogous arguments apply for C’ ending at (s, t +1) and the second term. Note
that, by construction, property (i) is satisfied for C and C’.

We distinguish cases based on whether the traversal along the segment e from (s + 1, ¢)
to (s, t) is a port event or a site event.

Case 1: Traversal of e is a port event. Since e passes a port, all sites that lie in the rectangle
spanned by r and G(s, t) also lie in the rectangle spanned by r and G(s + 1,¢). Thus, the
numbers u and b of such sites above and below C is the same as the numbers of sites above
and below C’, respectively. Hence, property (ii) holds for C if and only if it holds for C’.

Because C' is a subset of C, the strip condition holds for every point of C if and only if it
holds for every point of C’ and for (s, t). Thus, property (iii) is satisfied for C if and only if it
is satisfied for C" and S[(s, t), u, b] = true.

Case 2: Traversal of e passes a site p. For property (iii), observe that, since the traversal of e
is a site event, the strip conditions for (s, ) and (s + 1, t) are equivalent by Observation 3.2]

For property (ii), note that, except for p, the sites that lie in the rectangle spanned by r
and G(s, t) also lie in the rectangle spanned by r and G(s + 1, t). If p lies above e, there are u
sites above and b sites below C if and only if there are u — 1 sites above and b sites below C’,
respectively. Symmetrically, if p lies below e, there are u sites above and b sites below C if and
only if there are u sites above and b — 1 sites below C’, respectively. In either case, C satisfies
condition (ii) if and only if C’ does. O

Clearly, the recurrence from Lemma 3.4] can be used to compute T in polynomial time
via dynamic programming. Note that it suffices to store u, as the number of sites below the
curve C can directly be derived from u and all sites that are contained in the rectangle spanned
by r and G(s, t). Thus, in the following we work with T[(s, t), u]. The running time crucially
relies on the number of strip conditions that need to be checked. We show that after a O(n?)
preprocessing phase, such queries can be answered in O(1) time.

To implement the test of the strip conditions, we use a table By, which stores in By [s, t] how
large a deficit of sites to the right can be compensated by sites above and to the left of G(s, t).
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That is, Br[s, t] is the maximum value k such that there exists a rectangle Kp, [, ;) with lower
right corner G(s, t) whose top side is bounded by the top side of R, and that contains k more
sites in its interior, than it has ports on its top side. Once we have computed this matrix, it is
possible to query the strip condition in the dynamic program that computes T in O(1) time
as follows: Assume we have an entry T[(s, t), u], and we wish to check its strip condition.
Consider a curve C from r to G(s, t) such that u sites are above C. The strip condition is
satisfied if and only if u + By [s, t] is at least as large as the number of top ports to the right
of G(s, t). This is true if the rectangle spanned by the lower left corner of K, [, and r
contains at least u + Br[s, t] sites, which is an upper bound on the number of ports on the
top side of that rectangle.

We now show how to compute By in O(n?) time. We compute each row separately, starting
from the left side. We initialize Br[0,¢] = 0 for t = 0,..., M, since in the final column, no
deficit can be compensated. The matrix B can be filled by a horizontal sweep. The entry Br[s, ¢]
can be derived from the already computed entry Br[s — 1, ¢]. If the step froms - 1to s is a
site event, the amount of the deficit we can compensate increases by 1. If it is a port event
the amount of the deficit we can compensate decreases by 1. Moreover, the compensation
potential never goes below 0. We obtain

Bu[s, 1] Br[s-1¢] +1 if step is site event,
s, t] =
! max{Br[s—1,¢t] —1,0} ifstep is port event.

The table can be clearly filled out in O(n?) time. A similar matrix By can be computed for
the vertical strips. Altogether, this yields an algorithm for Two-SIDED BOUNDARY LABELING
WITH ADJACENT SIDES that runs in O(#?) time and uses O(n°) space. However, the entries
of each row and column of T depend only on the previous row and column, which allows us
to reduce the storage requirement to O(n?). Using Hirschberg’s algorithm [Hir75], we can
still backtrack the dynamic program and find a solution corresponding to an entry in the last
cell in the same running time. We have the following theorem.

Theorem 3.1. Two-SIDED BOUNDARY LABELING WITH ADJACENT SIDES can be solved in O(n*)
time using O(n?) space.

Our next goal is to improve the performance of our algorithm by reducing the number of
dimensions of the table T by 1. As a first step, we show that for any search position ¢ = (s, t),
the set of all u with T[c,u] = true is an interval.

Lemma3.5. Let T[c,u] = T[c,u'] = true withu < u'. Then T[c,u"] = trueforu <u” <
!

u'.
Proof. Let C be a curve corresponding to the entry T[c, u]. That is C connects r to ¢ such
that any point on C satisfies the strip condition. Similarly, let C’ be a curve corresponding
to T[c, u']; see Figure[3.9

Since u and u’ differ, there is a rightmost site p, such that p is below C and above C’. Let v
and v’ be the grid points of C and C’ that are immediately to the left of p. Note that v is above v/
since C is above p and C’ is below it. Consider the curve C” that starts at r and follows C
until v, then moves down vertically to v/, and from there follows C’ to p. Obviously C” is an
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xy-monotone curve, and it has above it the same sites as C’, except for p, which is below it.
Thus there are u” = u’ — 1 sites above C” in the rectangle spanned by p and r. If all points
of C" satisfy the strip condition, then this implies T[c, u”] = true.

We show that indeed the strip condition is satisfied for any point on C”. Let C; be the
subcurve of C” that connects r to v, let C, be the segment vv' and let C; be the subcurve
of C" that connects v’ to c. Since C; is also a subcurve of C and it starts at r, it directly
follows that any point of C; satisfies the strip condition. For the points on C, we can argue as
follows. Since C, lies below C and any point of C satisfies the horizontal strip condition, any
point of C, must satisfy the horizontal strip condition. Analogously, because C, lies above C’
and any point of C’ satisfies the vertical strip condition, each point of C, must satisfy the
vertical strip condition. Finally, since C; is a subcurve of C’, any point of C’ satisfies the strip
condition and any point of C; and C, satisfies the strip condition, it directly follows that any
point of C; satisfies the strip condition. O

Using Lemma[3.5, we can reduce the dimension of the table T by 1. It suffices to store at
each entry T[c] the boundaries of the u-interval. This reduces the amount of storage to O(n?)
without increasing the running time. Using Hirschberg’s algorithm, the storage for T even
decreases to O(n). Tables Bt and By still have size O(n?), however.

Our next goal is to reduce the running time to O(n?). An entry in By [s, t] tells us which
deficits can be compensated. This can also be interpreted as a lower bound on the number
of sites a curve from r to G(s, t) must have above it, in order to satisfy the horizontal strip
condition. Namely, let 7,; denote the number of ports on the top side of the rectangle
spanned by G(s, t) and r. Then u > 7, — Br[s, t] is equivalent to satisfying the horizontal
strip condition for the strip directly above G(s, t). Similarly, the corresponding entry Bg[s, t]
gives a lower bound on the number of sites below such a curve, which in turn, together with
the number of sites contained in the rectangle spanned by G(s, t) and r implies an upper
bound on the number of sites above the curve. Thus, Bt, Bg, and the information on how
many sites, top ports and right ports are in the rectangle spanned by G(s, t) and r together
imply a lower and an upper bound, and thus an interval of u-values, for which the horizontal
and vertical strip conditions at G(s, t) is satisfied. Hence the program can simply intersect
this interval with the union of the intervals obtained from T[(s, ) — Ac], where Ac has exactly
one non-zero entry, which is 1. Consequently, the amount of work per entry of T is still O(1).
Note that by Lemma3.5|the result of this computation is again an interval.

Now, we turn to the space consumption. Hirschberg’s algorithm [Hir75] immediately
reduces the space consumption of T to O(n). We would like to apply the same trick to Bt and
to Bg. Recall that Bt is computed from left to right and Bg from bottom to top. Unfortunately,
this is opposite to the order we use for computing T, where we proceed from top-right to
bottom-left. We can fix this problem by running the dynamic programs for computing By
and By backwards, by precomputing the entries of By and By on the top and right side, and
then running the updates backwards. This allows us to use Hirschberg’s algorithm, and the
algorithms can run in a synchronized manner such that at any point in time the required data
is available, using only O(n) space.

A new issue, however, appears. The update Br s, t] = max{Br[s - 1,t] - 1,0} is not easily
reversible. When running the dynamic program backwards, it is not clear whether Br (s, f] =
0 implies Br[s — 1,¢] = 0 or Br[s — 1,¢] = 1 at a port step. To remedy this issue, fix a
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column s of the table corresponding to a port event and consider the circumstances under
which Br[s - 1,¢] =1 = -1, that is, Br[s — 1, t] = 0. This implies that, for any rectangle K
with lower right corner G(s — 1, t) whose top side is contained in the top side of R, there
are at most as many sites in K as there are ports in the top side of K. Assume that this is
the case for some fixed value ty, that is, Br[s — 1, #y]. Since the possible rectangles for an
entry Br[s — 1,¢] with t > #; contain at most as many sites as the ones for Br[s — 1, ],
this implies Br[s —1,%0] = Br[s — L, ¢] = 0 for all ¢ > #,. If on the other hand, t, is such
that Br[s — 1,¢y] > 0, then the rectangles corresponding to Br[s — 1, ¢] for ¢ < ¢, contain
at least as many sites as the ones for Br[s — 1, to], and we have Br[s — 1,f] > Br[s — 1, ]
for t < ty. Thus, there is a single gap o such that, for any ¢ > ¢, we have Br[s —1,¢] = 0 and,
for any < to, we have Br[s — 1, ] > 0; see Figure[3.10} Storing this gap for each column s that
is a port event allows us to efficiently reverse the dynamic program. Note that storing one
value per column only incurs O(n) space overhead. Of course, the same approach works for
the dynamic program computing Br. Overall, we have shown the following theorem.

Theorem 3.2. Two-SIDED BOUNDARY LABELING WITH ADJACENT SIDES can be solved in O(n?)
time using O(n) space.

3.3 Extensions

The techniques we used to obtain Theorem [3.2]can be applied to solve a variety of different
extensions of the two-sided labeling problem with adjacent sides. We now show how to

a) generalize to sliding ports instead of fixed ports,
b) maximize the number of labeled sites, and

¢) minimize the total leader length in a planar solution.

35



Chapter 3 Multi-Sided Boundary Labeling

3.3.1 Sliding Ports

First, observe that Proposition 3.1} which guarantees the existence of an x y-separated planar
solution, also holds for sliding ports. The same proofs apply by conceptually fixing the ports of
a given planar solution when applying the rerouting operations. The following lemma shows
that, without loss of generality, we can simply fix all ports at the bottom-left corner of their
corresponding labels. This immediately solves the problem.

Lemma 3.6. If there exists an xy-separated planar solution L for the two-sided boundary
labeling problem with adjacent sides and sliding ports, then there also exists an x y-separated
planar solution L' in which the ports are fixed at the bottom left corners of the labels.

Proof. We show how to transform £ into £’. Let C be the x y-monotone curve that separates
the top leaders from the right leaders of £. We move the ports induced by £ to the bottom-left
corner of their corresponding labels such that the assignment between labels and sites remains;
see Figurd3.11] Obviously, the bends of the leaders connected to the right side only move
downwards. Thus, the leaders lie entirely below C. Symmetrically, the bends of the leaders
connected to the top side only move to the left and thus these leaders lie entirely above C.
Consequently, only conflicts between the same type of leaders can arise. Consider the
topmost intersection of two leaders A(p,€) and A(p’, £") connected to the right side and
assume that p lies to the left of p’. Let K be the rectangle that is spanned by the bends
of A(p, €) and A(p’, £'). Due to moving the ports downwards, the leaders lie entirely below C
and the bend of A(p’, £') must lie below A(p, £). Hence, K lies completely in Rg. In order to
resolve the conflict, we reroute p to £’ and p’ to £ using the bottom-left corners of £ and ¢
as ports. Obviously, the leaders only change on 0K. Therefore, new conflicts can only arise
on the left and bottom sides of K. In particular, only the leader of ¢’ can be involved in new
conflicts, while the leader of ¢ is free of any conflict. Thus, after finitely many such steps we
have resolved all conflicts, from top to bottom. Symmetric arguments apply for the leaders
connected to the top side. O

Theorem 3.3. Two-SIDED BOUNDARY LABELING WITH ADJACENT SIDES AND SLIDING PORTS
can be solved in O(n*) time using O(n) space.

3.3.2 Maximizing the Number of Labeled Sites

So far our algorithm only returns a leader layout if there is a planar solution that matches
each label to a site. As Bekos et al. [BKPSIO, Figure 16] observed, this need not always be the
case, so it becomes important to be able to maximize the number of labels connected to sites
in a planar solution. We achieve this by removing labels from a given instance and using our
algorithm to decide whether a crossing-free solution exists.

Lemmal3.6|shows that we can move top ports to the left and right ports to the bottom without
making a solvable instance unsolvable. Thus, it suffices to remove the rightmost top labels
and the topmost right labels. Let k be the number of labels we want to use with kt of them
being top labels and kg right labels, so that k1 + kg = k. For a given k, we can decide whether
a crossing-free solution that uses exactly k labels exists by removing the mr — kr rightmost
top labels and the mg — kg topmost right labels for any possible kt and kg. We therefore
start with kt = min{k, mt} and kg = k — k1. We keep decreasing kt and increasing kg by 1,
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Figure 3.12: Illustration of the curve C and the rectangle K spanned by G(s, t) and the top-
right corner of R. [(a)] There are more sites than ports in K above C. The unlabeled sites are
connected to a dummy port located at the top-left corner of K. The dummy port is illustrated
as a square. [(b)] There are more ports than sites in K above C. The unlabeled ports are labeled
to sites that lie to the left of K, which induce the front with bottom-left point Fr.

until a crossing-free solution is found or kg = min{k, mg}. In the latter case, no crossing-free
solution that uses exactly k labels exists. With this approach we can use binary search to
find the maximum k, using our algorithm up to k times per step. Since k < n, this yields an
algorithm for TWo-SIDED BOUNDARY LABELING WITH ADJACENT SIDES that maximizes the
number of labeled sites that runs in O(n*logn) time and uses O(n) space.

Theorem 3.4. Two-SIDED BOUNDARY LABELING WITH ADJACENT SIDES can be solved in
O(n*logn) time using O(n) space such that the number of labeled sites is maximized.

Assume that t sites cannot be labeled. Then Two-SIDED BOUNDARY LABELING WITH
ADJACENT SIDES can be solved in O(n’tlogt) time using O(n) space and such that the
number of labeled sites is maximized. To that end we use the following approach. We check
for h = 2" with i = 0,1,2,... whether there is a planar solution with & unlabeled sites. We
stop this procedure when we have found such a solution, which takes place after [log(¢)]
steps. Using the approach described above, we need O(n?t) time for each test. We then
know that # < t < h. We apply a binary search to determine ¢. Overall, this approach

2
needs O(n’tlogt) time.

3.3.3 Minimizing the total leader length

Recall that, by Proposition[3.]} there always exists a length-minimal planar solution that is
xy-separated. To obtain a length-minimal planar solution, we mainly change the table T
used by the dynamic program given in Section[3.2] Let C be an x y-monotone curve C that
starts at r and ends at G(s, t). We assign to every table entry the length of the leaders that are
connected to the ports in the rectangle K spanned by r and G(s, t).

If there are more sites than top ports in K above C, we have to connect some of these sites
to ports that lie to the left of K; see Figure The vertical lengths of their leaders, however,
are fixed. We imagine a dummy top port at the left border of K and connect all unlabeled
sites to this port. When traversing the grid horizontally, this dummy port moves to the left. In
order to update the total length of the leaders in K, we only have to keep track of the number
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of unlabeled sites and increase the horizontal length of their leaders. The sites in K below C
are handled analogously.

If there are more top ports than sites in K above C, we have to connect these ports to sites
that lie to the left of K; see Figure[3.12b] In order to remember which sites are already labeled,
we store the fop front as the rectangle with top-right corner r that includes all sites that are
already connected to a top port inside K, and the right front as the rectangle with top-right
corner r that includes all sites that are already connected to a right port inside K.

Let Fr = (x1, y1) be the bottom-left point of the top front for a given x y-monotone curve C
that starts at r and ends at G(s, t). Similarly, let Fr = (xg, yr) be the right front for C. We
define T[c = (s, t), u, Fr, Fr] = (I, gr, gr ) if there exists an x y-monotone curve C and leaders
inside K U Fy U Fy such that the following conditions hold, otherwise it contains (-1, 0,0).

(i) Curve C starts at the top-right corner r of R and ends at G(s, t).

(ii) Inside the rectangle K spanned by r and G(s, t), there are u sites of P above C.

(iii) For each strip in the two regions Rt and Ry defined by C the strip condition holds.

(iv) The sites in K u Fr U Fg are connected to the ports on the border of K u Fr u Fg such
that the induced solution is planar, length-minimal, the sites above C or in Fy are only
connected to top ports, and the sites below C or in Fy are only connected to right ports.

(v) There are gr unlabeled top sites and gr unlabeled right sites in K.

Note that gr and gr depend on s, ¢, u and can be precomputed, but to make the algorithm
more intuitive, we update these values on-line and store them in T. We first describe how
to handle the top front while traversing the grid. Initially, Fr = G(s,t). As long as we
have more top sites than top ports in K, we can connect all ports to sites and thus can
maintain Fr = G(s, t). Once we have exactly the same number of top ports and top sites in K
and we encounter a port event for a top port, we have to check the strip condition and find
the rightmost point Fr with y(Fr) = G, (t) such that the rectangle Rg, spanned by Fr and r
is valid. By storing Fr, we know that all ports to the right of x(Fr) are already connected to
a site, all sites to the top-right of Fr are already connected to a port, and all top sites to the
bottom-left of Fr have to be connected to a port that lies to the left of x(Fr). Thus, we do not
have to check new strip conditions until s < x(Fr). We handle Fy similarly.

We now look at the length of the top leaders, the length of the right leaders can be handled
similarly. Note that by moving from ¢ to t — 1, the length of the top leaders does not change.
If gr > 0, we imagine an additional port at x(Fr) that can be connected to gr top sites. When
moving from s to s — 1, we add gr - (G, (s) — Gx(s—1)) to I. When we calculate a new value Fr
by checking the strip condition, we can immediately connect all top sites inside the top front
to top ports, and add the corresponding leader length to I. Thus, we only encounter site events
for sites that are a) inside Fr \ K or b) have to be connected to a top port that lies to the left
of x(Fr). In case a) we do not change I, in case b) we connect the site to the imaginary port,
add the length of the corresponding leader to I and increase gr by 1. When we encounter a
port event, if the port lies inside Fr \ K, we do not change /, otherwise we can connect any of
the unlabeled sites to this port. We add the horizontal distance between G, (s) and the port
to [ and decrease gr by 1. Note that by choosing any unlabeled site, the resulting solution may
not be planar. However, because the bends of all unconnected sites will be above C, we can
use Lemmal3.]|to remove the crossings without changing the total leader length.

Since the matrix now has four additional fields, the running time and storage is increased
by a factor of n* over the algorithm from Theorem Additionally, we need O(nlogn) time
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Figure 3.13: The curves C;, C,, C; and C, meeting at the point o partition the rectangle into
four regions.

to check the strip condition and to compute a length-minimal solution for the sites and ports
inside Fr \ K and Fg \ K.

Theorem 3.5. Two-SIDED BOUNDARY LABELING WITH ADJACENT SIDES can be solved in
O(n®logn) time using O(n®) space such that the total leader length is minimized.

Using an appropriate data structure to precompute the fronts, it may be possible to decrease
the running time slightly.

3.4 The Three- and Four-Sided Cases

In this section, we also allow labels on the bottom and the left side of R. In order to solve
an instance of the three- and four-sided case, we adapt the techniques we developed for the
two-sided case. We assume that the ports are fixed and the number of labels and sites is equal.
In Section [3.4.] we first analyze the structure of planar solutions obtaining a result similar to
Proposition[3.1] In Sections[3.4.2|and[3.4.3} we present algorithms for the three- and four-sided

cases.

3.4.1 Structure of Three- and Four-Sided Planar Solutions

Similar to our approach to two-sided boundary labeling, we pursue the idea that if there exists
a planar solution, then we can also find a planar solution such that there are four x y-monotone
curves connecting the four corners of R to a common point o, and such that these curves
separate the leaders of the different label types from each other; see Figure[3.13] To that end,
we first show that leaders of left and right labels can be separated vertically and leaders of top
and bottom labels can be separated horizontally. Afterwards, we apply the result of Lemma[3.2]
in order to resolve the remaining overlaps, for example, between top and right leaders. We
first introduce some notions.

Definition 3.2. A planar solution for the four-sided boundary labeling problem is
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Figure 3.14: Different constellations of leaders intersecting the rectangle A. The rectangle A

is empty. [(b)H(d)] Different cases where A is intersected by a top leader. A is not explicitly
illustrated, but spanned by bend(Agr) and bend(Ay.).

(i) x-separated if there exists a vertical line € such that the sites that are labeled to the left
side are to the left of £ and the sites that are labeled to the right side are to the right of ,
and

(ii) y-separated if there exists a horizontal line ¢ such that the sites that are labeled to the
top side are above € and the sites that are labeled to the bottom side are below ¢.

A left leader A and a right leader A’ overlap if x(bend(1)) > x(bend(1")). Analogously, a
bottom leader A and a top leader A’ overlap if y(bend(1)) > y(bend(1")). Hence, a planar
solution L is both x-separated and y-separated if and only if no left and right leaders overlap,
and no bottom and top leaders overlap. We are now ready to prove that we can always find a
planar solution that is both x-separated and y-separated, if a solution exists.

Lemma 3.7. If there exists a planar solution for the four-sided boundary labeling problem, then
there exists a planar solution L that is both x-separated and y-separated.

Proof. Among all planar solutions let £ be one that minimizes |£|, + |L],. We prove that then
L is x- and y-separated by showing that otherwise we could reroute some leaders and obtain
a planar solution £’ with |L'[, + |L'|, < |L|« +|L],.
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Assume that £ is not x-separated. Symmetric arguments hold for the case that £ is not
y-separated. Then there exist sites pr and py, with x(pr) < x(p1), such that py is labeled by a
right port 7, and py. is labeled by aleft port &; see Figure[3.14a] Without loss of generality, assume
that the horizontal segment of Agx = A(pg, ) is above the horizontal segment of A, = A(py, £),
otherwise we mirror the instance vertically.

We choose py, and py as a closest pair in the sense that the horizontal segments of their
leaders have minimum vertical distance among all such pairs. Let A be the rectangle spanned
by bend(A;) and bend(Ag). By the minimality of p; and pg, that rectangle can only be
intersected by top and bottom leader, but not by left or right leaders. If no such leader
intersects A, we reroute pg to the port of A and py. to the port of Ag, which decreases | L],
without increasing |£|,; see Figure It does not introduce any crossings.

In the following we assume that some leaders intersect A. Without loss of generality we
assume that there is a top leader A that intersects A; otherwise we rotate the instance by 180°.
We denote its site by pr. Let S be the rectangle spanned by the ports £ and r; see Figure[3.14a]
Depending on the leaders intersecting S, we distinguish two cases. Note that in particular At
intersects S.

Case 1: For any top leader A intersecting S and for any bottom leader A’ intersecting S such
that A and A’ overlap, the site of A lies to the left of the site of A’; see Figure Let gr
denote the bottommost site that is connected by a right leader, and that lies in the rectangle
spanned by bend (A1) and pr. Since pg lies in that rectangle, the site gr exists. We denote the
leader of gg by Ag. Further, let g1 be the topmost site that is connected by a top leader and
that lies in the rectangle spanned by bend(Ay) and the bottom-right corner of R. Since pr
lies in that rectangle, the site gt exists. We denote its leader by A7.

We now define two rectangles that we use to reroute leaders such that | L[, +|L], is decreased
and arising crossings can be resolved. The rectangle K] is spanned by bend (1} ) and gr, and
the rectangle K is spanned by bend(1’) and gg.

Claim 2.
(1) K is only intersected by right leaders whose bends are contained in Kj,
(2) K is only intersected by top leaders whose bends are contained in K5, and
(3) K; and K; are internally disjoint.

Assuming that the claim holds, we can reroute the sites as follows; we illustrate this rerouting
by dash-dotted lines in Figure[3.14b] The site gy is rerouted to the port of A}, creating crossings
only on the right side of K;. The site gy is rerouted to the port of A} creating crossings only
on the top side of K. Each rerouting decreases either |£|, or |£,| increasing the other one.
Further, only crossings between leaders of the same type are created. We apply Lemma3.1|to
resolve the conflicts without increasing |£|, or [£,|. In the remainder of this case we show
that the stated claim holds.

First, we show that K; is only intersected by right leaders whose bends lie in K;. It is not
intersected by any bottom leader, because such a leader would overlap A7}, and its site would
lie to the left of gr—a contradiction to the assumption of this case. It is not intersected by any
left leader, because such a leader would intersect A} It is not intersected by any top leader,
because such a leader would either intersect Ay or contradict the choice of A.. Hence, K; can
only be intersected by right leaders. Further, all those leaders have their bend in Kj, because
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the bottom-right corner is a site connected by a top leader. That leader would be intersected if
a right leader intersecting K; had its bend outside of Kj.

Next, we show that Kj is only intersected by top leaders whose bends lie in K. It is not
intersected by any right leader, because such a leader would contradict the choice of Ay or
intersect At. It is not intersected by any bottom leader, because such a leader would overlap A%,
and its site would lie to the left of gr—a contradiction to the assumption of this case. It is not
intersected by any left leader, because such a leader would intersect A7. Hence, K, can only
be intersected by top leaders. Further, all those leaders have their bend in K, because the
top-right corner is a site connected by a right leader.

Finally, the rectangles K; and K are internally disjoint, because K; lies to the right of the
vertical line through gg, while K lies to the left of that line.

Case 2: There exist a top leader A1 intersecting S and a bottom leader Ay intersecting S
such that they overlap and the site of A lies to the right of the site of Ag; see Figure[3.14d
Among all such pairs we choose At and Ap such that their horizontal segments have minimal
vertical distance. We denote the site of At by pr and the site of Ag by pg. Due to the choice
of At and A, the open rectangle that is spanned by pp and pr is intersected by no leader. The
open rectangle spanned by bend(Ar) and bend(Ag) is denoted by B. Depending on the sites
that are contained in B, we distinguish four cases.

Case 2.1: The rectangle B contains no sites that are connected by left of right leaders;
see Figure 3.14d Let K, be the rectangle spanned by bend(Ar) and pg, and let K, be the
rectangle spanned by bend(Ap) and pr. While K; is only intersected by left leaders, K, is
only intersected by right leaders. Further, both rectangles are disjoint. We reroute pg to the
port of At and pr to the port of 1. Obviously, this decreases |£|, without increasing |L|,. By
applying Lemma 3.1} we resolve the arising conflicts.

Case 2.2: The rectangle B contains sites that are connected by left leaders as well as sites
that are connected by right leaders; see Figure Let gr be the bottommost site in B
that is connected to the right. We denote the leader of qr by 1. Let gp be the leftmost
site with y(gp) > y(ps) and x(qg) < x(pp) that is connected to the bottom. Since pp also
satisfies these requirements, the site qp exists. Similarly, we denote the leader of gp by Aj.
Let g1, be the topmost site in B that is connected to the left. We denote the leader of g1, by A].
Finally, let g1 be the rightmost site with y(gr) < y(pr) and x(gr) > x(pr) that is connected
to the top. Since pr also satisfies these requirements, the site gt exists. We denote the leader
of gt by A}

We now define four rectangles that we use to reroute leaders such that ||, +|£]|, is decreased
and arising crossings can be resolved. The rectangle K; is spanned by bend (1} ) and g, the
rectangle K is spanned by bend(1;) and gy, the rectangle Kj is spanned by bend(A] ) and gr,
and the rectangle K, is spanned by bend(A}) and gg. Note that the rectangles K; and Ky are
rotationally symmetric to Kj and K, respectively.

Claim 3.
(1) K is only intersected by right leaders whose bends are contained in Kj,
(2) K is only intersected by bottom leaders whose bends are contained in K,
(3) Kj is only intersected by left leaders whose bends are contained in K3,
(4) K, is only intersected by top leaders whose bends are contained in K4, and
(5) Ki, K3, K5 and K; are pairwise internally disjoint.
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Assuming that the claim holds, we can reroute the sites in a circular fashion as follows; we
illustrate the rerouting as dash-dotted lines in Figure[3.14d] The site g is rerouted to the port
of Ay creating crossings only on the right side of K;. The site ¢, is rerouted to the port of Ay
creating crossings only on the bottom side of K,. The site g is rerouted to the port of ]
creating crossing only on the left side of Kj. Finally, the site gg is rerouted to the port of A’;
creating crossings only on the top side of K. Each rerouting decreases either |£|, or |£,|
without increasing the other one. Further, only crossings between leaders of the same type are
created. We apply Lemma 3.]]to resolve the conflicts. In the remainder of this case we show
that the stated claim holds.

First, we show that K is only intersected by right leaders whose bends lie in K;. This
rectangle is not intersected by any bottom leader, because gy is the leftmost site with y(gg) >
y(ps) and x(qp) < x(pp) that is connected to the bottom. It is not intersected by any top
leader, because such a leader would intersect A% whose site lies below gg. Finally, it is not
intersected by any left leader, because such a leader would intersect A, whose site lies to the
right of gg. Hence, only right leaders intersect K;. In particular, all those leaders have their
bend in Kj, because the bottom-right corner of K; is the site of a bottom leader. That leader
would be intersected if a right leader intersecting K; had its bend outside of K;. Since K3
is rotationally symmetric to Kj, we can use symmetric arguments to prove that K3 is only
intersected by left leaders whose bends are contained in K;

Next, we show that K, is only intersected by bottom leaders whose bends lie in K;. This
rectangle is not intersected by any left leader, because such a leader would contradict the choice
of gr. It is also not intersected by any top leader, because such a leader would intersect A
or contradict the choice of At and Ap. Finally, it cannot be intersected by any right leader,
because such a leader would intersect A;. Hence, K is only intersected by bottom leaders.
Further, all those leaders have their bend in K, because the bottom-left corner of K, is a site
connected to a left leader. That leader would be intersected if a bottom leader intersecting K,
had its bend outside of K. Since K} is rotationally symmetric to K5, we can use symmetric
arguments to prove that K, is only intersected by top leaders whose bends are contained
in K4.

Finally, we show that the rectangles K;, K,, K3 and K} are pairwise internally disjoint. For
a site p let v(p) denote the vertical line through p and let h(p) denote the horizontal line
through p. By construction we have that h(qg) lies above h(gr), K; lies above h(gp), and K;
lies below h(gr). Hence, the rectangles Kj and Kj are internally disjoint. Analogously, we
have that v(qy) lies to the right of v(qr), K; lies to the right of v(gq1.), and K lies to the
left of v(gr ). Hence, the rectangles K, and K} are internally disjoint. Further, the sites g
and g lie in between h(gp) and h(qr ), because both lie in B. Consequently, K; and K3 do
not intersect K, and Ky, respectively.

Case 2.3: The rectangle B contains only sites connected by right leaders. We apply the same
procedure as in the previous case. However, we do not need to consider left leaders. Hence, K;
is removed and K is the rectangle that is spanned by bend(A}) and pr. By the choice of B,
the rectangle K, is only intersected by right leaders whose bend is contained in K. Further,
the remaining rectangles K;, K, and K4 are pairwise internally disjoint. The reroutings are
again done in a circular fashion decreasing ||, + |£],. Finally, we apply Lemma3.1to resolve
crossings.
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Case 2.4: The rectangle B contains only sites connected by left leaders. This case can be
handled analogously to the previous case by mirroring the instance vertically. O

This lemma shows that, when searching for a planar solution of the labeling problem, we
can restrict ourselves to solutions that are x-separated and y-separated. Let £ denote such a
solution, and let £, and ¢}, be the lines separating the sites labeled by left and right labels, and
the ones labeled by top and bottom labels, respectively. Let o € R denote the intersection of ¢,
and ¢}, called center point. Let 1y, . .., r4 denote the corners of R, named in counterclockwise
ordering, and such that r; is the top-right corner. Consider the rectangles that are spanned
by oand r; for i = 1,...,4. Each of them contains only two types of leaders. For example,
the top-right rectangle contains only top and right leaders. An x- and y-separated planar
solution is partitioned if, for each rectangle spanned by o and one of the corners r; of R, there
exists an x y-monotone curve C; from r; to o that separates the two different types of leaders
contained in that rectangle; see Figure[3.13] Our next step is to show that a planar solution
can be transformed into a partitioned solution without increasing |£|, and |L],.

Proposition 3.2. If there exists a planar solution L for FOUR-SIDED BOUNDARY LABELING,
then there exists a partitioned solution L'.

Proof. By Lemma[3.7) we can assume that £ is x- and y-separated. Let o be the center point
as defined above and let ¢, be the vertical line through 0. We show how to ensure that the
area K of R right of £, admits an x y-monotone curve from the top-right corner of R to o that
separates the top leaders from the right leaders inside K. The remaining cases are symmetric.

Essentially, we proceed as in the proof of Proposition 3.1 to remove the obstructions of
types see Figure We note that in the rerouting, we only shorten vertical
segments of top leaders and right segments of right leaders; hence the solution remains x-
and y-separated. Moreover, in each step we decrease both |£|, and |£|,. Hence, after finitely
many steps all patterns between top and right leaders have been removed without creating
new patterns with other types of leaders.

After all patterns have been removed, an x y-monotone curve connecting the top-right
corner of R to o, separating the top labels from the right labels, can be found as in the proof
of Lemma[3.2] O

3.4.2 Algorithm for the Three-Sided Case

In the three-sided case, we assume that the ports of the given instance I are located on three
sides of R; without loss of generality, on the left, top and right side of R. Basically, we solve a
three-sided instance by splitting the instance into two two-sided L-shaped instances that can
be solved independently; see Figure[3.15a]

Let G be the dual of the grid that is induced by the sites and ports of the given instance.
The idea is that each grid point s of G induces two two-sided L-shaped instances with some
useful properties. We will show that there is a planar solution for I if and only if there is a
grid point s of G such that its induced two-sided instances both have planar solutions. Thus,
considering all O(n?) grid points of G the problem reduces to solve those L-shaped instances
of the two-sided case. By means of a simple adaption of the dynamic program presented in
Section [3.2]we solve these instances in O(n?) time achieving O(n*) running time in total.
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Figure 3.15: The three-sided instance partitioned into two two-sided L-shaped instances I
and I]. The instances are induced by the grid point s of G and are balanced. [(b)] Illustration
of the proof for Lemmal[3.8] Assuming that the grid point s of G, the balanced instances I
and I}, and the curves C and C’ are given, a planar solution for the whole instance can be
constructed.

In the following we call horizontal and vertical lines through grid points of G horizontal
and vertical grid lines, respectively. We now define the two two-sided L-shaped instances I
and I’ of a grid point s of G formally. To that end, let R; be the rectangle that is spanned by
the top-right corner of R and s, and let R, (p) be the rectangle that is spanned by a point p
on the horizontal grid line h through s and the bottom-right corner of R; see Figure
The instance I;(p) contains all sites and ports in R; U R,(p) and I7(p) contains all sites
and ports in R\ (R; U Ry(p)). We say that I,(p) and I.(p) are balanced if all right ports lie
in RiUR,(p), allleft ports lie in R\ (RjUR,(p)) and R; UR,(p) contains the same number of
sites as it contains ports. Since the number of ports and sites in I is equal, this directly implies
that R\ (R; U Ry(p)) contains the same number of sites as it contains ports. In particular,
the choice of balanced instances I;(p) and I (p) for a grid point s of G is unique with respect
to the contained sites and ports; only the location of p might differ. We can therefore write I,
and I/ for balanced instances and R; and R, for their defining rectangles. For any solution
of I, and any solution of I/, we require that all leaders are completely contained in R; U R,
and in R \ (R; U Ry), respectively. The next lemma states that a three-sided instance I has a
planar solution if and only if it can be partitioned into two two-sided L-shaped instances that
have planar solutions. To that end let 4, denote the horizontal grid line through s. Figure[3.15]
illustrates the lemma.

Lemma 3.8. There is a planar solution L for a three-sided instance I if and only if there is a
grid point s of G with balanced instances I; and I, over rectangles (Ry, R,), an x y-monotone
curve C from the top-right corner to the bottom-left corner of R and an x y-monotone curve C’
from the top-left corner to the bottom-right corner of R such that

1. each point on C satisfies the strip condition with respect to the ports and sites in I,
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Figure 3.16: Illustration of the proof for Lemma It is assumed that the partitioned planar
solution £ for the three-sided instance is given. [(a)] By Proposition 3.2} we can assume that £
is partitioned by the curves C; and C,. The extremal top leader At induces the site s and
the extremal right leader Ag induces the line v". Based on C;, C,, hand v/, the curves C
and C’ can be constructed such that they do not cross any leader of L.

2. C contains the top-left corner of R, and the intersection of hs with the left segment of R,
3. each point on C’ satisfies the strip condition with respect to the ports and sites in I,
4. C' contains the top-left corner of R, and the intersection of h; with the right segment of R.

Proof. First, assume thatss, I, I, (Ri, R;), C and C’ exist as required; see Figure[3.15b] The
curve C partitions R into two regions; we denote the region above C by A; and the region
below C by A,. By Lemma([3.3} there is a planar solution £, for the sites and ports in A; such
that all leaders of £, lie in A;. Since C contains the top-left corner of R, and does not cross h;
until it reaches the intersection point of /i with the left segment of R, we know that all leaders
of £, are contained in R; U R,. Analogously, there is a planar solution £, for the sites and
ports in A, such that all leaders of £, lie in A,. Consequently, we can combine £; and £,
into a planar solution L; for the sites and ports in I;. Using symmetric arguments, we obtain a
planar solution £, for I]. As I; and I] are defined over complementary areas, the solutions £;
and L/ can be combined into a planar solution of I.

Assume that there is a planar solution £ for a three-sided instance I; see Figure
First, note that we can imagine an instance of THREE-SIDED BOUNDARY LABELING as a
degenerated instance of FOUR-SIDED BOUNDARY LABELING with no bottom ports. Thus,
Proposition[3.2]also holds for the three-sided case, when assuming that the four x y-monotone
curves partitioning the solution meet on the bottom segment of R. Hence, without loss of
generality, we assume that £ is also partitioned by four x y-monotone curves C;, C,, C3 and C,.
In particular, let C; denote the curve that starts at the top-right corner of R and let C, denote
the curve that starts at the top-left corner of R; see Figure[3.16a] The curves C; and C, are
completely contained in the bottom side of R and can therefore be omitted. We first show
how to construct the grid point s and the instances I; and I, such that they are balanced.
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Afterwards, we explain how to obtain C and C’ from C; and C,, respectively. Finally, we prove
that each point on C and C’ satisfies the strip condition with respect to I; and I, respectively.
Let A7 be the top leader in £ with the longest vertical segment of all top leaders in £. In
case the site of At lies to the right of bend(At), let v be the rightmost vertical grid line that lies
to the left of A, and otherwise if the site of At lies to the left of bend(Ar), let v be the leftmost
vertical grid line that lies to the right of At. Furthermore, let & be the topmost horizontal grid
line that lies below bend(At); see Figure Due to the choice of h and v all top leaders
lie above h and none of them intersects h or v. Furthermore, no right or left leader of £
intersects v above h. The desired grid point s is then the intersection point of h and v.

Now, let Ag be the right leader in £ with longest horizontal segment among all right leaders
in £ and let v’ be the rightmost vertical grid line that lies to the left of bend(Ar ). Note that v/
cannot be intersected by a left or a right leader, because both leader types are x-separated.
We define R, to be the rectangle that is spanned by the top-right corner of R and s. Also, we
define R; to be the rectangle spanned by the bottom-right corner of R and the intersection
point of v/ and k. The instance I; is defined by R; UR; and the instance I/ by R\ (R;UR;). We
show that I; and I are balanced. To that end, we prove that a leader of £ is either completely
contained in R; UR; orin R\ (R UR;), that R; U R; contains only right and top leaders, and
that R \ (R; U R,) contains only left and top leaders.

Due to the choice of v/, all right leaders lie to the right of v'. Moreover, all right leaders
whose site or port lies above h, must lie to the right of v, because by definition of v no right
leader intersects v above h (otherwise it would intersect A7), and because otherwise C; could
not be an x y-monotone curve separating right and top leaders. Thus, all right leaders lie
in Ry U R;. For left leaders we can argue similarly. Since left and right leaders of £ are x-
separated, all left leaders lie to the left of v'. All left leaders whose site or port lies above h, must
lie to the left of v, because by definition of v no left leader intersects v above h, and because
otherwise C, could not be an x y-monotone curve separating left from top leaders. Thus, all
left leaders lie in R ~ (R; U R;). Finally, consider the top leaders in £. By definition of h and v,
none of the top leaders intersects / or v. In particular all top leaders lie above / and cannot
intersect R,. Consequently, each top leader is either contained in R; or in R N (R; U R;). This
concludes the argument that I; and I/ are balanced.

We are left with the construction of the curves C and C'; see Figure[3.16b] The curve C is
derived from C, as follows. Starting at the top-right corner of R, the curve C coincides with C,
until C; intersects h or v’ above h. If C intersects v above h, it follows v/ downwards until
it hits h. Then, in both cases, it follows h until h intersects the left segment of R. Finally, C
follows the left segment of R to the bottom-left corner of R. The curve C’ is constructed
symmetrically.

By construction, C contains the top-left corner of R, and the intersection point of & with
the left segment of R. Symmetrically, C’ contains the top-left corner of R, and the intersection
point of & with the right segment of R. We finally show that each point on C satisfies the strip
condition with respect to the sites and ports in I;. Using symmetric arguments we can prove
the analogous statement for C’ and I..

By the previous reasoning, we know that each leader of £ either lies completely inside or
completely outside of Ry U R,. Each leader that lies in R; U R; is either a top or a right leader
and does not intersect C. Otherwise, if such a leader intersected C, it would also intersect C;
or the segment x of v’ that is contained in C. In particular, x cannot be intersected by any
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Figure 3.17: There are no balanced instances I; and I} for the grid point s. However, by
Lemma|3.8|there must be another grid point ¢ with balanced instances I; and I if the instance
has a planar solution.

leader because it lies to the left of all right leaders and below C;. Thus, the leaders in R; U R,
form a planar solution for I, without intersecting C. Hence, the claim directly follows from
Lemma O

Our approach now works as follows. For each grid point s of G we compute the instances I
and I/ such that they are balanced. Then, by Lemma[3.8] we can apply our algorithm presented
in Section [3.2]in order to solve I, and I/ independently. To that end, we slightly adapt the
dynamic program such that it only considers curves satisfying the properties required by
Lemma[3.8] If both instances can be solved, we combine these solutions into one solution and
return that solution as the final result. Otherwise, we continue with the next grid point of G.
If all grid points of G have been explored without finding a planar solution, the algorithm
decides that there is no planar solution.

Note that it may happen that, for a grid point s, there are no balanced instances I, and I;
for an example see Figure 3.17} However, in that case, if I has a solution, we also know by
Lemma 3.8)that there is another grid point ¢ such that for ¢ we find balanced instances. Hence,
we can refrain from considering s.

Creating the two instances I; and I for a grid point s takes linear time, if we assume that the
sites are sorted by their x-coordinates. By Theoremwe then need O(n?) time and O(n)
space to solve I; and I’. Consequently, we need O(n*) time and O(n) space to process a
single grid point s. Since we consider O(n?) grid points, the following theorem follows.

Theorem 3.6. THREE-SIDED BOUNDARY LABELING can be solved in O(n*) time using O(n)
space.

Note that, except for the length minimization, our approach for the three-sided case also
carries over to the extensions from Section 3.3} because we only solve subinstances of Two-
SIDED BOUNDARY LABELING WITH ADJACENT SIDES. In particular with corresponding impact
on the running time we can soften the restriction that the number of labels and sites is equal.
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3.4.3 Algorithm for the Four-Sided Case

In this section, we consider the case that the ports lie on all four sides of R. The main idea is to
seek a partitioned solution, which exists by Proposition3.2} For a given partitioned solution £,
we call a leader extremal if all other leaders of the same type in £ have shorter orthogonal
segments; recall that the orthogonal segment of a po-leader is the segment connecting the
bend to the port. The algorithm consists of two steps. First, we explore all choices of (non-
overlapping) extremal leaders A1, and Ay for the left and the right side of R, respectively, plus a
horizontal line h that separates the top leaders and the bottom leaders. This information splits
the instance into two independent three-sided instances; see Figure[3.18a] There are, however,
two crucial differences from a usual three-sided instance. First, one side of the instance is
not a straight-line segment but an x-monotone orthogonal curve C that is defined by A, Ax
and h. Second, the extremal positions of A1, and Ag imply a separation of the points that are
labeled from the left and the right side. Let I; be the three-sided instance above C and let I5
be the three-sided instance below C. The algorithm solves I and I3 independently from each
other. If for at least one of the two instances there is no solution, the algorithm continues
with the next choice of A1, Ag and h. Otherwise, it combines the planar solutions of I} and I3
into one planar solution and returns this solution. In case that all choices of A1, Az and h
have been explored without finding a solution, the algorithm returns that there is no planar
solution.

We next describe how to solve the three-sided instance I3. A symmetric approach can be
applied to I3. The algorithm explores all choices of the extremal leader Ay for the top side
of R. This extremal leader partitions the instance into two two-sided subinstances I} and I3 as
follows. Let Ay r be the rectangle that is spanned by bend(Ar) and the top-right corner of R;
see Figure[3.18b] Analogously, let At | be the rectangle that is spanned by bend(Ar) and the
top-left corner of R. Analogously, for A we define the area Ag 1 to be the rectangle that is
spanned by bend(Ar ) and the top-right corner of R, and Ap p to be the rectangle spanned
by bend(Ar) and the bottom-right corner of R. For the leader A;, we define A j to be the
rectangle spanned by bend(A; ) and the bottom-left corner of R, and Ay 1 to be the rectangle
spanned by bend(.) and the top-left corner of R. We assume that the port p of At is only
contained in that area A € {Atr, At} that also contains the site of 1t. We make analogous
assumptions for A;, and Ag.

The instance I} consists of all ports and sites in A} = (Ax T UATR) N (A1 UAR3B), and I?
consists of all ports and sitesin A, = (A TUAT )N (AT,RUALB); See Figure We solve I
and I3 independently from each other using the dynamic program introduced in Section
for each instance. However, we enforce that it only considers x y-monotone curves that exclude
top leaders crossing the horizontal line through bend(Ar), left leaders crossing the vertical
line through bend (A, ) and right leaders crossing the vertical line through bend(Ag). If for at
least one of the two instances there is no solution, the algorithm continues to explore the next
choice of A1. Otherwise, it combines the solutions of I and I3 into one solution and returns
the result as the solution of I;. In case that all choices of At have been explored without
finding a solution, the algorithm returns that there is no solution for the given three-sided
instance. The following lemma shows that the algorithm is correct.

Lemma 3.9. Given an instance I of FOUR-SIDED BOUNDARY LABELING, the following two
statements are true.
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Figure 3.18: The right leader Ay, the left leader Ag and the horizontal line h split the
instance into two three-sided instances I; and 3. Sketch of the areas At 1, AT r, AR.T>
Arp, AL and A . The leaders A, Ar and A7 split the three-sided instance into two
two-sided instances.

1. If there is no planar solution for I, the algorithm states this.
2. Ifthere is a planar solution for I, the algorithm returns such a solution.

Proof. In case the algorithm returns a solution, it has been constructed from planar solutions
of disjoint instances of Two-SIDED BOUNDARY LABELING WITH ADJACENT SIDES. As the
union of these two-sided instances contains all sites and ports of I, the algorithm returns a
planar solution of I, which shows the first statement.

Conversely, assume that I has a planar solution £. By Proposition we may assume
that £ is partitioned. In particular, let A, A1, A and AR be the extremal leaders in £ of the
top, left, bottom and right side of R, respectively, and let / be a horizontal line that separates
the top leaders from the bottom leaders.

Obviously, Ay, Ar and h split the instance into two three-sided instances I; and I3. As the
algorithm systematically explores all choices of extremal right leaders, extremal left leaders
and horizontal lines partitioning the set of sites, it must find A1, Az and a horizontal line h’
that separates the same sets of sites as h. Thus, I; and I; are considered by the algorithm.

Let I} be the instance above the curve defined by A1, A and 4’, and let I3 be the instance
below that curve. We now show that the algorithm finds a planar solution for I;. Symmetric
arguments hold for I3. As the algorithm explores all choices of extremal top leaders in I3, it
also considers At to be the extremal top leader. This leader partitions the area of I; into the
two disjoint areas A; = (Ar,TUATR)N (AT UARp)and A, = (AL, TUATL) N (AT RUALB);
see Figure It directly follows from the extremal choice of Ag, At and Ay that there is
no leader in £ that intersects both A; to A,. In particular, no left leader intersects A; and
no right leader intersects A,. Thus, A; and A; split £ into independent planar solutions £,
and £, of two two-sided instances I and I3 induced by A; and A,, respectively. Note that
the algorithm considers the same two-sided instances independently from each other. As I?
has a solution, namely £, we know that the dynamic program finds a solution £} for I}. In
particular, all leaders of L7 lie in A;.
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Applying symmetric arguments for I3, the algorithm yields a planar solution £3 that stays
in A,. Consequently, combining £} and £3 into one solution yields a planar solution £} for I3 .
Analogously, we obtain a planar solution £3 for I3. Obviously, due to the separation by A, Ax
and 1’, the union of £; and £3 is also planar, which is the overall solution returned by the
algorithm. This proves the second statement of the lemma. O

Let us analyze the running time of the algorithm. Obviously, there are O(n”) possible
combinations of left and right extremal leaders and a horizontal line separating the top and
bottom-labeled sites. For each combination, we independently solve two three-sided instances.
For such a three-sided instance, we consider O(n?) choices for the extremal leader At and
independently solve two independent two-sided instances with Theorem 3.2in O(n?) time.
This implies that solving one three-sided instances takes O(n*) time. Thus, the overall running
time is O(n”). The following theorem summarizes this result.

Theorem 3.7. FOUR-SIDED BOUNDARY LABELING can be solved in O(n®) time using O(n)
space.

Note that, except for the length minimization, our approach for the four-sided case also
carries over to the extensions from Section 3.3} because we only solve subinstances of Two-
SIDED BOUNDARY LABELING WITH ADJACENT SIDES. In particular with corresponding impact
on the running time we can soften the restriction that the number of labels and sites is equal.

3.5 Concluding Remarks

In this chapter, we have studied the problem of testing whether an instance of Two-SIDED
BOUNDARY LABELING WITH ADJACENT SIDES admits a planar solution. We have given the
first efficient algorithm for this problem, running in O(n?) time.

Our algorithm can also be used to solve a variety of different extensions of the problem. We
have shown how to generalize to sliding ports instead of fixed ports without increasing the
running time and how to maximize the number of labeled sites such that the solution is planar
in O(n’logn) time. We further have given an extension to the algorithm that minimizes the
total leader length in O(n®logn) time.

With some additional work, our approach can also be used to solve THREE-SIDED and
Four-SIDED BOUNDARY LABELING in polynomial time. We have introduced an algorithm
solving the three-sided case in O(n*) time and the four-sided case in O(n°) time. Also,
except for the length minimization, all extensions carry over. It remains open whether a
minimum length solution of THREE-SIDED and FOUR-SIDED BOUNDARY LABELING can be
computed in polynomial time.
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Approximation Algorithms
for Box Contact Representations

In the last few years, word clouds have become a standard tool for abstracting, visualizing,
and comparing text documents. For example, word clouds were used in 2008 to contrast the
speeches of the US presidential candidates Obama and McCain. More recently, the German
media used them to visualize the newly signed coalition agreement and to compare it to a
similar agreement from 2009; see Figure[4.1] A word cloud of a given document consists of
the most important (or most frequent) words in that document. Each word is printed in a
given font and scaled by a factor roughly proportional to its importance (the same is done
with the names of towns and cities on geographic maps, for example). The printed words are
arranged without overlap and tightly packed into some shape (usually a rectangle). Tag clouds
look similar; they consist of keyword metadata (tags) that have been attributed to resources
in some collection such as web pages or photos.

Wordle [VWEQI] is a popular tool for drawing word or tag clouds. The Wordle website
allows users to upload a list of words and, for each word, its relative importance. The user can
further select font, color scheme, and decide whether all words must be placed horizontally
or whether words can also be placed vertically. The tool then computes a placement of the
words, each scaled according to its importance, such that no two words overlap. Generally,
the drawings are very compact and aesthetically appealing.

In the automated analysis of text one is usually not just interested in the most important
words and their frequencies, but also in the connections between these words. For example,
if a pair of words often appears together in a sentence, then this is often seen as evidence
that this pair of words is linked semantically [Li02]. In this case, it makes sense to place
the two words close to each other in the word cloud that visualizes the given text. This is
captured by an input graph G = (V, E) of desired contacts. We are also given, for each vertex
v € V, the dimensions (but not the position) of a box B,, that is, an axis-aligned rectangle.
We denote the height and width of B, by h(B,) and w(B, ), respectively, or, more briefly, by
h(v) and w(v). For each edge e = (u, v) of G, we are given a positive number p(e) = p(u,v),
that corresponds to the profit of e. For ease of notation, we set p(u,v) = 0 for any non-edge
(u,v) e V2N E of G.

Given a box B and a point g in the plane, let B(q) be a placement of B with lower left
corner q. A representation of G is a map A: V — R? such that for any two vertices u # v,
it holds that B, (A(u)) and B, (A(v)) are interior-disjoint. Boxes may touch, that is, their
boundaries may intersect. If the intersection is non-degenerate, that is, a line segment of
positive length, we say that the boxes are in contact. We say that a representation A realizes an
edge (u,v) of G if boxes B, (A(u)) and B, (A(v)) are in contact.

This yields the problem Contact Representation of Word Networks (CROwN): Given an edge-
weighted graph G whose vertices correspond to boxes, find a representation of G with the
vertex boxes such that every edge of G is realized. In this chapter, we study the optimization
version of CROWN, Max-CROWN, where the aim is to maximize the total profit (that is, the
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Figure 4.1: Der Koalitionsvertrag im Schnellcheck (Quick overview of the [new German]
coalition agreement), Spiegel Online, Nov. 27, 2013, (Click on “Fotos”).

sum of the weights) of the realized edges. We also consider the unweighted version of the
problem, where all desired contacts yield a profit of 1.

Previous Work. Barth et al. recently introduced Max-Crown and showed that
the problem is strongly NP-hard even for trees and weakly NP-hard even for stars. They
presented an exact algorithm for cycles and approximation algorithms for stars, trees, planar
graphs, and graphs of constant maximum degree; see the first column of Table[4.1] Some of
their solutions use an approximation algorithm with ratio a = e/(e —1) ~ 1.58 for
the GENERALIZED ASSIGNMENT PROBLEM (GAP). Recall that GaP is defined as follows: Given
a set of bins with capacity constraints and a set of items that possibly have different sizes and
values for each bin, pack a maximum-valued subset of items into the bins. The problem is
APX-hard [CKO05].

Max-CrowN is related to finding rectangle representations of graphs, where vertices are
represented by axis-aligned rectangles with non-intersecting interiors and edges correspond
to rectangles with a common boundary of non-zero length. Every graph that can be repre-
sented this way is planar and every triangle in such a graph is a facial triangle. These two
conditions are also sufficient to guarantee a rectangle representation [BGPV08]]. Rectangle
representations play an important role in VLSI layout, cartography, and architecture (floor
planning). In a recent survey, Felsner [Fell3] reviews many rectangulation variants. Several
interesting problems arise when the rectangles in the representation are restricted. Eppstein et
al. consider rectangle representations which can realize any given area-requirement
on the rectangles, so-called area-preserving rectangular cartograms, which were introduced
by Raisz already in the 1930s. Unlike cartograms, in our setting there is no inherent
geography, and hence, words can be positioned anywhere. Moreover, each word has fixed
dimensions enforced by its importance in the input text, rather than just fixed area. Nollenburg
etal. recently considered a variant where the edge weights prescribe the length of
the desired contacts.
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Figure 4.2: Semantics-preserving word cloud for the 35 most “important” words in this
section. Following the text processing pipeline of Barth et al. [BKP14], these are the words
ranked highest by LexRank [ER04], after removal of stop words such as “the”. The edge profits
are proportional to the relative frequency with which the words occur in the same sentences.
The layout algorithm of Barth et al. [BKP14] first extracts a heavy star forest from the weighted
input graph as in Theoremand then applies a force-directed post-processing.

Finally, the problem of computing semantics-aware word clouds is related to classic graph
layout problems, where the goal is to draw graphs so that vertex labels are readable and Eu-
clidean distances between pairs of vertices are proportional to the underlying graph distance
between them. Typically, however, vertices are treated as points and label overlap removal is
a post-processing step [DMS05}(GHIO||. Most tag cloud and word cloud tools such as Wor-
dle [VWEF0Q9] do not show the semantic relationships between words, but force-directed graph
layout heuristics are sometimes used to add such functionality [BKP14, (CWL*10, PTT"12,
WPW ™11]]. For an example output of such a tool, see Figure

Model. We consider two different models. In Sections[4.2]and 4.3} we do not count point
contacts, that is, we consider two boxes in contact only if their intersection is a line segment
of positive length. Hence, the contact graph of the boxes is planar. This model is used in most
work on rectangle contact representations. In Section [4.4} we describe how to modify our
algorithms to guarantee O(1)-approximations also in the model that allows and rewards point
contacts. We allow words only to be placed horizontally.

Our Contribution. Known results and our contributions to MAax-CROWN are shown in
Table Note that the results of Barth et al. [BFK™14] in column 1 are simply based on
existing decompositions of the respective graph classes into star forests or cycles.

Our results rely on a variety of algorithmic tools. First, we devise sophisticated decomposi-
tions of the input graphs into heterogeneous classes of subgraphs, which also requires a more
general combination method than that of Barth et al. Second, we use randomization to obtain
a simple constant-factor approximation for general weighted graphs. Previously, such a result
was not even known for unweighted bipartite graphs. Third, to obtain an improved algorithm
for the unweighted case, we prove a lower bound on the size of a matching in a planar graph
of high average degree. Fourth, we use a planar separator result of Frederickson [Fre87] to
obtain a polynomial-time approximation scheme (PTAS) for degree-bounded planar graphs.
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Weighted Unweighted
Graph class Ratio [BFK™14] Ratio [new] Theorem Ratio Theorem
cycle, path 1
star o 1+¢
tree 2a 2+¢ 2
NP-hard

max-degree A [(A+1)/2]
planar max-deg. A l+e¢
outerplanar 3+¢
planar 5a 5+¢
bipartite APX-complete

without p. contacts ~ 8.4

with p. contacts ~ 9.5
general

without p. contacts ~16.9 (rand.) ~13.4

~ 211 (det.)
with p. contacts ~ 19 (rand.) ~16.5 [4.10

~ 22.1 (det.)

Table 4.1: Previously known and new results for the unweighted and weighted versions of
Max-CrownN (for a ~ 1.58 and any ¢ > 0). The exact approximation factors are denoted in
the corresponding theorems.

Our other main result is the use of the combination lemma, which, among others, yielded the
first approximation algorithms for bipartite and for general graphs; see Section[4.2] For general
graphs, we present a simple randomized solution (based on the solution for bipartite graphs)
and a more involved deterministic algorithm. For trees, planar graphs of constant maximum
degree, and general graphs, we have improved results in the unweighted case; see Section[4.3]
For the model with point contacts, we show how to adjust the approximation algorithms for
bipartite and general graphs; see Section[4.4] Finally, we show APX-completeness for bipartite
graphs of maximum degree 9 (see Section [4.5) and list some open problems (see Section [4.6).

Runtimes. Most of our algorithms involve approximating a number of GAP instances
as a subroutine, using either the PTAS [BKVII] if the number of bins is constant or the
approximation algorithm of Fleischer et al. [FGMSII| for general instances. Because of this, the
runtime of our algorithms consists mostly of approximating GAP instances. Both algorithms
to approximate GAP instances solve linear programs, so we refrain from explicitly stating the
runtime of these algorithms.

For practical purposes, one can use a purely combinatorial approach for approximating
Gap [CKRO6], which utilizes an algorithm for the KNaPSACK problem as a subroutine. The
algorithm translates into a 3-approximation for GAP running in O(NM) time (ora (2 + ¢)-
approximation running in O(MN log1/e + M/e*) time), where N is the number of items
and M is the number of bins. In our setting, the simple 3-approximation implies a ran-
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Some Basic Results Section 4.1

domized 32-approximation (or a deterministic 40-approximation) algorithm with running
time O(|V]?) for Max-CrOWN on general weighted graphs.

4.1 Some Basic Results

In this section, we present two technical lemmas that will help us to prove our main results in
the following two sections where we treat the weighted and unweighted cases of Max-CROWN.
The second lemma immediately improves the results of Barth et al. [BEK*14] for stars, trees,
and planar graphs.

4.1.1 A Combination Lemma

Several of our algorithms cover the input graph with subgraphs that belong to graph classes
for which the Max-CrowN problem is known to admit good approximations. The following
lemma allows us to combine the solutions for the subgraphs. We say that a graph G = (V, E)
is covered by graphs G; = (V,E;),..., Gy = (V,Ef) if E= EyU--- U Ej.

Lemma4.1. Let graph G = (V, E) be covered by graphs Gy, G,, ..., Gi. If, fori =1,2,...,k,
weighted Max-CROWN on graph G; admits an a;-approximation, then weighted Max-CROWN
on G admits a (Zle (xl-)-approximation.

Proof. Our algorithm works as follows. For i = 1,...,k, we apply the «;-approximation
algorithm to G; and report the result with the largest profit as the result for G. We show
that this algorithm has the claimed performance guarantee. For the graphs G, Gy, .. ., G, let
OPT, OPT}, ..., OPT} be the optimum profits and let ALG, ALG;, ..., ALGy be the profits
of the approximate solutions. By definition, ALG; > OPT; /a; for i = 1,..., k. Moreover,
OPT < ¥'¥ | OPT; because the edges of G are covered by the edges of Gy, ... ., G¢. Assume,
without loss of generality, that OPT, /a; = max; (OPT; /«;). Then,

OPT k OPT; OPT
ALG = ALG, > L Z’-}( f> ——— .
o Yio1 & Yio1 &

4.1.2 Improvement on Existing Approximation Algorithms

The approximation algorithms for stars, trees and planar graphs provided by Bekos et al. [BFK*14]]
use an a-approximation algorithm for

GAP instances. We prove that these instances require only a constant number of bins and
thus can be approximated using the PTAS of Briest et al. [BKVTI].

Lemma 4.2 ([BKVTI])). Forany ¢ > 0, there is a (1+ ¢)-approximation algorithm for GAP with
a constant number of bins. The algorithm takes n®/®) time. O

Using Lemmas[d.]and[4.2} we improve the approximation algorithms of Barth et al. [BEK*14].

Theorem 4.1. Weighted Max-CROWN admits a (1 + ¢)-approximation algorithm on stars,
a (2 + ¢)-approximation algorithm on trees, and a (5 + &)-approximation algorithm on planar
graphs.
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Figure 4.3: Notation for the PTAS for stars.

Proof. By Lemma[4.1} the claim for stars implies the other two claims since a tree can be
covered by two star forests and a planar graph can be covered by five star forests in polynomial
time [HMS96].

We now show that we can use Lemma[4.2]to get a PTAS for stars. First, we give the PTAS
for the model with point contacts.

Let u be the center vertex of the star. We create eight bins: four corner bins uy, u$, us,
and u§ modeling adjacencies on the four corners of the box u, two horizontal bins u!' and u
modeling adjacencies on the top and bottom side of u, and two vertical bins u] and u} modeling
adjacencies on the left and right side of u; see Figure[4.3] The capacity of the corner bins is 1,
the capacity of the horizontal bins is the width w(u) of 1, and the capacity of the vertical bins
is the height h(u) of u. Next, we introduce an item i(v) for any leaf vertex v of the star. The
size of i(v) is 1 in any corner bin, w(v) in any horizontal bin, and h(v) in any vertical bin.
The profit of i(v) in any bin is the profit p(u, v) of the edge (u,v).

Note that any feasible solution to the Max-CrROWN instance can be normalized so that any
box that touches a corner of u has a point contact with u. Hence, the above is an approximation-
preserving reduction from weighted Max-CROWN on stars (with point contacts) to Gap. By
Lemma 4.2} we obtain a PTAS.

We first assume that all boxes have integral edge lengths, which can be accomplished by
scaling. Consider a feasible solution without point contacts. We now modify the solution as
follows. Each box that touches a corner of u is moved so that it has a point contact with this
corner. Afterwards, we move some of the remaining boxes until all corners of u have point
contacts or until we run out of boxes. This yields a solution with point contacts in which there
are two opposite sides of u—say the two horizontal sides—which either do not touch any
box or from which we removed one box during the modification. Now observe that, if we
shrink the two horizontal sides by an amount of 1/2, then all contacts can be preserved since
there was a slack of at least 1 at both horizontal sides. Conversely, observe that any feasible
solution with point contacts to the modified instance with shrunken horizontal sides can be
transformed into a solution without point contacts since we always have a slack of at least 1/2
on both horizontal sides. This shows that there is a correspondence between feasible solutions
without point contacts and feasible solutions with point contacts to a modified instance where
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we either shrink the horizontal or the vertical sides by 1/2. The PTAS for MAX-CROWN on
stars consists in applying a PTAS to two instances of Max-CROwN with point contacts where
we shrink the horizontal or vertical sides, respectively, and in outputting the better of the two
solutions. O

4.2 The Weighted Case

In this section, we provide new approximation algorithms for more involved classes of
(weighted) graphs than in the previous section. Recall that a = ¢/(e — 1) ~ 1.58. First, we give
a (3 + ¢)-approximation for outerplanar graphs. Then, we present a 16a/3-approximation for
bipartite graphs. For general graphs, we provide a simple randomized 32« /3-approximation
and a deterministic 40« /3-approximation.

Theorem 4.2. Weighted Max-CROWN on outerplanar graphs admits a (3 + €)-approximation.

Proof. It is known that the star arboricity of an outerplanar graph is 3, that is, it can be
partitioned into at most three star forests [HMS96]. Here we give a simple algorithm for
finding such a partitioning.

Any outerplanar graph has degeneracy at most 2, that is, it has a vertex of degree at most 2.
We prove that any outerplanar graph G can be partitioned into three star forests such that
every vertex of G is the center of only one star. Clearly, it is sufficient to prove the claim for
maximal outerplanar graphs in which all vertices have degree at least 2. We use induction on
the number of vertices of G. The base of the induction corresponds to a 3-cycle for which
the claim clearly holds. For the induction step, let v be a degree-2 vertex of G and let (v, u)
and (v, w) beits incident edges. The graph G—v is maximal outerplanar and thus, by induction
hypothesis, it can be partitioned into star forests F;, F,, and F; such that u is the center of a
star in F; and w is the center of a star in F,. Now we can cover G with three star forests: we
add (v, u) to F;, we add (v, w) to F,, and we create a new star centered at v in Fj.

Applying Lemma[4.]]and Theorem[4.]]to the star forests completes the proof. O

Theorem 4.3. Weighted Max-CROWN on bipartite graphs admits a 16a/3(~ 8.4)-approx-
imation.

Proof. Let G = (V,E) be a bipartite input graph with V.= V; U V, and E ¢ V; x V,.
Using G, we build an instance of GaP as follows. For each vertex u € V;, we create eight
bins uf, uS, u$, us, ul', ul, ul, u} and set the capacities exactly as we did for the star center in
Theorem[4.1] Next, we add an item i(v) for every vertex v € V5. The size of i(v) is, again, 1 in
any corner bin, w(v) in any horizontal bin, and h(v) in any vertical bin. For u € Vj, the profit
of i(v) is p(u,v) in any bin of u.

Itis easy to see that solutions to the GAP instance are equivalent to word cloud solutions (with
point contacts) in which the realized edges correspond to a forest of stars with all star centers
being vertices of V;. Hence, we can find an approximate solution of profit ALG] > OPT; /«
where OPT] is the profit of an optimum solution (with point contacts) consisting of a star
forest with centers in V;.

We now show how to get a solution without point contacts. If the three bins on the top side
of a vertex u (two corner bins and one horizontal bin) are not completely full, we can slightly
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(a) The graph G* realized by (b) G* can be decomposed into two forests H; and H; and further
an optimum solution is pla- into four star forests S, S, (black) with centers in V; (disks)
nar and bipartite. and S;, S5 (dashed) with centers in V5 (boxes).

Figure 4.4: Partitioning the optimum solution in the proof of Theorem

move the boxes in the corners so that point contacts are avoided. Otherwise, we remove
the lightest item from one of these bins. We treat the three bottommost bins analogously.
Note that in both cases we only remove an item if all three bins are completely full. The
resulting solution can be realized without point contacts. We do the same for the three left
and three right bins and choose the heavier of the two solutions. It is easy to see that we lose
at most 1/4 of the profit for the star center u: Assume that the heaviest solution results from
removing weight w; from one of the upper and weight w, from one of the lower bins. As
we remove the lightest items only, the remaining weight from the upper and lower bins is at
least 2(w; + wy ). On the other hand, the weight in the two vertical at least w; + w5; otherwise,
dropping everything from these vertical bins would be cheaper. Hence, we keep at least weight
3(wr +wy).

If we do so for all star centers, we get a solution with profit ALG; > 3/4-ALGj > 30PT; /(4«)
> 30PT, /(4«a) where OPT] is the profit of an optimum solution (without point contacts)
consisting of a star forest with centers in V.

Similarly, we can find a solution of profit ALG, > 3 OPT, /(4«) with star centers in V5,
where OPT), is the maximum profit that a star forest with centers in V, can realize. Among
the two solutions, we pick the one with larger profit ALG = max {ALG,, ALG, }.

Let G* = (V,E") be the contact graph realized by a fixed optimum solution, and let
OPT = p(E™) be its total profit. We now show that ALG > 30PT /(16«). As G* is a planar
bipartite graph, |[E*| < 2n — 4. Hence, we can decompose E* into two forests H; and H, using
a result of Nash-Williams [NW64]; see Figure We can further decompose H; into two
star forests S; and Sj in such a way that the star centers of S; are in V; and the star centers
of S are in V;. Similarly, we decompose H, into a forest S, of stars with centers in V; and a
forest S}, of stars with centers in V. As we decomposed the optimum solution into four star
forests, one of them—say S;—has profit p(S;) > OPT /4. On the other hand, OPT; > p(S,).
Summing up, we get

ALG > ALG, > 30PT,/(4a) > 3p(S;)/(4a) > 30PT/(l6a). O

Theorem 4.4. Weighted Max-CROWN on general graphs admits a randomized 32a/3 (» 16.9)-
approximation.

Proof. Let G = (V,E) be the input graph and let OPT be the weight of a fixed optimum
solution. Our algorithm works as follows. We first randomly partition the set of vertices
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into V; and V; = V \ V, that is, the probability that a vertex v is included in V; is 1/2. Now we
consider the bipartite graph G’ = (V; U V,, E') with E' = {(v1,v,) € E | v; € Vi and v, € V,}
that is induced by V; and V,. By applying Theorem [4.3|on G, we can find a feasible solution
for G with weight ALG > 3OPT’ /(16«), where OPT’ is the weight of an optimum solution
for G'.

Any edge of the optimum solution is contained in G’ with probability 1/2. Let OPT be the
total weight of the edges of the optimum solution that are present in G’. Then, E[OPT] =
OPT /2. Hence,

E[ALG] > 3E[OPT’]/(16a) > 3E[OPT]/(16&) = 30OPT/(32a). O

Theorem 4.5. Weighted Max-CROWN on general graphs admits a 40a/3(~ 21.1)-approx-
imation.

Proof. Let G = (V, E) be the input graph. As in the proof of Theorem our algorithm
constructs an instance of GAp based on G. The difference is that, for every vertex v e V, we
create both eight bins and an item i(v). Capacities and sizes remain as before. The profit of
placing item i(v) in a bin of vertex u, with u # v, is p(u, v).

Let OPT be the value of an optimum solution of MAx-CrowN for G, and let OPTg5p be the
value of an optimum solution for the constructed instance of GAP. Since any optimum solution
of Max-CrownN, being a planar graph, can be decomposed into five star forests [HMS96], there
exists a star forest carrying at least OPT /5 of the total profit. Such a star forest corresponds
to a solution of GaP for the constructed instance; therefore, OPTgap > OPT /5. Now we
compute an a-approximation for the Gap instance, which results in a solution of total profit
ALGgap > OPTgap /o > OPT /(5a). Next, we show how our solution induces a feasible
solution of MAx-CROWN where every vertex v € V is either a bin or an item.

Consider the directed graph Ggap = (V, Egap) with (4, v) € Egap if and only if the item
corresponding to u € V is placed into a bin corresponding to v € V. A connected component
in Ggap with n’ vertices has at most n’ edges since every item can be placed into at most one
bin. If n’ = 2, we arbitrarily make one of the vertices a bin and the other an item. If n’ > 2,
the connected component is a 1-tree, that is, a tree and an edge. In this case, we partition
the edges into two subgraphs; a star forest and the disjoint union of a star forest and a cycle;
see Figure[4.5] Note that both subgraphs can be represented by touching boxes if we allow
point contacts. This is due to the fact that the stars correspond to a solution of GAP. Hence,
choosing a subgraph with larger weight and post-processing the solution as in the proof of
Theorem[4.3|results in a feasible solution of Max-CrowN with no point contacts. Initially, we
discarded at most half of the weight and the post-processing keeps at least 3/4 of the weight,
$0 ALG > 3 ALGgap /8. Therefore, ALG > 30PT /(40a). O

4.3 The Unweighted Case

In this section, we consider the unweighted Max-CROWN problem, that is, all desired contacts
have profit 1. Thus, we want to maximize the number of edges of the input graph realized by
the contact representation. We present approximation algorithms for different graph classes.
First, we give a 2-approximation for trees. Then, we present a PTAS for planar graphs of
bounded degree. Finally, we provide a (5 + 16a/3)-approximation for general graphs.
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Figure 4.5: Partitioning a 1-tree into a star forest (gray) and the union of a cycle and a star
forest (black).

Theorem 4.6. Unweighted Max-CROWN on trees admits a 2-approximation.

Proof. Let T be the input tree. We first decompose T into edge-disjoint stars as follows. If T
has at most two vertices, then the decomposition is straight-forward. So, we assume without
loss of generality that T has at least three vertices and is rooted at a non-leaf vertex. Let u be a
vertex of T such that all its children, say vy, ..., vy, are leaf vertices. If u is the root of T, then
the decomposition contains only one star centered at u. Otherwise, denote by 7 the parent
of u in T, create a star S, centered at u with edges (u, ), (u,v1), ..., (4, vx) and call the
edge (u, m) of S, the anchor edge of S,,. The removal of u, vy, ..., v, from T results in a new
tree. Therefore, we can recursively apply the same procedure. The result is a decomposition
of T into edge-disjoint stars covering all edges of T.

We next remove, for each star, its anchor edge from T. We apply the PTAS of Theorem [4.]]
to the resulting star forest and claim that the result is a 2-approximation for T. To prove the
claim, consider a star S;, of the new star forest, centered at u with edges (u,v1), ..., (4, v)
and let ALG be the total number of contacts realized by the (1 + ¢)-approximation algorithm
on S;,. We consider the following two cases.

(a) 1< k < 4: Since it is always possible to realize four contacts of a star, ALG > k. Note
that an optimal solution may realize at most k + 1 contacts (due to the absence of the
anchor edge from S). Hence, our algorithm has approximation ratio (k +1)/k < 2.

(b) k > 5: Since it is always possible to realize four contacts of a star, we have ALG > 4. On
the other hand, an optimal solution realizes at most (1 + ¢) ALG +1 contacts. Thus, the
approximation ratio is ((1+¢) ALG+1)/ ALG < (1+¢) +1/4 < 2.

The theorem follows from the fact that all edges of T are incident to the star centers. O

Next, we develop a PTAS for bounded-degree planar graphs. Our construction needs two
lemmas, the first of which was shown by Barth et al. [BEK14].
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Lemma 4.3 ([BFK*14]). If the input graph G = (V, E) has maximum degree A then
OPT > 2|E|/(A +1).

The second lemma provides an exponential-time exact algorithm for MAx-CROWN.

Lemma 4.4. There is an exact algorithm for unweighted Max-CROWN with running time
20(11 log n).

Proof. Consider a placement which assigns a position [£5,75] x [bg, t5] to every box B,
with €5 + w(B) = rg and bg + h(B) = tp. For the x-axis, this gives a (possibly non-strict)
linear order on the values ¢z and rg, where some might be equal. An order on the y-axis is
implied similarly. Together, these two orders fully determine the combinatorial structure of
overlaps and contacts: for contact, two boxes must have a side of equal value and a side with
overlap.

The algorithm enumerates all possible combinations of two such orders using the represen-
tation sketched above. On a single axis, this is a permutation of 2n variables and, between
every two variables adjacent in this permutation, whether they are equal or the second vari-
able has strictly larger value. This representation demonstrates that the number of distinct
orders in one dimension is bounded by O((21)! - 22"), which is 2°(*1°6") The number of
combinations of two such orders also satisfies this bound.

For any given pair of orders, it can be determined if they imply overlaps and what the
objective value is by counting the number of profitable contacts. If there are no overlaps, the
existence of an actual placement realizing the orders is tested using linear programming. As
these tests run in polynomial time, an optimal placement can be found in 2°("1°¢™) time. [J

Theorem 4.7. Unweighted Max-CROWN on planar graphs with maximum degree A admits a
PTAS. More specifically, for any € > 0 there is an (1 + €)-approximation algorithm with linear

o ol
running time n2(4/)°

Proof. Let r be a parameter to be determined later. Frederickson [Fre87] showed that we can
find a vertex set X ¢ V (called r-division) of size O(n/+/r) such that the following holds. The
vertex set V \ X can be partitioned into n/r vertex sets V1, ..., V,/, such that (i) |V;| < r for
i =1,...,n/rand (ii) there is no edge running between any two distinct vertex sets V; and V;.
In what follows, we assume without loss of generality that G is connected, as we can apply the
PTAS to every connected component separately.

We apply the result of Frederickson to the input graph and compute an r-division X. By
removing the vertex set X from the graph, we remove O(nA/+/r) edges from G. Now, we
apply the exact algorithm of Lemma[4.4to each of the induced subgraphs G[V;] separately.
The solution is the union of the optimum solutions to G[ V;].

Since no edge runs between the distinct sets V; and Vj, the subgraphs G[V;] cover G - X.
Let E* be the set of edges realized by an optimum solution to G, let OPT = |E*|, and let
OPT’ = |E*NE(G-X)|. By Lemmal4.3) we have that OPT > 2(n-1)/(A+1) = Q(n/A). When
we removed X from G, we removed O(nA/+/r) edges. Hence, OPT = OPT' +O(nA/\/r)
and OPT' = Q(n(1/A - A/\/T)).

Since we solved each sub-instance G[V;] optimally and since these sub-instances cover
G - X, the solution created by our algorithm realizes at least OPT’ many edges. Using this
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fact and the above bounds on OPT and OPT’, the total performance of our algorithm can be
bounded by

OPT _ OPT'+O(nA/\/r) _ nAJ\/r B A?
opPT’ opPT’ _1+O(n(1/A—A/\/?))_“O(\/‘—Az)'

We want this last term to be smaller than 1 + ¢ for some prescribed error parameter 0 < € < 1.
It is not hard to verify that this can be achieved by letting r = ®@(A*/e?). Since each of the
subgraphs G[V;] has at most r vertices, the total running time for determining the solution is
n2(A/0°” O

Before tackling the case of general graphs, we need a lower bound on the size of maximum
matchings in planar graphs in terms of the numbers of vertices and edges.

Lemma 4.5. Any planar graph with n vertices and m edges contains a matching of size at least
(m-2n)/3.

Proof. Let G be a planar graph. Our proof is by induction on n. The claim clearly holds
forn=1

For the inductive step, assume that n > 1. If G is not connected, the claim follows by
applying the inductive hypothesis to every connected component. Now assume that G has
a vertex u of degree less than 3. Consider the graph G’ = G — u with n’ = n — 1 vertices and
m' > m — 2 edges. By the inductive hypothesis G’ (and hence, G, too) has a matching of size
at least

(m'-2n")/3>((m-2)-2(n-1))/3=(m-2n)/3.

It remains to tackle the case where G is connected and has minimum degree 3. Nishizeki
and Baybars [NB79] showed that any connected planar graph with at least n > 10 vertices and
minimum degree 3 has a matching of size at least

[(n+2)/3]2n/3.

This shows the claim for n > 10 since m < 3n — 6.
In the remaining cases, G has n < 9 vertices. Due to planarity, we have

(m-2n)/3<(n-6)/3<1.
Hence, any nonempty matching is large enough. O
We are now ready to present an approximation algorithm for general graphs.
Theorem 4.8. Unweighted Max-CROWN on general graphs admits a (5 +16a/3) (~ 13.4)ap-

proximation.

Proof. The algorithm first computes a maximal matching M in G. Let V' be the set of vertices
matched by M, let G’ be the subgraph induced by V', and let E’ be the edge set of G’. Note
that G = G — E’ is a bipartite graph with partition (V’, V \ V'), This is because the matching
M is maximal, which implies that every edge in E \ E’ is incident to a vertex in V' and to a
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Figure 4.6: Partitioning the input graph and the optimum solution in the proof of Theorem

vertex not in V’; see Figure Hence, we can compute a 16a/3- approximation to G using
the algorithm presented in Theorem[4.3]

Consider the graph G” = (V', E' \ M) and compute a maximum matching M" in G"; see
Figure[4.6b] The edge set M U M" is a set of vertex-disjoint paths and cycles and can therefore
be completely realized [BFK*14]. The algorithm realizes this set. Below, we argue that this
realization is in fact a 5-approximation for G, which completes the proof (due to Lemmal4.]]
and since G is covered by G’ and G).

Let n' = |V’| be the number of vertices of G’. Let E* be the set of edges realized by an
optimum solution to G’, and let OPT = |E*|. Consider the subgraph G* = (V',E* \ M)
of G”; see Figure[4.6d, Note that G* is planar and contains at least OPT —n’/2 many edges.
Applying Lemma [4.5to G*, we conclude that the maximum matching M" of G” has size at
least (OPT —5n'/2) /3. Hence, by splitting OPT appropriately, we obtain

OPT = (OPT-5n"/2) +5n"/2 < 3IM"| +5|M| < 5|M" uM]. O

4.4 The Model with Point Contacts

In the model with point contacts, adjacencies between boxes may be realized by a point contact,
that is, if two boxes touch each other in two corners. Note that the algorithms that use the
PTAS of Lemma4.2]also hold for this model without any modification.
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4.4.1 Weighted Bipartite and General Graphs

For these graph classes, we do, on the one hand, no longer need the post-processing that we
applied in Theorems[4.3|and[4.5| (and implicitly also in Theorem [4.4). This post-processing
cost us up to a quarter of the total profit. Hence, we can (for now) replace a by 3a/4, which
improves the approximation factors for these cases.

On the other hand, a realized graph is now not necessarily planar as four boxes can meet
in a point and both diagonals correspond to edges of the input graph. It is, however, easy to
see that the graphs that can be realized are 1-planar. This means that an optimal solution has
at most 4n — 8 edges in the case of general graphs and at most 3n — 6 edges in the case of
bipartite graphs. Furthermore, Ackerman [[Ackl4] showed very recently that a I-planar graph
can be covered by a planar graph and a tree. Hence, we can cover a 1-planar graph with seven
star forests and a bipartite 1-planar graph with six star forests (via a bipartite planar graph and
a tree).

If our approximation algorithm for bipartite graphs uses this decomposition into six star
forests, we easily get a 6a-approximation for this case. As a consequence, we get (as in
Theorem[4.4) a randomized 12a-approximation for general graphs. Similarly, decomposing
an optimum I-planar solution into seven star forests (instead of five star forests for planar
graphs), we get a deterministic 14a-approximation for general graphs.

Theorem 4.9. Weighted Max-CROWN in the model with point contacts admits a 6a (~ 9.5)-
approximation algorithm on bipartite graphs, a randomized 12a(~ 19)-approximation algorithm
on general graphs, and a deterministic 14a (~ 22.1)-approximation algorithm on general graphs.

4.4.2 Unweighted General Graphs

In order to modify the algorithm for the unweighted case, we use the new decomposition
of bipartite graphs. It is easy to prove that any 1-planar graph with m edges and » vertices
contains a matching of size at least (m — 3n)/3: we planarize the graph (by removing at most
n edges) and then apply Lemma4.5] This results in a (7 + 6a)-approximation for unweighted
general graphs.

Theorem 4.10. Weighted Max-CROWN in the model with point contacts admits a (7 + 6a) (~
16.5)-approximation algorithm on unweighted general graphs.

4.5 APX-Completeness

In this section, we prove APX-completeness of weighted Max-CROwN by giving a reduction
from 3-dimensional matching. This reduction works both in the model without and in the
model with point contacts.

Theorem 4.11. Weighted Max-CrRoOwN is APX-complete even if the input graph is bipartite of
maximum degree 9, each edge has profit I, 2 or 3, and each vertex corresponds to a square of one
out of three different sizes.

Proof. We give a reduction from 3-dimensional matching (3DM). Recall that an instance of
this problem is given by three disjoint sets X, Y, Z with cardinalities |X| = |Y| = |Z| = k and a
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Figure 4.7: The two possible configurations of a hyperedge e = (x, y,z) in the proof of
Theorem 4.11

set E € X x Y x Z of hyperedges. The objective is to find a set M C E, called matching, such
that no element of V = X u 'Y u Z is contained in more than one hyperedge in M and such
that | M| is maximized.

The problem is known to be APX-hard [FGMSII]. More specifically, for the special case
of 3DM where every v € V is contained in at most three hyperedges (hence |E| < 3k) it is
NP-hard to decide whether the maximum matching has cardinality k or only k(1 - &) for
some constant 0 < gy < 1. We reduce from this special case of 3DM to MAX-CROWN.

To this end, we construct the following Max-CRrowN instance from a given 3DM instance.
We create, for each v € V, a square of side length 1. For each hyperedge e € E, we create
nine squares e*, ey, ..., eg where e* has side length 3.5 and ey, . . . , eg have side length 3. In
the desired contact graph, we create an edge (e*, e;) of profit 2 and, for i = 2,...,8, an edge
(e*, e;) of profit 3. We also create an edge (e*,v) of profit 1if v is incident to e in the 3DM
instance.

Consider an optimum solution to the above Max-CROWN instance. It is not hard to verify
that, for any hyperedge e = (x, y, z), the solution will realize the edges (e*, ;) fori = 2,...,8.
Moreover, we can assume without loss of generality that the solution either realizes all three
adjacencies (e*,x), (e*, y), and (e*, z) of total profit 3 or the adjacency (e*, e;) of profit 2;
see Figure[4.7] We call such a solution well-formed.

Assume that there is a solution M to the 3DM instance of cardinality k. Then this can be
transformed into a well-formed solution to MAX-CROWN of profit (7-3+2)|E|+|M| = 23|E|+k.

Conversely, suppose that the maximum matching has cardinality at most (1-¢o ) k. Consider
an optimum solution to the respective MAX-CROWN instance. We may assume that the solution
is well-formed. Let M be the set of hyperedges e = (x, y, z) for which all three adjacencies
(e*,x),(e*,y),(e*,z) are realized. Then, the profit of this solution is (7 - 3 + 2)|E| + |M| =
23|E| + |M|. Note that M is in fact a matching because the solution to MAX-CROWN was
well-formed. Thus, the optimum profit is bounded by 23|E| + (1 — &) k.

Hence, it is NP-hard to distinguish between instances with OPT > 23|E| + k and instances
with OPT < 23|E| + (1 - &)k. Using |E| < 3k, this implies that there cannot be any approxi-
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mation algorithm of ratio less than

23|E| +k Sok Sok &o
=1+ > 1+ =1+ N
23|E‘+(1—£0)k 23|E|+(1—80)k (70-80)]{ 70 — &9
which is a constant strictly larger than 1. O

4.6 Concluding Remarks

In this chapter, we have presented approximation algorithms for the Max-CROWN problem,
which can be used for constructing semantics-preserving word clouds. Apart from improving
approximation factors for various graph classes, many open problems remain. Most of our
algorithms are based on covering the input graph by subgraphs and packing solutions for the
individual subgraphs. Both subproblems—covering graphs with special types of subgraphs
and packing individual solutions together—are interesting problems in their own right which
may lead to algorithms with better guarantees. Practical variants of the problem are also of
interest, for example, restricting the heights of the boxes to predefined values (determined
by font sizes), or defining more than immediate neighbors to be in contact, thus considering
non-planar “contact” graphs. Another interesting variant is when the bounding box of the
representation has a certain fixed size or aspect ratio.

68



Part I

Visual Guidance






Smooth Orthogonal Layouts
of Planar Graphs

In the visualization of technical networks such as the structure of VLSI chips [Lei80], floor
plans [SEK11], or UML diagrams [See97], there is a strong tendency to draw edges as rectilinear
paths. The problem of laying out networks in such a way is called orthogonal graph drawing
and has been studied extensively. For drawings of (planar) graphs to be readable, special care
is needed to keep the number of bends small. In a seminal work, Tamassia [Tam87] showed
that one can efficiently minimize the total number of bends in orthogonal layouts of embedded
maxdeg-4 planar graphs, that is, planar graphs of maximum degree 4 whose combinatorial
embedding (the cyclic order of the edges around each vertex) is given. In contrast to this,
minimizing the number of bends over all embeddings of a maxdeg-4 planar graph is NP-
hard [GT0I]. Biedl and Kant [BK98] and Liu et al. [LMS98]] have independently shown that
any planar embedding of a maxdeg-4 planar graph admits a drawing on the (n x n)-grid
with at most 2z + 2 bends in total and at most 2 bends per edge, with the exception of the
octahedron, that requires one edge with 3 bends. Blésius et al. [BKRW14] gave an algorithm
that, given an embedded maxdeg-4 planar graph and a function flex: E — N;, computes a
drawing with at most flex(e) bends for every edge e € E, if one exists.

In a so far unrelated line of research, circular-arc drawings of graphs have become a
popular matter of research in the last few years. Inspired by American artist Mark Lombardi
(1951-2000), Duncan et al. [DEG*12] introduced and studied Lombardi drawings, which are
circular-arc drawings with the additional requirement of perfect angular resolution, that is,
for each vertex, all pairs of consecutive edges form the same angle. Among others, Duncan
et al. treat drawings of d-regular graphs, that is, graphs in which every vertex has degree d,
where all vertices have to lie on one circle. They show that, under this restriction, Lombardi
drawings can be constructed efficiently for some subclasses, whereas the problem is NP-hard
for other subclasses. They also show that ordered trees can always be Lombardi drawn in
polynomial area, whereas straight-line drawings with perfect resolution may need exponential
area [DEG™13].

Very recently, Bekos et al. [BKKS13] introduced the smooth orthogonal graph layout problem
that combines the two worlds; the rigidity and clarity of orthogonal layouts with the artistic
style and aesthetic appeal of Lombardi drawings. Formally, a smooth orthogonal drawing of a
graph is a drawing on the plane where

(i) each vertex is drawn as a point
(ii) edges leave and enter vertices horizontally or vertically, and

(iii) each edge is drawn as an alternating sequence of axis-aligned line segments and circular-
arc segments such that consecutive segments have a common horizontal or vertical
tangent at their intersection point.

In the case of (maxdeg-4) planar graphs, it is additionally required that
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Figure 5.1: Clipping of the public transport map Gmunden - Vocklabruck - Salzkammergut,
Austria [Wall12].

(iv) there are no edge-crossings.

Note that, by construction, (smooth) orthogonal drawings of maxdeg-4 planar graphs have
angular resolution within a factor of two of optimal.

Figure [5.1] shows a real-world example: a smooth orthogonal drawing of an Austrian
regional bus and train map. Extending our model, the map has (multi-) edges that enter
vertices diagonally (as in Griinau im Almtal Postamt; bottom right).

For usability, it is important to keep the visual complexity of such drawings low. In a
(smooth) orthogonal drawing, the complexity of an edge is the number of segments it consists
of, that is, the number of inflection points plus one. Then, a natural optimization goal is to
minimize, for a given (embedded) planar graph, the edge complexity of a drawing, which
is defined as the maximum complexity over all edges. We say that a graph has orthogonal
complexity k if it admits an orthogonal drawing of edge complexity at most k, for short, an
OCy-layout. Accordingly, we say that a graph has smooth complexity k if it admits a smooth
orthogonal drawing of edge complexity at most k, for short, an SCy-layout. We seek for
drawings of maxdeg-4 planar graphs with low smooth complexity.

Our Contribution. Known results and our contributions to smooth orthogonal drawings
are shown in Table[5.1] The main result of this chapter is that any maxdeg-4 planar graph admits
an SC,-layout (see Sections[5.1]and [5.2). Our upper bound of 2 for the smooth complexity
of maxdeg-4 planar graphs improves the previously known bound of 3 and matches the
corresponding lower bound [BKKSI13]. In contrast to the known algorithm for SC;-layout
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graph class our contribution Bekos et al.
complexity area Theorem | [BKKSI3|
blc;zzcelz;e.i planar SC, super-poly SCs
maxdeg-4 planar SC, super-poly
maxdeg-3 planar SC, [n?/4] x |n/2]
biconnected .
maxdeg-4 outerplane SC exponential
triconnected sC
maxdeg-3 planar !
Hamiltonian sC
maxdeg-3 planar !
maxdeg-4 planar,
poly-area #5C
OC;3, octahedron ¢SC
0C, ¢sC

Table 5.1: Comparison of our results to the results of Bekos et al. [BKKSI13].

[BKKSI13], which is based on an algorithm for OCj;-layout of Biedl and Kant [BK98]|, we
use an algorithm of Liu at al. [LMS98] for OC;-layout, which avoids S-shaped edges (see
Figure[5.2p, top). Such edges are undesirable since they force their endpoints to lie on a line of
slope +1 in a smooth orthogonal layout (see Figure[5.2b, bottom). Our construction requires
super-polynomial area. Hence, we have made no effort in proving a concrete bound.

Further, we prove that every biconnected maxdeg-4 outerplane graph admits an SC;-
layout (see Section[5.3), expanding the class of graphs with SC;-layout from triconnected
or Hamiltonian maxdeg-3 planar graphs [BKKSI3]. Note that in our result the outerplane
embedding can be prescribed, while in the other results the algorithms need the freedom to
choose an appropriate embedding.

We complement our positive results by two negative results. First, we show that there is an
infinite family of graphs that admit SC;-layouts but require exponential area; see Section[5.4]
Second, we show that there is an infinite family of graphs that admit OC,-layouts but do not
admit SC;-layouts; see Section 5.5}

5.1 Smooth Layouts for Biconnected Maxdeg-4 Planar
Graphs

In this section, we prove that any biconnected maxdeg-4 planar graph admits an SC,-layout.
Given a biconnected maxdeg-4 planar graph, we first compute an OCs-layout, using an
algorithm of Liu et al. [LMS98]. Then, we turn the result of their algorithm into an SC,-layout.

Liu et al. choose two vertices s and ¢t and compute an st-ordering of the input graph.
An st-ordering is an ordering (s = 1,2,...,n = t) of the vertices such that every vertex j
(2 < j < n—1) has neighbors i and k with i < j < k. Then, they go through all vertices as
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Figure 5.2: Converting shapes from the OC;-layout to SC;.

prescribed by the st-ordering, placing vertex i in row i. Calling an edge of which exactly one
endpoint is already drawn an open edge, they maintain the following invariant:

(I;) In each iteration, every open edge is associated with a column (a vertical grid line).

We define an L-shaped edge (for short, an L-shape) to be composed of a quarter-circle and a
horizontal or vertical line-segment; see Figure[5.2d. A C-shaped edge (for short, a C-shape) is
composed of a semicircle and (optionally) a vertical line segment; see Figure[5.2f. Similarly, a
U-shaped edge (for short, a U-shape) is composed of a semicircle and (optionally) a horizontal
line segment; see Figure[5.2f. Finally, an S-shaped edge (for short, an S-shape) is composed of
two quarter-circles; see Figure[5.2b (bottom); they are undesirable as they force their endpoints
to lie on a line of slope +1.

The algorithm of Biedl and Kant [BK98] yields an OC;-layout similar to that of Liu et al.
However, Liu et al. additionally show how to modify their algorithm such that it produces
OC;-layouts without the undesirable S-shapes.

In their modified algorithm, Liu et al. search for paths in the drawing that consist only of
S-shapes; every vertex lies on at most one such path. They place all vertices on such a path
in the same row, without changing their column. This essentially converts all S-shapes into
horizontal edges. Now, every edge (except (1,2) and (1, n)) is drawn as a vertical segment,
horizontal segment, L-shape, or C-shape; see Figure[5.2] The edge (1,2) is drawn as a U-
shape and the edge (1, n), if it exists, is either drawn as a C-shape or (only in the case of the
octahedron) as a three-bend edge that uses the left port of vertex 1 and the top port of vertex .

We convert the output of the algorithm of Liu et al. from OC; to SC,. The coordinates of
the vertices and the port assignment of their drawing define a (non-planar) SC,-layout using
the conversion table in Fig[5.3] In order to avoid crossings, we carefully determine new vertex
positions scanning the drawing of Liu et al. from bottom to top.

We now introduce our main tool for the conversion: a cut, for us, is a y-monotone curve
consisting of horizontal, vertical, and circular segments that divides the current drawing into
a left and a right part, and only intersects horizontal segments and semicircles of the drawing.
In the following, we describe how one can find such a cut from any starting point at the top
of the drawing; see Figure[5.4} In spite of the fact that we define the cut going from top to
bottom, “to its right” will, as usually, mean “with larger x-coordinate”

When such a cut encounters a vertex u to its right with an outgoing edge associated with its
left port, then the cut continues by passing through the segment incident to u. On the other
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Figure 5.3: Cases for drawing the edge (u,v) based on the port assignment. In each case,
u is the lower of the two vertices (y(u) < y(v)). As shorthand, we use Ax = x(u) — x(v),
Ay = y(u) - y(v),and s = slope(u,v) = Ax/Ay.

hand, if the port has an incoming L-shaped or C-shaped edge, the cut just follows the edge.
The case when the cut encounters a vertex to its left is handled symmetrically.

Let v be a vertex incident to two incoming C-shapes (u,v) and (w,v). If y(w) < y(u)
we call the C-shape (u, v) protected by (w, v); otherwise, we call it unprotected. In order to
ensure that a cut passes only through horizontal segments and that our final drawing is planar,
our algorithm will maintain the following new invariants:

(I;) AnL-shape never contains a vertical segment (as in Figure[5.2d right); it always contains
a horizontal segment (as in Figure[5.2d left) or a single quarter-circle.

(1) An unprotected C-shape never contains a horizontal segment incident to its top vertex
(as in Figure[5.2f right); it always contains a horizontal segment incident to its bottom
vertex (as in Figure[5.2k left) or no straight-line segment.

(I;) The subgraph induced by the vertices that have already been drawn has the same
embedding as in the drawing of Liu et al.

Below, we treat L- and C-shapes of complexity 1 as if they had a horizontal segment of
length 0 incident to their bottom vertex. Note that we always cut around protected C-shapes,
so we will never end up in their interior. Now, we are ready to state the main theorem of this
section by presenting our algorithm for SC,-layouts.

Theorem 5.1. Every biconnected maxdeg-4 planar graph admits an SC,-layout.

Proof. In the drawing I' of Liu et al., vertices are arranged in rows. Let V3,...,V, be the
partition of the vertex set V in rows 1,..., . Following Liu et al., the vertices in each such set
induce a path in G. We place vertices in the order Vi, ..., V,. In this process, we maintain a
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Figure 5.4: Finding a cut.

planar drawing I'" and the invariants I; to I,. As Liu et al., we place the vertices on the integer
grid. We deal with the special edges (1,2) and (1, n) at the end, leaving their ports, that is, the
bottom and left port of vertex 1 and the top port of vertex n, open.

For invariant I;, we associate each open edge with the column on which the algorithm of
Liu et al. places it. If their algorithm draws the first segment of the open edge horizontally
(from the source vertex to the column), we use the same segment for our drawing. We use
the same ports for the edges as their algorithm. Thus, our drawing keeps the embedding of
Liu et al., maintaining invariant I.

Assume that, for some 1 < i < n, we have placed Vi, ..., V;_; and that the vertices in V; are
Vi, ...,V in left-to-right order (the case v; = v, is possible; this is the only case in which a
vertex can have incoming L- or C-shapes at both its left and right port). Vertexv; (1< j < c)is
placed in the column with which the edge entering the bottom port of v; is associated. If the
left port of v; is used by an incoming L- or C-shape e = (u;,v;), we place v; (and the other
vertices in V;) on a row high enough such that a smooth drawing of e does not create any
crossings with edges lying on the right side of e in T’; see Figure[5.5p.

In order to make sure that the new drawing of e does not create crossings with edges on
the left side of e in I', we need to “push” those edges to the left of e. We do this by computing
a cut that starts from vy, separates the vertices and edges that lie on the left side of e in I from
those on the right side, passes u; slightly to the left, and continues downwards as described
above; see Figure[5.5¢. Since, by invariant I, our drawing so far is planar and each edge is
drawn y-monotone, we can find a cut that is also y-monotone. We move everything on the
left side of the cut further left such that e has no more crossings. Note that the cut intersects
only horizontal edge segments. These will simply become longer by the move.

Let Ax; = x(v;) —x(u;) and Ay; = y(v;) — y(u;) for i = 1,...,c. It is possible that the
drawing of e violates invariant I3—if u; lies to the left of v;. We consider two cases. First,
assume that the edge (u1,v;) is the only incoming C-shape at v;. Note that this is always the
case if ¢ > 1. In this case, we simply define a cut that starts slightly to the right of v;, follows e,
intersects e slightly to the left of u;, and continues downwards. Then, we move everything on
the left side of the cut by Ax; + 1 units to the left.

Next, assume that ¢ =1 and there is another C-shape (w, v;) entering the right port of vy;
see Figure[5.5. We assume, without loss of generality, that y(w;) < y(u1). Let (x1,v1) be the
edge incident to the bottom port of v;. In this case, we first find a cut that starts slightly to the
right of vy, follows (x1, v;), passes x; slightly to the right, and continues downwards. Then, we
move everything on the right side of the cut by y(v;) — y(x;) units to the right. Thus, there
is an empty square to the right of (x;,v;) of side length y(v1) — y(x1). Now, we place v; at
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Figure 5.5: Handling C-shapes.

the intersection of the slope-1 diagonal through x; and the vertical line through w;. Due to
this placement, we can draw (x;, v;) using two quarter-circles with a common horizontal
tangent in the top right corner of the empty square; see Figure[5.5f. Note that the edge (1, v1)
is protected by (wy, v1), so it can have a horizontal segment incident to v;. This establishes I.

It is also possible that the drawing of e violates invariant I,—if slope(uy, v;) > 1. In this
case, we define a cut that starts slightly to the left of v;, intersects e and continues downwards.
Then, we move everything on the left side of the cut by Ay, units to the left. We treat v, the
rightmost vertex in the current row, symmetrically to v;. This establishes I,.

For the case that v; does not have incoming C-shapes at both its left and right port, we
still have to treat the edges entering vertices vy, ..., v, from below. Note that these edges can
only be vertical or L-shaped. Vertical edges can be drawn without violating the invariants.
However, invariant I, may be violated if an edge e; = (u;,v;) entering the bottom port of
vertex v; is L-shaped; see Figure[5.4[d. Assume that x(u;) < x(v;). In this case, we find a
cut that starts slightly to the left of v;, follows e;, intersects e; slightly to the right of u;, and
continues downwards. Then, we move everything on the left side of the cut by Ay; units to
the left. We handle the case x(u;) > x(v;) symmetrically. This establishes I,.

We thus place the vertices row by row from bottom to top and draw the incoming edges
for the newly placed vertices, copying the embedding of the current subgraph from I'. This
completes the drawing of G — {(1,2), (1, n) }. Note that vertex 1 has no incoming edge and
vertex 2 has only one incoming edge, that is, (1,2). Thus, the bottom port of both vertices is
still unused. We draw the edge (1,2) as a U-shape. Finally, we finish the layout by drawing
the edge (1, n), if it exists. By construction, the left port of vertex 1 is still unused. Note that
vertex n has no outgoing edges, so the top port of n is still free. Hence, we can draw the
edge (1, n) as a horizontal or vertical segment followed by a three-quarter-circle. To avoid
crossings, we may have to move vertex n upwards. This way, we will get a horizontal segment
at vertex 1, and the three-quarter-circle will completely lie outside of the rest of the drawing.
This completes the proof of Theorem 5.1} O

5.2 Smooth Layouts for Arbitrary Maxdeg-4 Planar
Graphs

In this section, we describe how to create SC,-layouts for arbitrary maxdeg-4 planar graphs. To
achieve this, we decompose the graph into biconnected components, embed them separately,

77



Chapter 5 Smooth Orthogonal Layouts of Planar Graphs

and then connect them. For the connection, it is important that one of the connector vertices
lies on the outer face of its component. Within each component, the connector vertices have
degree at most 3; if they have degree 2, we must make sure that their incident edges do not
use opposite ports; otherwise, we cannot connect two components with a common connector
vertex. Following Biedl and Kant [BK98], we say that a degree-2 vertex v is drawn with right
angle if the edges incident to v use two neighboring ports.

Lemma 5.1. Any biconnected maxdeg-4 planar graph admits an SC,-layout such that all
degree-2 vertices are drawn with right angle.

Proof. Let v be a degree-2 vertex. We now show how to adjust the algorithm of Section[5.]]
such that v is drawn with right angle. By construction, the top and the bottom ports of v are
used. Let (u, v) be the edge entering v from below (we allow v = 1 and u = 2). We modify the
algorithm such that (u,v) uses the left or right rather than the bottom port of v. We consider
three cases; (1, v) is either L-shaped, U-shaped, or vertical. These cases are handled when v
is inserted into the smooth orthogonal drawing.

First, we assume that (u, v) is L-shaped; see Figure Then, we can simply move v to
the same row as u, making the edge horizontal.

Second, we assume that (u, v) is U-shaped; see Figures Then,u =landv =2or
vice versa. If both have degree 2, we move the higher vertex to the row of the lower vertex
(if necessary) and replace the U-shaped edge by a horizontal edge. Otherwise, we move the
vertex with degree 2, say v, downwards to row y(u) — Ax such that we can replace the U-shape
by an L-shape.

Finally, we assume that (u,v) is vertical; see Figure Then, we compute a cut that
starts slightly below v, follows (u, v) downwards, and passes u slightly to its left. We move all
vertices (including u, but not v) that lie on the right side of this cut by at least Ay to the right.
Then, we can draw (u, v) as an L-shape that uses the right port of v.

Observe that, in each of the three cases, we redraw all affected edges with SC,. Hence,
the modified algorithm still yields an SC,-layout. At the same time, all degree-2 vertices are
drawn with right angle as desired. O

Now, we describe how to connect the biconnected components. Recall that a bridge is an
edge whose removal disconnects a graph G. We call the two endpoints of a bridge bridge
heads. A cut vertex is a vertex whose removal disconnects the graph, but is not a bridge head.

Theorem 5.2. Any maxdeg-4 planar graph admits an SC,-layout.

Proof. Let Gy be some biconnected component of G, and let vy, . . ., v be the cut vertices and
bridge heads of G in Gy. For i =1, ..., k, if v; is a bridge head, let v} be the other head of the
bridge; otherwise, let v} = v;. Let G; be the subgraph of G containing v} and the connected
components of G — v} not containing Gy. Following Lemmal5.1} Gy can be drawn such that
all degree-2 vertices are drawn with right angle.

The algorithm of Section [5.]|that we modified in the proof of Lemmal5.1] places the last
vertex n at the top of the drawing and thus on the outer face. When drawing G;, we choose v/
as this vertex. By induction, G; can be drawn such that all degree-2 vertices are drawn with
right angle.
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(b) a U-shape becomes a horizontal edge
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(c) a U-shape becomes an L-shape (d) a vertical edge becomes an L-shape

Figure 5.6: Modification of the placement of degree-2 vertices.

In order to connect G; to Go, we make G, large enough such that we can fit G; into the
face that contains the free ports of v;. This face is unique because v; is drawn with right angle.
We may have to rotate G; by a multiple of 90° to achieve the following. If v; is a cut vertex,
we make sure that v} uses the ports of v; that are free in Go. Then, we identify v; and v/.
Otherwise, we make sure that a free port of v; and a free port of v} are opposite. Then, we
draw the bridge (v;, v!) horizontally or vertically. This completes our proof. O

For an example run of our algorithm, see Figure[5.7}

For graphs of maximum degree 3, we can make our drawings more compact. This is due to
the fact that we can avoid C-shaped edges (and hence cuts) completely. In the presence of
L-shapes only, it suffices to stretch the orthogonal drawing by a factor of .

Theorem 5.3. Every biconnected maxdeg-3 planar graph with n vertices admits an SC,-layout
using area | n?[4] x | n/2|.

Proof. It is known that every biconnected maxdeg-3 planar graph

except K4 has an OC,-layout using area |n/2] x |n/2] from

Kant [Kan96]. Now, we use the same global stretching as Bekos et

al. [BKKSI3| Theorem 2] when they showed that every OC,-layout

can be transformed into an SC,-layout: we stretch the drawing hor-

izontally by the height of the drawing, that is, by a factor of | n/2|. Figure 5.8: SC;-layout
This makes sure that we can replace every bend by a quarter-circle of K.

without introducing crossings. Figure [5.8) shows an SC;-layout

of K4, completing our proof. O
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B K1

(a) input graph (b) biconnected subgraphs

(c) st-ordering (d) eliminating S-shapes
(e) drawing degree-2 vertices with right angle (f) drawing subgraphs with SC,
(g) connecting second and fourth part by us- (h) connecting first and second part

ing the bridge (third part)

Figure 5.7: An example-run of our Algorithm for SC,-layout. The circle vertices of compo-
nent i correspond to the cut vertex v}. The square vertices correspond to cut vertices of other
components.
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5.3 SC;-Layouts of Biconnected Maxdeg-4 Outerplane
Graphs

In this section, we consider maxdeg-4 outerplane graphs, that is, maxdeg-4 outerplanar graphs
with an outerplanar embedding. We prove that any biconnected maxdeg-4 outerplane graph
admits an SC,-layout. To do so, we first prove the result for a subclass of maxdeg-4 outerplane
graphs, which we call (2, 3)-restricted outerplane graphs; then, we generalize to maxdeg-4
outerplane graphs. We call a maxdeg-4 outerplane graph (2, 3)-restricted if it contains a pair x
and y of consecutive vertices on the outer face with deg(x) = 2 and deg(y) < 3. Recall that
the weak dual of a plane graph is the subgraph of the dual graph whose vertices correspond to
the bounded faces of the primal graph.

Lemma 5.2. Any biconnected (2, 3)-restricted maxdeg-4 outerplane graph admits an SC,-
layout.

Proof. Let x and y be two consecutive vertices on the outer face of the given graph G with
deg(x) = 2 and deg(y) < 3. Let also T be the weak dual tree of G rooted at the node v*
of T corresponding to the bounded face f* that contains both x and y. We construct the
SCi-layout I' of G by traversing T, starting with v*. When we traverse a node of T, we draw
the corresponding face of G with SC;.

Consider the case that we have constructed a drawing I'(H) for a connected subgraph H
of G and we want to add a new face f to I'(H). For each vertex u of H, we denote by p,, =
(x(u), y(u)) the point at which u is drawn in I'(H). The remaining degree of u is the number
of vertices adjacent to u in G — H. Since we construct I'(H) face by face, the remaining degree
of each vertex in H is at most two. We call the ports of u that are not occupied by an edge of H
in T (H) free ports. During the construction of I', we maintain the following four invariants:

(J1) T(H) is an SC;-layout that preserves the planar embedding of G, and each edge is
drawn either as an axis-parallel line segment or as a quarter-circle in I'(H). (Note that
we do not use semi- and 3/4-circles.)

(J2) For each vertex u of H, the free ports of u in I'(H) are consecutive around u, and they
point to the outer face of I'(H).

(J3) Vertices with remaining degree exactly 2 are incident to an edge drawn as a quarter-
circle.

(J4) Ifanedge (u,v) is drawn as an axis-parallel segment, then at least one of u and v has
remaining degree at most 1. If (u, v) is vertical and y(u) < y(v), then u has remaining
degree at most 1 and the free port of u in I'(H) is horizontal; see Figures. [5.9p,
and[5.9. Symmetrically, if (1, v) is horizontal and x(u) < x(v), then u has remaining
degree at most 1 and the free port of u in I'(H) is vertical; see Figures , and
E.9h.

We now show how to add the drawing of the new face f to I'(H). Since G is biconnected
and outerplanar, and due to the order in which we process the faces of G, f has exactly two
vertices u and v which have already been drawn at p, and p,, respectively. The two vertices
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Figure 5.9: (a)-(i) Different cases that arise when drawing face f of G. (k) A sample drawing.

are adjacent. Depending on how the edge (u,v) is drawn in ['(H), we draw the remaining
vertices and edges of f, as follows.

Let k > 3 be the number of vertices on the boundary of f. The slope of the line segment p,, p,,
isin {-1,0, +1, oo }, where co means that p, p, is vertical. For s € {-1,0, +1, 0o }, we denote
by £, the line with slope s through p,. Similarly, we denote by ¢; , the line with slope s
through the point (x(u) + ¢, y(u)), for some ¢ > 0. Figures show the drawing of f
for k = 3, and Figures for any k > 4.

Note that the lengths of the line segments and the radii of the quarter-circles that form f
are equal (except for the radii of the bold-drawn quarter-circles of Figures[5.9g and[5.9h which
are determined by the remaining edges of f). Hence, the lengths of the line segments and the
radii of the quarter-circles that form any face that is descendant of face f in T are smaller than
or equal to the lengths of the line segments and the radii of the quarter-circles that form f.

Our construction ensures that all vertices of the subgraph of G induced by the subtree of T'
rooted in f lie in the interior or on the boundary of the diagonal semi-strip L, delimited
by ¢!, £;', and p, p,; see Figure . The only edges of this subgraph that are drawn in the
complement of L,,—and are potentially involved in crossings—are incident to two vertices
that both lie on the boundary of L,,,. In this particular case, however, the degree restriction
implies that L, is surrounded from above and/or below by two empty diagonal semi-strips of
at least half the width of the semi-strip L, which suffices to ensure planarity for the following
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two reasons.

First, any face that is descendant of face f in T is formed by line segments and quarter-
circles that are at most as long as the corresponding ones of face f. Second, due to the degree
restrictions, if two neighboring children of f are triangles, the left one cannot have a right
child, and vice versa.

Let us summarize. Figures show that the drawing of f ensures that the invari-
ants|(J;) of our algorithm are satisfied for H u {f}. We begin by drawing the root
face f*. Since G is (2, 3)-restricted, f* has two vertices x and y consecutive on the outer face
with deg(x) = 2 and deg(y) < 3. We draw the edge (x, y) as a vertical line segment. Then,
the remaining degrees of x and y are 1 and 2, respectively, which satisfies the invariants for
face f*. Hence, we complete the drawing of f* as in Figure[5.9d or[5.9. Traversing T in
pre-order, we complete the drawing of G. O

Suppose that the input graph G is not (2, 3)-restricted. As the following lemma asserts, we
can always construct a biconnected (2, 3)-restricted maxdeg-4 outerplane graph by deleting a
vertex of degree 2 from G.

Lemma5.3. Let G = (V, E) be a non-(2, 3)-restricted biconnected maxdeg-4 outerplane graph.
Then, G has a degree-2 vertex whose removal yields a (2, 3)-restricted biconnected maxdeg-4
outerplane graph.

Proof. The proof is by induction on the number of vertices. The base case is a maximal
biconnected outerplane graph on six vertices, which is the only non-(2, 3)-restricted graph
with six or less vertices. It is easy to see that in this case the removal of any degree-2 vertex
yields a biconnected (2, 3)-restricted maxdeg-4 outerplane graph. Now, assume that the
hypothesis holds for any biconnected maxdeg-4 outerplane graph with k > 6 vertices.

Let Gg41 be a biconnected maxdeg-4 outerplane graph on k + 1 vertices which is not (2, 3)-
restricted. Let F be a face of Gy, that is a leaf in its weak dual. Then, F contains only one
internal edge and exactly two external edges since, if it contained more than two external
edges, Gg,1 would be (2, 3)-restricted. Therefore, F consists of three consecutive vertices a, b
and ¢ on the outer face with deg(a) = deg(c) = 4 and deg(b), since, otherwise, Gx,; would
be (2,3)-restricted. By removing b, we obtain a new graph Gy on k vertices. If a or ¢ is
incident to a degree-2 vertex in Gy, then G is (2, 3)-restricted. Otherwise, by our induction
hypothesis, Gy has a degree-2 vertex whose removal yields a (2, 3)-restricted outerplanar
graph. Since this vertex is neither adjacent to a nor c, the removal of this vertex makes Gy,
also (2, 3)-restricted. O

Now, we are ready to deal with general biconnected maxdeg-4 outerplane graphs.
Theorem 5.4. Any biconnected maxdeg-4 outerplane graph admits an SC;-layout.

Proof. If the given graph G is (2,3)-restricted, the result follows from Lemma Thus,
assume that G is not (2, 3)-restricted. Then, G contains a degree-2 vertex b whose removal
yields a biconnected (2, 3)-restricted maxdeg-4 outerplane graph G’. Hence, we can apply
the algorithm of Lemma[5.2]to G’ and obtain an outerplanar SC;-layout I'(G") of G’. Since
this algorithm always maintains consecutive free ports for each vertex, and the neighbors
of b lie on the outer face of T'(G’), we can insert b and its two incident edges to obtain an
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Figure 5.10: (a) A graph with an OC,-layout using polynomial area (left) and (b) an SC; -layout
using exponential area (right).

SC;-layout T'(G) of G as follows. Let a and ¢ be the neighbors of b and assume, without loss
of generality, that c is drawn above a. If the edge (4, ¢) is drawn as a quarter-circle, then a
3/4-circle arc from p. to p;, and a quarter-circle from pj to p, suffice. Otherwise, we can use
the line segment p, p, and a quarter-circle from p;, to p.. This concludes our proof. O

5.4 A Lower Bound for the Area Requirement of
SC;-Layouts

In this section, we demonstrate an infinite family of maxdeg-4 planar graphs that require
exponential area if they are drawn with SC,. Bekos et al. [BKKSI3|] presented such a family
of graphs for the rather restricted setting where both the embedding of the graph and the
port assignment of the edges are fixed. Here, we strengthen this result. Consider the graph
depicted in Figure[5.10a] This graph consists of several layers. Each layer consists of a cycle of
four pairs of adjacent triangles. The SC;-layout of this graph in Figure[5.10b]obviously requires
exponential area since every layer uses more than twice the area of the previous layer. We will
now show that this is the only SC,-layout of the graph, up to translation, rotation and scaling.

First, we show that there are only two ways to draw one of the triangles of each layer. In
Figure[5.11} we show all 16 possible ways to get an SC;-layout of a triangle. However, in our
graph all free ports have to lie on the outer face. There are only two SC,-layouts of a triangle
that have this property, marked by a dashed circle.

Next, we build a pair of adjacent triangles. In Figure we show that there are three
ways to combine two triangles that share an edge. Finally, we combine four pairs of adjacent
triangles to one layer of the graph. Using careful case analysis, it can be shown that there
are only two ways to draw one of the layers with SC;; see Figure[5.13] However, it is easy to
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Figure 5.11: All possible ways to get an SC;-layout of a triangle. Only two of these drawings
(enclosed by dashed red circles) have all their ports on the outer face.

see that it is impossible to connect the drawing shown in Figure to another layer. Thus,
the SC;-layout shown in Figure is the only way to draw this graph, which proves the
following theorem.

Theorem 5.5. There is an infinite family of graphs that require exponential area if they are
drawn with SC;.

5.5 Biconnected Graphs without SC;-Layouts

In this section, we demonstrate an infinite family of biconnected maxdeg-4 planar graphs
that admit OC,-layouts, but do not admit SC,-layouts. Bekos et al. [BKKSI3] presented such
a family of graphs assuming a rather restricted setting in which the choice of the outer face
is fixed and always corresponds to a triangle. Here, we strengthen this result by providing

N ay

Figure 5.12: There are three ways to draw two adjacent triangles.
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Figure 5.13: (a) One layer of the graph in Figure (b) & (c) The only two ways to draw the
subgraph depicted in (a) with SC;.

®
(a) the graph G (b) the important subgraph H in detail

Figure 5.14: A graph G that admits an OC,-layout, but does not admit an SC,-layout.

an infinite family of biconnected maxdeg-4 planar graphs that admit no SC,-layout in any
embedding. We start with the following lemma.

Lemma 5.4. There exists a biconnected maxdeg-4 planar graph that admits an OC,-layout,
but does not admit an SCy-layout.

Proof. Let G be the graph of Figure[5.14a] We prove that G has no SC;-layout. First, note
that G contains two copies of the graph depicted in Figure[5.14b] We denote this graph by H.
We first prove that H has no SC,-layout with the given embedding. In particular, we show
that the subgraph of H induced by the vertices on or inside the black cycle cannot be drawn
with SC1

Consider edge e = (1,2) of H. This edge can be drawn as a straight-line segment, quarter-
circle, semicircle or 3/4-circle. Figure[5.15h illustrates the case that e is drawn as a horizontal
line segment. In this case, the ports for the edges are fixed due to the given embedding and
it is not possible to complete the drawing. The case that e is drawn as a vertical segment is
analogous. Similarly, we show that there is no SC,-layout for H if e is drawn as a quarter-

circle in Figures [5.15b , as a semicircle in Figures [5.15d-{5.15g and as a 3/4-circle in
Figures . Thus, there is no SC;-layout for this fixed embedding of H.
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Figure 5.15: Illustration for the proof of Lemma

Next, we claim that there is no SC;-layout for any embedding of H where the vertices 2, 3,
4, and 5 define the outer cycle. Indeed, if the outer face is fixed, then the only way to find a
different embedding is to find a separating pair {u, v} in H and “flip” one of the components
of H—{u,v}. There are two possible separating pairs in H: (i) vertex 1 and the red vertex; then,
the flip with respect to this pair gives an isomorphic graph due to symmetry; and (ii) vertices 2
and 4; then, the flip with respect to this pair again gives an isomorphic graph by interchanging
the role of 3 and 5. Thus, with the fixed outer cycle (2,3,4,5), all possible embeddings of H
are isomorphic. Since G contains two copies of H, in any embedding of G, at least one of the
copies will retain its outer cycle. Hence, there is no SC;-drawing for any embedding of G. [J

Graph G of Figure uses a few short paths to connect two copies of H. Obviously, we
can add an arbitrary number of vertices to these paths such that the augmented graph remains
biconnected and maxdeg-4 planar. This proves the following theorem.

Theorem 5.6. There is an infinite family of biconnected maxdeg-4 planar graphs that admit
OC,-layouts but do not admit SCy-layouts.
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5.6 Concluding Remarks

In this chapter, we have presented several new results about smooth orthogonal drawings of
maxdeg-4 planar graphs. However, many problems remain open. We have shown that maxdeg-
3 planar graphs can be drawn in polynomial area with SC,, but it is unknown for maxdeg-4
planar graphs, as our algorithm requires exponential area. The graph classes admitting SC; -
layouts have not been fully characterized. It was already known that Hamiltonian maxdeg-3
planar and triconnected maxdeg-3 planar graphs always admit a SC,-layout, and we extended
these results to biconnected maxdeg-4 outerplane graphs. It remains open whether there are
larger classes of graphs that admit SC;-layouts, such as maxdeg-4 outerplanar or maxdeg-3
planar graphs. We strongly conjecture that it is NP-hard to decide whether a maxdeg-4 planar
graph has an SC;-layout, but we struggled with some details in our attempt for a proof.
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A natural requirement for the layout of a connected graph is that between any source vertex
and any target vertex, there should be a source-target path that approaches the target according
to some distance measure. A large body of literature deals with problems of this type; various
measures have been studied. For example, in a greedy drawing you can find a path to a target
vertex by iteratively selecting a neighbor that is closer to the target. In a monotone drawing,
the distance between vertices (on the desired source-target path) is measured with respect to
their projections on some line, which may be different for any source-target pair. We say that
a path P is monotone with respect to a vector v if the orthogonal projection of the vertices of P
on every line with direction vector v appear on the line in the order induced by P. We also
refer to ¥ as a direction. In strongly monotone drawings, that line is always the line from source
to target, and in upward drawings, the line is always the vertical line, directed upwards.

In this chapter, we focus on monotone and strongly monotone drawings of trees with
additional aesthetic properties such as convexity or small area. Given a tree, we call the edges
incident to the leaves leaf edges and all other edges interior edges. Given a straight-line drawing
of a tree, we substitute each leaf edge by a ray whose initial part coincides with the edge. The
embedding of the tree defines a combinatorial embedding of the tree, that is, the order of the
edges around every vertex. The faces are then specified by this combinatorial embedding as
leaf-leaf paths. If the faces of the augmented drawing are realized as convex non-overlapping
(unbounded) polygonal regions, then we call the original drawing a convex drawing. If every
region is strictly convex (that is, all interior angles are strictly less than ), we also call the
drawing strictly convex. Note that a convex drawing is also monotone [ACM89,IACB*12|], but
a monotone drawing is not necessarily convex. Strict convexity forbids vertices of degree 2.
In this chapter, when we talk about (strongly) monotone drawings, this always includes
the planarity requirement. Otherwise, as Angelini et al. [ACB*12] observed, drawing any
spanning tree of the given graph in a (strongly) monotone way and inserting the remaining
edges would yield a (strongly) monotone drawing of the graph.

Previous Work. Rao et al. [RRP703] introduced the concept of greedy drawings for a
coordinate-based routing algorithm that does not rely on location information. While any
3-connected plane graph has a greedy drawing in the Euclidean plane [LMI0] (even without
crossing [Dhal0]), this is, unfortunately, not true for trees. N6llenburg and Prutkin [NPI3]
gave a complete characterization for the tree case, which shows that no tree with a vertex of
degree 6 or more admits a greedy drawing.

Alamdari et al. [ACG™13| studied a subclass of greedy drawings, so-called self-approaching
drawings which require that there always is a source-target path such that the distance de-
creases for any triplet of intermediate points on the edges, not only for the vertices on the path.
These drawings are based on the concept of self-approaching curves [IKL95].
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Carlson and Eppstein [CE07] studied convex drawings of trees. They give linear-time
algorithms that optimize the angular resolution of the drawings, both for the fixed- and
the variable-embedding case. They observe that convexity allows them to pick edge lengths
arbitrarily, without introducing crossings.

For monotone drawings, Angelini et al. [ACB*12] studied the variable-embedding case.
They showed that any n-vertex tree admits a straight-line monotone drawing on a grid of
size O(n®) x O(n'®) (using a BFS-based algorithm) or O(n) x O(n?) (using a DFS-based
algorithm). They also showed that any biconnected planar graph has a monotone drawing
(using exponential area). Further, they observed that not every planar graph admits a mono-
tone drawing if its embedding is fixed. They introduced the concept of strong monotonicity
and showed that there is a drawing of a planar triangulation that is not strongly monotone.
Hossain and Rahman [HRI4] improve some of the results of Angelini et al. by showing that
every connected planar graph admits a monotone drawing of size O(n) x O(n?) and that
such a drawing can be computed in linear time.

Both the BFS- and the DFS-based algorithms of Angelini et al. precompute a set of n — 1
vectors in decreasing order of slope by using two different partial traversals of the so-called
Stern—Brocot tree, an infinite tree whose vertices are in bijection with the irreducible positive
rational numbers. Such numbers can be seen as primitive vectors in 2d, that is, vectors with
pairwise different slopes. Then, both algorithms do a pre-order traversal of the input tree.
Whenever they hit a new edge, they assign to it the steepest unused vector. They place the
root of the input tree at the origin and draw each edge (u, v) by adding its assigned vector to
the position of u. They call such tree drawings slope-disjoint. We will not formally define this
notion here, but it is not hard to see that it implies monotonicity.

Angelini, with a different set of co-authors [ADK™13], investigated the fixed-embedding
case. They showed that, on the O(n) x O(n?) grid, every connected plane graph admits a
monotone drawing with two bends per edge and any outerplane graph admits a straight-line
monotone drawing.

Our contribution. We present two main results. First, we show that any n-vertex tree
admits a strictly convex and, hence, monotone drawing on the O(n'*) x O(n'?) grid (see
Section[6.2). As the drawings of Angelini et al. [ACB*12], our drawings are slope-disjoint, but
we use a different set of primitive vectors (based on Farey sequences), which slightly decreases
the grid size. (This also works for the BFS-based algorithm of Angelini et al.) Instead of
pre-order, we use a kind of in-order traversal (first child - root — other children) of the input
tree, which helps us to achieve convexity. Our ideas can be applied to modify the optimal
angular resolution algorithm of Carlson and Eppstein [CE07] such that a drawing on an
O(n'*) x O(n'?) grid is constructed at the expense of missing the optimal angular resolution
by a constant factor. Second, we show that any tree admits a strongly monotone drawing (see
Section[6.3). So far, no positive results have been known for strongly monotone drawings.

In the case of proper binary trees, our drawings are additionally strictly convex. For
biconnected outerplanar graphs, it is easy to construct strongly monotone drawings. On
the other hand, we present a simply-connected planar graph that does not have a strongly
monotone drawing in any embedding.
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Building Blocks: Primitive Vectors Section 6.1

Figure 6.1: The 13 primitive vectors obtained from Fg. The smallest angle of ~ 1.14° is realized
between the vectors (4,5) and (5,6) marked with white dots; the best possible angular
resolution in this case is 45°/12 = 3.75°.

6.1 Building Blocks: Primitive Vectors

The following algorithms require a set of integral vectors with distinct directed slopes and
bounded length. In particular, we ask for a set of primitive vectors Py = {(x, y) | gcd(x, y) €
{1,d},0 < x < y <d}. Our goal is to find the right value of d such that P; contains at least k
primitive vectors, where k is a number that we determine later. We can then use the reflections
on the lines x = y, y = 0 and x = 0 to get a sufficiently large set of integer vectors with distinct
directed slopes. The edges of the monotone drawings in Section [6.2|are translates of these
vectors; each edge uses a different vector.

Assume that we have fixed d and want to generate the set P;. If we consider each entry
(x, y) of P4 to be a rational number x/y and order these numbers by value, we get the Farey
sequence Fy (see, for example, Hardy and Wright’s book [HW79])). The Farey sequence is well
understood. In particular, it is known that | 7| = 3d*/n* + O(d logd) [HW79, Theorem 331].
Furthermore, the entries of F; can be computed in time O(|F;|). We remark that the
set Uy F4 coincides with the entries of the Stern-Brocot tree. However, collecting the latter
level by level is not the most effective method to build a set of primitive vectors for our
purpose.

To obtain a set of k primitive vectors, we use the first k entries of the Farey sequence F,
for d := 4[\/k], replacing each rational by its corresponding two-dimensional vector. We
select exactly k primitive vectors from this set which we denote by Vj; see Figurel6.1]

If we wish to have more control over the aspect ratio in our final drawing, we can pick
a set of primitive vectors contained inside a triangle spanned by the grid points (0,0),
(my,0), (my, my). By stretching the triangle and keeping its area fixed, we may end up
with fewer primitive vectors. This will result in an (only slightly) smaller constant compared to
the case m, = m,. As proven by Barany and Rote [BR06} Theorem 2], any such triangular do-
main contains at least 1., /4 primitive vectors. This implies that we can adapt the algorithm
easily to control the aspect ratio by selecting the box for the primitive vectors accordingly. For
the sake of simplicity, we detail our algorithms only for the most interesting case (m, = m,).
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Lemma 6.1. Let P C P, be a set of k = |Py|/c primitive vectors with no coordinate greater
than d for some constant ¢ > 1. Then, any two primitive vectors of P are separated by an angle

of Q(1/k).
Proof. Since |Py| = 3d*/n* + O(dlogd), we have that 2d* ~ 27*ck /3. Any line with slope m
encloses an angle « with the x-axis, such that tan(«a) = m. Let m; and m, be the slopes of

two lines and let a; and «, be the corresponding angles with respect to the x-axis. By the
trigonometric addition formulas we have that the separating angle of these two lines equals

tan o) —tan my — my

tan ¢ := tan(oq - @) = l+tanagtana, 1+ mym,.

For any two neighboring entries p/q and r/s in the Farey sequence, it holds that gr — ps =
1 [HW79| Theorem 3.1.2], and therefore p/q and r/s differ by exactly (gr — ps)/(qs) =1/(gs).
Asa consequence, tan ¢ = 1/(pr+gs). The angle ¢ is minimized if pr+gs is maximized. Clearly,
we have that pr + gs < 2d* ~ 2% ck /3. By the Taylor expansion, arctan(x) = x — x*&/(1+ &*)?
for some value 0 < & < x. Substituting x with 3/(2n%ck) yields, for k > 2, that

S 3 B 9¢ S 3 B 9
T 2m¥ck  Amtc?k (1+&2)2 0 2m2ck  4micik?

é e Q(1/k).

O

Since the best possible resolution for a set of k primitive vectors is 27/, Lemma shows
that the resolution of our set differs from the optimum by at most a constant. To estimate this
constant, let us assume we use k = |P,| primitive vectors (that is, ¢ = 1in Lemmal6.1). Then,
the smallest angle ¢ spanned by these vectors is, according to the proof of the previous lemma,
at least 3/(27°k) — 9/(167*) for any k > 1. This value should be compared to opt = 7/(4k)
since the primitive vectors span an angle of 77/4 in total. We obtain that the ratio ¢/opt is
smaller than 6.

6.2 Monotone Grid Drawings with Large Angles

In this section, we present a simple method for drawing a tree on a grid in a strictly convex, and
therefore monotone way. Lemmal6.2|shows that this drawing is automatically crossing-free.
We name our strategy the inorder-algorithm. We start by ensuring that convex tree drawings
are crossing-free. This has already been stated by Carlson and Eppstein [CE07].

Lemma 6.2. Any convex straight-line drawing of a tree is crossing-free.

Proof. Let T be a tree and I' a convex straight-line drawing of T. Assume that two edges e =
(a,b) and e’ = (a’,b’) are crossing in T in some point g, see Figure[6.2} Let w be the lowest
common ancestor of b and b’, let 77, be the path w — g via a, and let 7r;, the path w — q via a’.
Let us assume that the children in w are ordered such that 7, starts before n;. Let A, be the
region bounded by 7, and 7.

We can assume that A, is of minimum area with respect to other crossings we may have
chosen (and, hence, A has a connected interior). Now, we consider two paths starting from w.
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Monotone Grid Drawings with Large Angles Section 6.2

Figure 6.2: An illustration of the situation in the proof of Lemma

The first one, 7, starts with the first edge of 7, and then always continues via the last child
until it reaches a leaf. The second path, 7,, starts with the first edge of 77 and continues always
using the first child. Note that the polygonal chain 7, together with 7z, forms a face f; of the
given convex drawing of the tree. Hence, the face is convex, which means that 7, and 7, only
meet in w. Furthermore, we either have 7, # 7, or we have 7, # 7, since otherwise f, is
self-intersecting. As a consequence, at least one of the two paths, say 7;, enters and leaves A,.
Let p be the point where 7, crosses 7, for the first time, and let A, be the polygon that is
bounded by the parts of 77, and 7, between w and p. Then A, has smaller area than A, which
contradicts our assumption that A, has minimum area. O

Our inorder-algorithm first computes a reasonable large set of primitive vectors, then
selects a subset of these vectors, and finally assigns the slopes to the edges. The drawing is
then generated by translating the selected primitive vectors. In the following, an extended
subtree will refer to a subtree including the edge leading into the subtree (if the subtree is not
the whole tree).

We will assign a number s(e) to every edge e. This number will refer to the rank of the edge’s
slope (in circular order) in the final assignment. The rank assignment is done in a recursive
fashion. At any time, let § be 1 plus the maximum rank s(e) assigned so far. Initially, § = 1.
Let e = (u,v) be an edge (directed away from the root), and let vy, v,, .. ., v, be the children
of v ordered from left to right. We recursively set the ranks of all edges in the extended subtree
rooted at v;. Then, we set s(e) = § (which increases § by one). Finally, for i =2, ..., £, we set
the ranks of the edges in the extended subtree rooted at v;. For an example of a tree with its
edge ranks, see Figure[6.3al

Second, we assign actual slopes to the edges. Let e be an edge with s(e) = j. Then, we assign
some vector s; € 77 to e and draw e as a translate of s - We pick the vectors si, s3,...,5,-1 by
selecting a sufficiently large set of primitive vectors and their reflections in counterclockwise
order; see Section[6.1] Our drawing algorithm has the following requirements:

(R1) Edges that are incident to the root and consecutive in circular order are assigned to
vectors that together span an angle less than 7.

(R2) In every extended subtree hanging off the root, the edges (including the edge incident
to the root) are assigned to a set of vectors that spans an angle less than .
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(a) a tree with edge numbers s(-) (b) our grid drawing of the tree

Figure 6.3: A strictly convex drawing of a tree.

These requirements can always be fulfilled, as the following lemma shows.

Lemma 6.3. We can select n — 1 vectors with distinct directed slopes from a [-d,d] x [-d, d]
grid with d = 4[\/n] such that the requirements|(RD)|and|(R2) are fulfilled.

Proof. We first preprocess our tree by adding temporary edges at some leaves. These edges
will receive slopes, but are immediately discarded after the assignment.

First, our objective is to ensure that the tree can be split up into three parts that all have n
edges. In particular, we adjust the sizes of the extended subtrees hanging off the root by adding
temporary edges such that we can partition them into three sets of consecutive extended
subtrees which all contain n edges. Note that we have to add 2n + 1 edges to achieve this.

Second, we define three cones C;, C,, and Cs; see Figure Each cone has its apex at the
origin and spans an angle of 7z/4. The angular ranges are C; = [0, /4], C; = [37/4, ], and
Cs = [3m/2,7m/4]; angles are measured from the x-axis pointing in positive direction. Note
that C, is separated from the two other cones by an angle of 77/2. As mentioned in Section[6.1]
the set V,, contains # primitive vectors in the [0, d] x [0, d] grid. When reflected on the x = y
line, these vectors lie in C;. Reflecting the vectors in C;, we further generate # vectors in C,
and n vectors in Cs. In every cone, we “need” at most n — 3 edges. Hence, we can remove the
vectors on the boundary of each cone. After removing the temporary edges, the number of
vectors will drop from 3nton — 1.

Now, we observe the following. Every two consecutive edges incident to the root lie in
the interiors of our cones. Given the sizes and angular distances of the cones, this yields
requirement|[(R1)] Furthermore, any extended subtree is assigned slopes from a single cone.

This yields[(R2)] O

For the example tree of Figure it suffices to pick the 16 vectors that one gets from
reflecting the primitive vectors from the [0, 2] x [0,2] grid. These vectors already fulfill
requirements[(RI)]and[(R2)] Hence, we do not have to apply the more involved slope selection
as described in Lemmal6.3] The resulting drawing is shown in Figure[6.3b]

Every face in the drawing contains two leaves. The leaves are ordered by their appearance
in some DFS-sequence D respecting some rooted combinatorial embedding of T'. For a face f,
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w/2

Cs Ch

/2
Cs

Figure 6.4: The cones that contain the slopes used in the algorithm.

we call the leaf that comes first in D the left leaf and the other leaf of f the right leaf of f. The
only exception is the face whose leaves are the first and last child of D. Here, we call the first
vertex in D the right leaf and the last vertex in D the left leaf.

Lemma 6.4. Let u be the left leaf, and let v be the right leaf of a face of T. Further, let w be
the lowest common ancestor of u and v. The above assignment of slope ranks s to the tree edges
implies the following.

(a) If edge e, is on the path w — u and edge e, is on the path w — v, then s(e;) < s(ey).
(b) The ordered sequence of edges on the path w — u is increasing in s(-).
(c) The ordered sequence of edges on the path w — v is decreasing in s(-).

Proof. Let a be an edge that links the parent p to its child u, let b be the edge that links u to its
leftmost child, and let ¢ be the edge that links u to its rightmost child; see Figure[6.5b] In the
assignment, we first picked the slope in the subtree rooted at the leftmost children of u, then we
selected the slope for a, and later we picked the slopes for the subtree rooted at the rightmost
children of u. Since we select the slopes in their radial order, we have s(b) < s(a) < s(c).
Now, note that the slopes on the path w — u have been assigned before the slopes on the
path w — v, which proves (a). When traversing the path w — u, we follow the rightmost chil-
dren, except maybe for w’s child; see Figure[6.5a] Hence, the sequence of slopes is increasing,
and (b) follows. Statement (c) follows by a similar argument: We traverse the path w — v
by taking the leftmost child, except maybe for w’s child. Hence, the sequence of slopes is
decreasing. O

We now prove the correctness of our algorithm.

Theorem 6.1. Given an embedded tree with n vertices (none of degree 2), the inorder-algorithm
produces a strictly convex and crossing-free drawing with angular resolution Q(1/n) on a grid
of size O(n'>) x O(n'®). The algorithm runs in O(n) time.

Proof. We first show that no face in the drawing is incident to an angle larger than 7. Let f
be a face, let e and e’ be two consecutive edges on the boundary of f, and let a be the angle
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(a) paths spanned by u, v, w (b) local assignments in the proof

Figure 6.5: Situation analyzed in Lemma

formed by e and e’ in the interior of f. If e and e’ are incident to the root, requirement [(R1)
implies o < 71. If both edges contain the lowest common ancestor of the leafs belonging to f,
then, by requirement[(R2)} also « < 7. In the remaining case, e and e’ both lie on a path to
the left leaf of f, or both lie on a path to the right leaf of f. At vertex v, we have at least two
outgoing edges. Let e; be the first outgoing edge and e, be the last outgoing edge at v—one of
the edges is e’. By the selection of the slope ranks, we have s(e;) < s(e) < s(ez). Consequently,
the supporting line of e separates e; and e,, and hence both faces containing e have an angle
less than 7 at v. Therefore, it holds that « < 7.

Next, we show that the edges and rays of a face do not intersect. Then, by Lemma[6.2} no
edges will cross. Assume that there are two edges/rays € and r in a common face that intersect
in some point x. Let t be the lowest common ancestor of £ and r, and assume that £ lies on the
path to the left leaf and  on the path to the right leaf. We define a closed polygonal chain P
as follows. The chain starts with the path t — ¢, continues via x to r, and finally returns to .
We direct the edges according to this walk (for measuring the directed slopes) and call them
er, €, ..., ex. We may assume that P is simple; otherwise, we find another intersection point.
By Lemmal6.4] the slopes are monotone when we traverse P. Fori =1,..., k — 1, let a; be the
difference between the directed slopes of the edges e; and e;,;. Then, the sum }_; ; «; equals
the angle between the slopes of e; and e. Due to requirement[(R2)] this angle is less than 7.
Let B; = m — a; be the angle between e; and e;,; in P, and let 3y > 0 be the “interior” angle
at t. We have that

Yo Bi=Po+ Y, (m—ai)>0+(k-N)m—m=(k-2)m
0<i<k I<i<k
This, however, contradicts the fact that the angle sum of the polygon with boundary P is
(k — 2)7. Thus, our assumption that two edges/rays cross was wrong.

Since the drawing is assembled from # — 1 vectors whose absolute coordinates are at
most O(y/n), the complete drawing uses a grid of dimension O(n'°) x O(n'). Since
all vectors are reflections of (a subset of) vectors defined by a Farey sequence with at most n
entries, Lemmal6.1]yields that the angular resolution is bounded by Q(1/n). O

We conclude this section with comparing our result with the drawing algorithm of Carlson
and Eppstein [CE07]]. Their algorithm produces a drawing with optimal angular resolution. It
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draws trees convex, but, in contrast to our algorithm, not necessarily strictly convex. Allowing
parallel leaf edges can have a great impact on the angular resolution. However, our ideas
can be applied to modify the algorithm of Carlson and Eppstein. For the leaf edges, their
algorithm uses a set of k slopes and picks the slopes such that they are separated by an angle
of 27t/k. 'The slopes of interior edges have either one of the slopes of the leaf edges, or are
chosen such that they bisect the wedge spanned by their outermost child edges. However,
it suffices to assure that the slope of an interior edge differs from the extreme slopes in the
following subtree by at least 277/(2k).

We can now modify the algorithm as follows. We pick 2k/8 primitive vectors and reflect
them such that they fill the whole angular space with 2k distinct integral vectors. We use every
other vector of this set for the leaf edges. For an interior edge, we take any vector from our
preselected set whose slope lies in between the extreme slopes of the edges in its subtree. Since
we have sufficiently spaced out our set of primitive vectors, we can always find such a vector.
Thus, we obtain a drawing on the O(n'°) x O(n'*) grid. Clearly, the drawing does not have
optimal angular resolution. However, since we use 2k integral vectors having, by Lemmal6.1}
an angular resolution of Q(1/k), we differ from the best possible angular resolution 27/ k only
by a constant factor.

See Figure [6.6| for a comparison between our approach with that of Carlson and Epp-
stein [CE07] and that of Angelini et al. [ACB*12].

6.3 Strongly Monotone Drawings

In this section, we show how to draw trees in a strongly monotone fashion. We first show how
to draw any proper binary tree, that is, any internal vertex has exactly two children. We name
our strategy the disk-algorithm. Then, we generalize our result to arbitrary trees. Further, we
show that connected planar graphs do not necessarily have a strongly monotone drawing.
Finally, we show how to draw biconnected outerplanar graphs in a strongly monotone fashion.
Note that the drawings computed by our algorithms require exponential area. However,
Nollenburg et al. [NPR14] have recently shown that exponential area is required for strongly
monotone drawings of trees, which justifies this area bound.

Let T be a proper binary tree, let D be any disk with center ¢, and let C be the boundary
of D. Recall that a strictly convex drawing cannot have a vertex of degree 2. Thus, we consider
the root of T a dummy vertex and ensure that the angle at the root is 7. We draw T inside D.
We start by mapping the root of T to c. Then, we draw a horizontal line h through ¢ and place
the children of the root on h N int(D) such that they lie on opposite sites relative to c. We
cut off two circular segments by dissecting D with two vertical lines running through points
representing the children of the root. We inductively draw the right subtree of T into the right
circular segment and the left subtree into the left circular segment.

In any step of the inductive process, we are given a vertex v of T, its position in D (which
we also denote by v) and a circular segment D,; see Figure[6.7a] The preconditions for our
construction are that

(i) v lies in the relative interior of the chord s, that delimits D,, and

(ii) D, is empty, that is, the interiors of D, and D,, are disjoint for any vertex u that does
not lie on a root-leaf path through v.
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(a) tree with two dummy vertices (b) drawing by Angelini et al. [ACB"12]

n, m

(c) drawing by Carlson and Eppstein [CE07] (d) drawing by our algorithm

Figure 6.6: Example tree of Angelini et al. [ACB*12], drawn by various algorithm. We treat
the degree-2 vertices as dummy vertices because of the degree restriction.

In order to place the two children [ and r of v (if any), we shoot a ray v from v perpendicular
to s, into D,. Let v/ be the point where ¥ hits C. Consider the chords that connect the
endpoints of s, to v'. The chords and s, form a triangle with height vv'. The height is
contained in the interior of the triangle and splits it into two right subtriangles. The chords
are the hypotenuses of the subtriangles. We construct / and r by connecting v to these chords
perpendicularly. Note that, since the subtriangles are right triangles, the heights lie inside the
subtriangles. Hence, [ and r lie in the relative interiors of the chords. Further, note that the
circular segments D; and D, delimited by the two chords are disjoint and both are contained
in D,. Hence, D; and D, are empty, and the preconditions for applying the above inductive
process to  and [ with D; and D, are fulfilled. See Figure[6.7b|for the output of our algorithm
for a tree of height 3.

Lemma 6.5. For a proper binary tree rooted in a dummy vertex, the disk-algorithm yields a
strictly convex drawing.

Proof. Let T be a proper binary tree and let f be a face of the drawing generated by the
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(a) sketch of the inductive step (b) output of our algorithm for a tree of height 3

Figure 6.7: Strongly monotone drawings of proper binary trees.

algorithm described above. Clearly, f is unbounded. Let a and b be the leaves of T that are
incident to the two unbounded edges of f, and let v be the lowest common ancestor of a
and b; see Figure[6.7b] Consider the two paths v — a and v — b. We assume that the path
from v through its left child ends in a and the path through its right child ends in b.

Due to our inductive construction that uses disjoint disk sections for different subtrees, it
is clear that the two paths do not intersect. Moreover, each vertex on the two paths is convex,
that is, the angle that such a vertex forms inside f is less than 7. This is due to the fact that we
always turn right when we go from v to a, and we always turn left when we go to b. Vertex v
is also convex since the two edges from v to its children lie in the same half-plane (bounded
by s,).

It remains to show that the two rays d and b (defined analogously to ¥ above) don't intersect.
To this end, recall that v = ¥ n C. By our construction, d and b are orthogonal to two chords
of C that are both incident to v'. Clearly, the two chords form an angle of less than 7 in v'.
Hence, the two rays diverge, and the face f is strictly convex. O

For the proof that the algorithm described above yields a strongly monotone drawing,
we need the following tools. Let v; and v, be two vectors. We say that v; lies between v,
and v, if v5 is a positive linear combination of v; and v,. For two vectors ¥ and w, we
define (¥, w) = |v||w| cos(¥, w) as the scalar product of ¥ and w.

Lemma 6.6. If a path p is monotone with respect to two vectors v, and v,, then it is monotone
with respect to any vector vs between v, and v,.

Proof. Let v = Mvy + A,¥;, with A1, A, > 0. Assume that the path p is given by the sequence
of vectors wy, wa, . .., Wk. Since p is monotone with respect to vectors ¥; and v,, we have that
(v1,w;) > 0 and (¥, w;) > 0 for all i < k. This yields, for all i < k,

(V3, wi) = (M + Aava, wi) = Ay (1, wi) + Aa(Va, wi) > 0,
since Ay, A, > 0. It follows that p is monotone with respect to vs. O

Lemma 6.7. For a proper binary tree rooted in a dummy vertex, the disk-algorithm yields a
strongly monotone drawing.
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Figure 6.8: Illustration of case 3 in the proof of Lemma

Proof. We split the drawing into four sectors: I, II, III and IV; see Figure[6.7b] Let a and b
be two vertices in the graph. We will show that the path a — b in the output drawing of
our algorithm is strongly monotone. Let ¢ be the root of the tree. Without loss of generality,
assume that a lies in sector III. Then, we distinguish three cases.

Case1: a and b lie on a common root-leaf path; see a and v in Figure[6.7b] Obviously, b lies
in sector III. Without loss of generality, assume that b lies on the path a — c. By construction,
all edges in sector III, seen as vectors directed towards c, lie between X = (0,1) and y = (1,0).
Thus, all edges on the path a — b, and in particular ab, lie between % and j. Since ¥ is
perpendicular to ¥, the path @ — b is monotone with respect to X and . Following Lemmal6.6)

the path a — b is monotone with respect to cﬂ;, and thus strongly monotone.

Case 2: b lies in sector I; see a and d in Figure[6.7b] In Case 1, we have shown that the all
edges on the path a — ¢ lie between X = (0,1) and y = (1,0). Analogously, the same holds
for the path ¢ — b. Thus, the path a — b is monotone with respect to X and y and, following
Lemma strongly monotone.

Case 3: a and b do not lie on a common root-leaf path, and b does not lie in sector I; see a
and b in Figure Let d be the lowest common ancestor of a and b. Let (a = ag, a1, ..., a; =
d) be the path d — a to a. Further, let (d = by, by, ..., b,, = b) be the path d — b. Finally, let
p={ax,ax_1,.-.,a0,b1,..., b1, by) be the path a — b.

Below, we describe how to rotate and mirror the drawing such that any vector a;, a; 3,

1 < i < k lies between X = (0,1) and y = (1,0), and any vector b;_;,bj, 1 < j < m lies
between X and —y. This statement is equivalent to x(a;) < x(d) < x(b;),1<i<k,1<j<m
and y(ax) < ... < y(a1) < y(d) > y(b1) > ... > y(bu); see Figure[6.8] If b lies in sector
IV, then d = ¢ and this statement is true by construction. If b lies in sector II, then d is a
child of c¢. We rotate the drawing by 7/2 in counterclockwise direction and then mirror it
horizontally. If b lies in sector 11, let p(d) be the parent of d. We rotate the drawing such
that the edge (p(d), d) is drawn vertically. Recall that, by construction, the ray from d in

direction p(d)d = -y separates the subtrees of the two children of d; see Figure Further,
the angle between any edge (directed away from d) in the subtree of d and p(d)d = -y is at
most 71/2, that is, they are directed downwards.

Let A;,1 < i < k be the straight line through a; perpendicular to a,_ja;. Let A’ be the
parallel line to A; that passes through a. Due to the x-monotonicity of p, the point a lies
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below A;. During the construction of the tree, the line A; defined a circular sector in which
the subtree rooted at a; including a was exclusively drawn. It follows that a and b lie on
opposite sites of A;. Thus, b lies above A; and also above A’. Let Bj,1 < j < m be the straight

line through b; perpendicular to b;_;b;. Let B} be the parallel line to B; that passes through a.
By construction, b lies below B; and a lies above B;. Thus, b lies below B’
Let A be the line A’, with maximum slope and let B be the line B;. with minimum slope.

First, we will show that the path is monotone with respect to the unit vector A on A directed to
the right. By choice of A, the angle between any edge (a;,a;-1),1< i < k and A is at most 77/2.
Recall that any vector a;,a;_1,1 < i < k, lies between X and . Since A is perpendicular to one

of these edges and directed to the right, it lies between X and —y. Since any vector b;_i, b;,
1< j < m, also lies between ¥ and —J, the angle between A and these edges is at most 7/2.
Because the angle between A and any edge on the path a — b is at most 7/2, the path is
monotone with respect to A.

Analogously, it can be shown that the path is monotone with respect to B. Recall that b lies
— o =
above A and below B. Hence, the vector ab lies between A and B. Following Lemma the

=
path is monotone with respect to ab and, thus, strongly monotone. O

Lemmas|6.5and [6.7immediately imply the following.

Theorem 6.2. Any proper binary tree rooted in a dummy vertex has a strongly monotone and
strictly convex drawing.

Next, we (partially) extend this result to arbitrary trees.
Theorem 6.3. Any tree has a strongly monotone drawing.

Proof. Let T be a tree. If T has a vertex of degree 2, we root T in this vertex. Otherwise, we
subdivide any edge by creating a vertex of degree 2, which we pick as root. Then, we add a
leaf to every vertex of degree 2, except the root. Now, let v be a vertex with out-degree k > 2.
Let (v,w1), ..., (v, wy) be the outgoing edges of v ordered from right to left. We substitute v
by a path (v = vy,...,vk41), where v, is the left child of v;, for i = 1,...,k. Then, we
substitute the edges (v, w;) by (vi,w;),i=2,...,k; see Figure[6.9]

Let T’ be the resulting proper binary tree. Clearly, all vertices of T”, except its root, have
degree 1 or 3, so T" is a proper binary tree. We use Theorem[6.2]to get a strongly monotone
drawing I'rv of T'. Then, we remove the dummy vertices inserted above and draw the edges
that have been subdivided by a path as a straight-line. This yields a drawing I'r of T that is
crossing-free since the only new edges form a set of stars that are drawn in disjoint areas of
the drawing.

Now, we show that I'r is strongly monotone. Let (v,w) be an edge in T. Let p = (v =
Vi,...,Vy = w) be the path v — w in T'. Suppose p is monotone with respect to some
direction d. Thus, 2 {v;vi;1,d} < /2 for1< i < m—1. Clearly, vw = ¥, vivi; is a positive
linear combination of ¥;v;1,7 = 1,...,m and, hence, « {vw,d} < m/2. It follows that the
path a — b for some vertices a, b in T is monotone with respect to a direction d in Ty if the

- . =
path a — b is monotone to d in I'r». With d = ab, it follows that I'r is strongly monotone. [J
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(o)
Wy wW; w1 Vk+1 W
(a)atree T (b) the subdivided tree T’

Figure 6.9: Subdivision of a vertex v with k outgoing edges.

We add to this another positive result concerning biconnected outerplanar graphs.

Theorem 6.4. Any biconnected outerplanar graph has a strongly monotone and strictly convex
drawing.

Proof. Let G be a biconnected outerplanar graph with outer cycle (v, ..., v,, v;). We place
the vertices v,, ..., v,_; in counterclockwise order on a quarter circle C that has v; = (0,0)
and v, = (1,1) as its endpoints; see Figure[6.10] Since the outer cycle is drawn strictly convex,
the drawing is planar and strictly convex. Clearly, the path (vy,...,v,) is x- and y-monotone.
Also, every vector 1/_1'17]‘,]' > i lies between ¥ = (0,1) and y = (1, 0). Thus, by Lemma the
drawing is strongly monotone. O

We close with a negative result. Note that the graphs in the family that we construct are
neither outerplanar nor biconnected.

Theorem 6.5. There is an infinite family of connected planar graphs that do not have a strongly
monotone drawing in any combinatorial embedding.

Proof. Let C be the graph that arises by attaching to each vertex of K, a “leaf”; see Figure[6.11]

Let vy, ..., vy be the vertices of K4. For K4 to be crossing-free, one of its vertices, say v,
lies in the interior. Let w be the leaf incident to v;. Because of planarity, w has to be
placed inside a triangular face incident to v;. Without loss of generality, assume that w
is placed in the face (v1, v,, v3). If the drawing is strongly monotone, then < (wv3, wv;) < /2
and < (wv, wv3) < /2, and thus 2 (wv3, wv;) > . However, this means that w does not lie
inside the triangle (v;, v, v3), which is a contradiction to the assumption. Thus, C does not
have a strongly monotone drawing in any combinatorial embedding. We create an infinite
family from C by adding more leaves to the vertices of Kj. O
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v
Figure 6.10: A strongly monotone draw- Figure 6.11: A planar graph without any
ing of a biconnected outerplanar graph. strongly monotone drawing.

6.4 Concluding Remarks

We have shown that any tree has a monotone drawings on a grid with area O(n*) and a
strongly monotone drawing, but several problems remain open. It is a common question
whether we can combine the features in our two algorithms, that is, whether any tree has a
strongly monotone drawing on a grid of polynomial size. Angelini et al. [ACB*12} Figure 18(b)]
have constructed a drawing of a triangulation that is not strongly monotone. It is still open
whether there is also a triconnected (or biconnected) planar graph that does not have any
strongly monotone drawing. If yes, it is interesting whether this can be tested efficiently. If
we could show that our drawings for general trees are not just strongly monotone but also
convex (as in the proper binary case), then all Halin graphs would automatically have convex
and strictly monotone drawings, too.
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Simultaneous Drawing of Planar
Graphs with Right-Angle Crossings

A simultaneous embedding of two planar graphs embeds each graph in a planar way—using
the same vertex positions for both embeddings. Edges of one graph are allowed to intersect
edges of the other graph. There are two versions of the problem: In the first version, called
Simultaneous Embedding with Fixed Edges (SEFE), edges that occur in both graphs must be
embedded in the same way in both graphs (and hence, cannot be crossed by any other edge).
In the second version, simply called Simultaneous Embedding, these edges can be drawn
differently for each of the graphs. Both versions of the problem have a geometric variant
where edges must be drawn using straight-line segments.

Simultaneous embedding problems have been investigated extensively over the last few
years, starting with the work of Brass et al. [BCD*07] on simultaneous straight-line drawing
problems. Blasius et al. [BKRI3b| recently surveyed the area. For example, it is possible to
decide in linear time whether a pair of graphs admits a SEEE or not, if the common graph is bi-
connected [ABF*12] or if it has a fixed planar embedding [ABF*10]. Furthermore, SEFE can be
decided in polynomial time if each connected component of the common graph is biconnected
or subcubic [Schl3], or if it is outerplanar with cutvertices of degree at most 3 [BKRI3al.

When actually drawing these simultaneous embeddings, a natural choice is to use straight-
line segments. It is NP-hard to decide whether two planar graphs admit a geometric simul-
taneous embedding [EBGJ ™ 08]. This negative results holds even if one of the input graphs
is a matching [CvL*1l]. In fact, only very few graphs can be drawn in this way and some
existing results require exponential area. For instance, there exist a tree and a path which
cannot be drawn simultaneously with straight-line segments [AGKNI2], and the algorithm
for simultaneously drawing a tree and a matching [CvL"11] does not provide a polynomial
area bound.

A way to overcome the restrictions of straight-line drawings is to allow edges to bend. The
resulting polyline drawings have been investigated by Haeupler et al. [HJLI3]. They showed
that if the common graph is biconnected, then a drawing can be found in which one input
graph has no bends at all and in the other input graph the number of bends per edge is
bounded by the number of common vertices. Erten and Kobourov [EK05b] showed that
three bends per edge and quadratic area suffice for any pair of planar graphs (without fixed
edges), and that one bend per edge suffices for pairs of trees. Kammer [Kam06] reduced the
required number of bends per edge to two for the general case of planar graphs. Grilli et
al. [GHKRI14] proved that every SEFE embedding of two graphs admits a drawing with no
bends in the common edges and at most nine bends per exclusive edge. If the common graph
is biconnected, they can reduce the number of bends to three per exclusive edge. In these
results, however, the crossing angles can be very small.

In this chapter, we suggest a new approach that overcomes the aforementioned problems.
We insist that crossings occur at right angles, thereby “taming” them. We do this while drawing
all vertices and all bends on an integer grid of size O(n) x O(n) for any pair of planar n-vertex
graphs. In a way, our results give a measure for the geometric complexity of simultaneous
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Graph classes Number of bends Ref. Model
planar + planar 6+6 Theorem RacSmm
subhamiltonian + subhamiltonian 4+4 Corollary RacSim
outerplanar + outerplanar 3+3 Theorem [72| RacSim
cycle + cycle 1+1 Theorem RACSEFE
caterpillar + cycle 1+1 Theorem RACSEFE
four matchings 1+1+1+1 Theorem RacSim
tree + matching 1+0 Theorem RACSEFE
wheel + matching 2+0 Theorem RACSEFE
outerpath + matching 2+1 Theorem [7.8] RACSEFE

Table 7.1: A short summary of our results

embeddability for various combinations of graph classes, some of which can be combined
more easily (that is, with fewer bends) and some not as easily (that is, with more bends).

Let G, = (V, E;) and G, = (V, E;) be two planar graphs defined on the same vertex set and
let n = |V|. We say that G, and G, admit a RAC simultaneous drawing (or, RAcSIM drawing
for short) if we can place the vertices on the plane such that:

(i) each edge is drawn as a polyline,
(ii) both graphs are drawn planar, and
(iii) crossings between edges in E; and E, occur at right angles.

G and G, admit a RAC simultaneous drawing with fixed edges (or, RACSEFE drawing for
short) if they admit a RacSim drawing and additionally:

(iv) common edges are represented by the same polylines.

Argyriou et al. [ABKSI3] introduced and studied the geometric version of the RacSim
drawing problem. In particular, they proved that any pair of a cycle and a matching admits a
geometric RAcS1M drawing on an integer grid of quadratic size, while there exist a wheel and
a cycle that do not admit a geometric RAcSiM drawing. The problem that we study in this
chapter was left as an open problem.

Closely related to the RacSim drawing problem is the problem of simultaneously drawing
a (primal) embedded graph and its dual, so that the primal-dual edge crossings form right
angles. Brightwell and Scheinermann [BS93|] proved that this is always possible if the input
graph is triconnected planar. Erten and Kobourov [EK05a] presented an O(#)-time algorithm
that computes a simultaneous drawing of a triconnected planar graph and its dual on an
integer grid of size O(n) x O(n), where n is the total number of vertices in the graph and its
dual; their drawings, however, can have non-right angle crossings.

Our contribution. Our main result is that any pair of planar graphs admits a RacSim
drawing with at most six bends per edge. For pairs of subhamiltonian graphs and pairs of
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outerplanar graphs, we can reduce the required number of bends per edge to four and three,
respectively; see Section[71} (Recall that a subhamiltonian graph is a subgraph of a planar
Hamiltonian graph.) Then, we turn our attention to pairs of more restricted graph classes
where we can guarantee RacSim and RACSEFE drawings with one bend per edge or two bends
per edge; see Sections[7.2]and [7.3) respectively. Table[7Z]|summarizes our results. Note that all
our algorithms run in linear time, with the exception of the algorithm for an outerpath and a
matching (see Theorem|[7.8)), which runs in O(nlogn) time. The produced drawings fit on
integer grids of quadratic size. The main approach of all our algorithms is to find linear orders
on the vertices of the two graphs and then to compute the exact coordinates of the vertices of
both graphs based on these orders. These drawings may contain non-rectilinear segments
(referred to as slanted segments, for short), but all crossings in our drawings appear between
horizontal and vertical edge segments and are therefore at right angle.

7.1 RacSim Drawings of General Graphs

In this section, we study general planar graphs and show how to efficiently construct RacSim
drawings in quadratic area, with few bends per edge. We prove that two planar graphs on
a common set of vertices admit a RAcSim drawing with six bends per edge (Theorem 7).
We lower the required number of bends per edge to 4 for pairs of subhamiltonian graphs
(Corollary[71), and to 3 for pairs of outerplanar graphs (Theorem[7.2). Note that the class of
subhamiltonian graphs is equal to the class of 2-page book-embeddable graphs, and the class
of outerplanar graphs is equal to the class of 1-page book-embeddable graphs [BK79].

Central to our approach is an algorithm by Kaufmann and Wiese [KW02|] that embeds
any planar graph such that vertices are mapped to points on a horizontal line (the so-called
spine) and each edge crosses the spine at most once; see Figure[71a] If one replaces each spine
crossing with a dummy vertex, then a linear order of the vertices (both original and dummy) is
obtained with the property that every edge is either completely above or completely below the
spine. In order to determine the exact locations of the vertices of the two given graphs in our
problem, we use the linear order induced by the first graph to compute the x-coordinates and
the linear order induced by the second graph to compute the corresponding y-coordinates.
(Note that this approach has been used for simultaneous drawing problems before [EKO05b].)
Then, we draw the edges of both graphs, so that all edges-crossings

(i) are restricted between vertical and horizontal edge-segments, that is, slanted edge-
segments are crossing-free, and

(ii) appear in the interior of the smallest axis-aligned rectangle containing all vertices.

Theorem 7.1. Two planar graphs on a common set of n vertices admit a RAcSIm drawing on
an integer grid of size (14n — 26) x (14n — 26) with six bends per edge. The drawing can be
computed in O(n) time.

Proof. Let G, = (V,E;) and G, = (V,E,) be planar graphs. For m € {1,2}, let £,, be an
embedding of G,, according to the algorithm of Kaufmann and Wiese [KW02]; see Figure[71al
As explained before, we subdivide all edges of G, that cross the spine in &, by introducing a
dummy vertex at the point where it crosses the spine. Let G, = (V, ,E} ) = (VUV,,, A,,UB,,)
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(a) (b)

Figure 7.1: (a) A drawing of a planar graph by Kaufmann and Wiese [KW02]]. (b) Reserving
additional columns between two vertices.

be the resulting graph, where V,,, is the set of dummy vertices in G,,, A, is the set of edges that
are drawn completely above the spine and B,, is the set of edges that are drawn completely
below the spine. Let &), be the embedding of G,,.

Now we show how to determine the x-coordinates of the vertices in V; by assigning the
vertices to the columns of a grid; the y-coordinates of the vertices in V, are determined
analogously. Let nj be the number of vertices in V;" and let v — v, — -+ - v,/ be the linear
order of the vertices of V" along the spine in &]. We start by placing v;. Between any two
consecutive vertices v; and v;., we reserve several columns for the bends of the edges incident
to v; and v;,;. These are used as follows (in order); see Figure

(i) A column for the first bend on all edges in A, leaving v;.
(ii) A column for each edge (v;,v;) € Ej with j > i.
(iii) A column for each edge (vi,vi41) € Ef with k < i.
(iv) A column for the last bend on all edges in B, entering v;;.

Note that we can save some columns reserved for ((ii)) and ((iii)), because an edge in A; and
an edge in B; can use the same column for their bend.

With this procedure we fully specify the x-coordinates of the vertices in V/'; the y-coordinates
of the vertices in V; are determined analogously. Let R be the smallest axis-aligned rectangle
that contains all vertices of the common vertex set of G| and G, (the gray rectangle of Fig-
ure[7.2a). Note that the y-coordinates of the dummy vertices of V; and the x-coordinates of
the dummy vertices of V; have not been determined by the algorithm so far. They can be set
arbitrarily, as long as the corresponding vertices are inside R.

We proceed to describe how to draw the edges of graph G| with at most four bends per edge
such that all edge segments of G in R are either vertical or of y-length exactly 1; see Figure[7.2b]
The edges of graph G, are drawn analogously. First, we draw the edges (v;,v;) € A, with i < j
in a nested order: When we draw the edge (v;,v;), there is no edge (vi,v;) € A; with k <i
and / > j that has not already been drawn. Recall that the first column to the right and the
first column to the left of every vertex is reserved for the edges in E;, hence we assume that
they are already used. We draw (v;, v;) with at most four bends as follows. We start with a
slanted segment incident to v; that has its other endpoint in the row above v; and in the first
unused column that does not lie to the left of v;. We follow with an upward vertical segment
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(a) The graph of Figure drawn by our algo- (b) The RacSim drawing of two planar graphs by
rithm with at most six bends per edge. our algorithm

Figure 7.2: A RacSiM drawing of two planar graphs. The edges that cross the spine are drawn
dashed; the dummy vertices on these edges are drawn as squares.

that leaves R. We add a horizontal segment above R; the row of this segment is determined by
the nesting in the book embedding of G;. In the last unused column that does not lie to the
right of v;, we add a vertical segment that ends one row above v;. We finish the edge with a
slanted segment that has its endpoint in v;. We draw the edges in B; symmetrically, with the
horizontal segment below R.

Note that this algorithm always uses the top and the bottom port of a vertex v if there is at
least one edge incident to v in A; and By respectively. The edges incident to a dummy vertex
use precisely the top and the bottom port: Dummy vertices have exactly one incident edge
in A; and one in B;. We create a drawing of G; and G, with at most 6 bends per edge by
bypassing (that is, smoothing out) the dummy vertices. This does not change the drawing.

By construction, all edge segments of E; inside R are either vertical segments or slanted
segments of y-length 1. Symmetrically, all segments of E, inside R are either horizontal
segments or slanted segments of x-length 1. Thus, the slanted segments cannot intersect. All
crossings inside R occur between a horizontal and a vertical segment, and thus form right
angles. Also, there are no segments in E; that lie to the left or to the right of R, and there are
no segments in E, that lie above or below R. Hence, there are no crossings outside R, which
guarantees that the constructed drawing of G; and G, is a RacSim drawing.

We now count the columns used by the drawing. For the leftmost and the rightmost vertex,
we reserve one additional column for its incident edges in E,; for the remaining vertices, we
reserve two such columns. For each edge in E;, we use up to three columns: one for each
endpoint of the slanted segment at each vertex and one for the vertical segment that crosses
the spine, if it exists. Recall that at least one edge per vertex does not need a slanted segment.
For each edge in E,, we need at most one column for the vertical segment to the side of R.
Since there are at most 31 — 6 edges, we need at most 3n—2+3-(3n—6) —n+3n—6 = 14n—26
columns. By symmetry we need the same number of rows.
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The algorithm of Kaufmann and Wiese computes a drawing with at most 3 bends per
edge in O(n) time. We can compute the nested order of the edges in linear time from the
embedding, as the circular order of the edges around a vertex gives a hierarchical order on
the edges that describes the nested order of the edges. Thus, our algorithm also runs in O(n)
total time. O

We can improve the result of Theorem 71| for subhamiltonian graphs, which admit 2-page
book embeddings in which no edges cross the spine [BK79]]. Since those edges are the only ones
that need six bends, the number of bends per edge is reduced to four. The number of columns
and rows are also reduced by one per edge. This is summarized in the following corollary. Note,
however, that it is NP-hard to decide whether a given planar graph is subhamiltonian, even
for maximal planar graphs [Wig82]]. A 2-page book embedding can be found in linear time,
if the ordering of the vertices along the spine is given [HS99]. Several classes of graphs are
known to be (sub)hamiltonian, for example 4-connected planar graphs [NCO08], planar graphs
without separating triangles [KO07]|, Halin graphs [CNP83], planar graphs with maximum
degree 3 or 4 [Hea85, BGR14].

Corollary 7.1. Two subhamiltonian graphs on a common set of n vertices admit a RAcSIM
drawing on an integer grid of size (11n — 32) x (11n — 32) with four bends per edge. The algorithm
runs in O(n) time if the subhamiltonian cycles of both graphs are given.

We use even fewer bends for a RAcSim drawing of two outerplanar graphs. This is based
on a decomposition of each of the graphs into two forests. The following lemma shows that
we can do this in linear time.

Lemma 7.1. Every outerplanar graph can be decomposed into two forests. This decomposition
can be computed in linear time.

Proof. It follows by Nash-Williams” formula [NW64] that every outerplanar graph has ar-
boricity 2, that is, it can be decomposed into two forests. To prove the linear running time,
we first assume biconnectivity and augment the input graph to a maximal outerplanar graph.
Now, if we add a new vertex that is incident to all vertices of the graph, the result is a maximal
planar graph which can be decomposed into three trees [Fel04], so that one of them is a star
incident to the newly added vertex. Hence, the removal of this vertex yields a decomposition
into two trees. The desired decomposition into two forests follows from the removal of the
edges added to augment the graph to maximal outerplanar. For an outerplanar graph that
is not biconnected, we have to compute the aforementioned decomposition for each of its
biconnected components individually. This forms a tree (a so-called BC-tree) and therefore
does not affect the structure of the overall decomposition: It still consists of two forests. The
overall the decomposition can be done in linear time, since both the decomposition of a
maximal planar graph into three trees, and the computation of the biconnected components
of the input outerplanar graph can be done in linear time. O

With this lemma, we can further improve the required number of bends per edge to three
for outerplanar graphs. (Recall that all outerplanar graphs are 1-page book embeddable.) We
will use the order of the vertices on the spine of a 1-page book embedding to compute a 2-page
book embedding in which every edge uses a rectilinear port at one of its endpoints, enabling
us to omit one of its bends.
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Theorem 7.2. Two outerplanar graphs on a common set of n vertices admit a RAcSIM drawing
on an integer grid of size (7n — 10) x (7n — 10) with three bends per edge. The drawing can be
computed in O(n) time.

Proof. Let O; = (V,E;) and O, = (V, E;) be the given outerplanar graphs. We will embed
O, and O, on two pages with one forest per page.

To do so, we first create 1-page book embeddings for O; and for O, using the linear time
algorithm of Heath [Hea87]. This gives the orders of the vertices of both graphs along the spine.
It follows by Corollary[71]that, by using the algorithm described in the proof of Theorem 71}
we can create a RAcSiM drawing of O; and O, with at most four bends per edge. We will now
show how to adjust the algorithm to reduce the number of bends by one.

We decompose O, into two forests A; and B; according to Lemrna We will draw the
edges of A; above the spine and the edges B; below the spine. By rooting the trees in A; in
arbitrary vertices, we can direct each edge such that every vertex has exactly one incoming
edge. Recall that, in the drawing produced in Theorem 71} one edge per vertex can use its top
port. We adjust the algorithm such that every directed edge (v, w) enters vertex w from its
top port. To do so, we draw the edge as follows. We start with a slanted segment of y-length 1.
We follow with a vertical segment to the top, a horizontal segment that ends directly above w,
and finish the edge with a vertical segment that enters w in the top port. We use the same
approach for the edges in B;, using the bottom port and treat the second outerplanar graph O,
analogously.

Since every port of a vertex is only used once, the drawing has no overlaps. We now
analyze the number of columns used. For every vertex except for the leftmost and rightmost,
two additional columns are reserved for the edges in E,; for the remaining two vertices,
we reserve a single additional column. The edges in E; now only need one column for the
bend of the single slanted segment. For every edge in E,, we need up to one column for
the vertical segment to the side of R. Since there are at most 2n — 4 edges, our drawing
needs 3n —2+2n—-4+2n-4 = 7n-10 columns. Analogously, we can show that the algorithm
needs 7n — 10 rows. Since the decomposition can be computed in O(#) time, our algorithm
also requires O(n) time. O

7.2 RacSim and RacSefe Drawings with One Bend per
Edge

In this section, we study simple classes of planar graphs and show how to efficiently construct
RacSim and/or RACSEFE drawings with one bend per edge in quadratic area. In particular, we
prove that two cycles (four matchings, resp.) on a common set of # vertices admit a RACSEFE
(RACSIM, resp.) drawing on an integer grid of size 2n x 2n; see Theorem [73| (Theorem 7.5}
resp.). If the input to our problem is a caterpillar and a cycle, then we can compute a RACSEFE
drawing with one bend per edge on an integer grid of size (21 — 1) x 2n; see Theorem|[7.4] For
a tree and a cycle, we can construct a RACSEFE drawing with one bend per tree edge and no
bends in the matching edges on an integer grid of size n x (1 —1); see Theorem|7.6]

Lemma 7.2. Two paths on a common set of n vertices admit a RACSEFE drawing on an integer
grid of size 2n x 2n with one bend per edge. The drawing can be computed in O(n) time.

113



Chapter 7 Simultaneous Drawing of Planar Graphs with Right-Angle Crossings

11

(a) Two paths: P (solid) and P, (dashed) (b) Two cycles: C; (solid) and C, (dashed). The
closing edges are drawn in bold.

Figure 7.3: RACSEFE drawings with one bend per edge

Proof. Let Py = (V,E;) and P, = (V,E;) be the given paths. To keep the description
simple, we first assume that 7, and P, do not share edges. Following standard practices
from the literature (see for example Brass et al. [BCD*07|]), we draw P; x-monotone and P,
y-monotone. This ensures that the drawing of the paths will individually be planar. We will
now describe how to compute the exact coordinates of the vertices and how to draw the edges
of P; and P,, such that all crossings are at right angles and, more importantly, that no edge
segments overlap.

For m € {1,2} and any vertex v € V, let 71,,(v) be the position of v in P,,. Then, v is drawn
at the point p(v) = (2m(v) - 1,2m,(v) — 1); see Figure[7.3a] It remains to be determined
where the bend is in each edge e = (v,v"). First, assume that e € E; and e is directed from
its left endpoint, say v, to its right endpoint, say v'. Then we place the bend to the left of v/,
and one row above or below it depending on which direction the edge is coming from. To
be exact, we place it at p(v') — (2,sgn(y(v') — y(v))). Second, assume that e € E; and e is
directed from its bottom endpoint, say v, to its top endpoint, say v’. Then, we place the bend
at p(v') = (sgn(x(v') - x(v)),2).

The area required by the drawing is (21 —1) x (2n—1). An edge of P, leaves its left endpoint
vertically and enters its right endpoint with a slanted segment of x-length 1 and y-length 2.
Similarly, an edge of P, leaves its bottom endpoint horizontally and enters its top endpoint
with a slanted segment of x-length 2 and y-length 1. Hence, the slanted segments cannot be
involved in crossings or overlaps. Since P; and P, are x- and y-monotone, respectively, it
follows that all crossings must involve a vertical edge segment of P; and a horizontal edge
segment of P,, which is at right angle. The runtime is clearly linear.

Finally, we show that our algorithm supports the SEFE model. Assume that P, = (V, E;)
and P, = (V, E,) share edges, and let e = (v, v") be an edge that belongs to both input paths.
Our algorithm automatically places v and v’ at consecutive x- and y-coordinates and draws e
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as a diagonal of x- and y-length 2 in both graphs, which cannot be involved in a crossing. [

We say that an edge uses the bottom/left/right/top port of a vertex if it enters the vertex
from the bottom/left/right/top.

Theorem 7.3. Two cycles on a common set of n vertices admit a RACSEFE drawing on an integer
grid of size 2n x 2n with at most one bend per edge. The drawing can be computed in O(n) time.

Proof. LetC, = (V,E;)andC, = (V, E,) be the given cycles and assume first that C; and C, do
not share edges. Let v € V be an arbitrary vertex. We temporarily delete one edge (v, w;) € E,
from C; and one edge (v, w,) € E, from C, (refer to the bold-drawn edges of Figure .
This results into two paths P} = (v,...,w;) and P, = (v,...,w;). We use the algorithm
from Lemma [7.2|to construct a RacSim drawing of P; and P, on an integer grid of size
(2n —1) x (2n —1). Since v is the first vertex in both paths, it is placed at the bottom-left
corner of the bounding box containing the drawing. Since w; and w; are the last vertices in P,
and P,, respectively, w; is placed on the right side, and w; on the top of the bounding box.
By construction, the bottom port of w; and the left port of w, are both unoccupied. Hence,
the edges (v, w;) and (v, w,) that form C; and C, can be drawn with a single bend at points
(2n—-1,0) and (0, 2n —1) respectively; see Figure[7Z3b] Since both edges are completely outside
of the bounding box containing the drawing, neither is involved in crossings. The total area of
the drawing gets larger by a single unit in each dimension. The runtime bound is unaffected.

It remains to consider the case that C; and C, share edges. Since P, and P, already support
the SEFE model, it suffices to consider the case that a closing edge (v, w;) or (v, w;) is also
contained in the other graph. Since the closing edges are drawn planar, we can simply use
their drawing in both graphs and remove the corresponding edge from the path. Thus, the
drawing supports the SEFE model. O

Theorem 7.4. A caterpillar and a cycle on a common set of n vertices admit a RACSEFE drawing
on an integer grid of size (2n — 1) x 2n with one bend per edge. The drawing can be computed in
O(n) time.

Proof. Let A = (V,E_4) be the given caterpillar and C = (V, E¢) the given cycle. Similar
to the previous proofs, we will first prove that A and C admit a RAcS1M drawing, assuming
that they do not share edges. We postpone the case where A and C share edges for later. A
caterpillar can be decomposed into a path, called its spine, and a set of leaves connected to the
path, called its legs. Let v1,v», ..., v, be the vertex set of .4 ordered as follows (see Figure|7.4)):
Starting from an endpoint of the spine of .4, we traverse the caterpillar such that we visit all
legs incident to a spine vertex before moving on to the next spine vertex. This order defines
the x-order of the vertices in the output drawing.

As in the proof of Theorem([7.3} we temporarily delete an edge of C incident to v, (see the bold
dashed edge in Figure[7.4) and obtain a path which we denote by P = (V, Ep). For any vertex
v; € V, let m(v;) be the position of v; in P. The map 7 determines the y-order of the vertices
in our drawing. For i € {1,2, ..., n}, we draw vertex v; at point p(v;) = (2i -1, 2n(v;) —1). It
remains to be determined where the bend is in each edge e = (v,v'). First, assume that e € Ep
and e is directed from its bottom endpoint, say v, to its top endpoint, say v’ (see the thin
dashed edges in Figure[7.4). Then, we place the bend at p(v) + (sgn(x(v') - x(v)),2). Second,
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Figure 7.4: A RAcCSEFE drawing of a caterpillar (solid; its spine is drawn bold) and a cycle
(dashed)

assume that e € E 4 and e is directed from its left endpoint, say v, to its right endpoint, say v’
(see the solid edges in Figure[7.4). Then, we place the bend at (x(v'), y(v) +sgn(y(v') - y(v)).

The approach described above ensures that P is drawn y-monotone, hence planar. The
spine of A is drawn x-monotone. The legs of a spine vertex of A are drawn to the right of
their parent spine vertex and to the left of the next vertex along the spine. Hence, A is drawn
planar as well. The slanted segments of A have y-length 1, while the slanted segments of P
have x-length 1. Thus, they cannot be involved in crossings, which implies that all crossings
form right angles.

It remains to draw the edge e in E¢ \ Ep. Recall that e is incident to v;, which lies at the
bottom-left corner of the bounding box containing our drawing. Let v; be the other endpoint
of e. Since 77(v;j) = n, vertex v; lies at the top of the bounding box. As the top port of v; is not
used, we can draw the first segment of e vertical, bending at (1,2n); see the bold dashed edge
in Figure[7.4]

To complete the proof of this theorem, it remains to show that our algorithm supports the
SeFE model. Suppose that there is an edge e = (v,v') that belongs to both A and C. Our
algorithm places v and v’ at consecutive y-coordinates. Thus, the drawing of e in .4 consists
of a slanted and a vertical segment of y-length 1 each. This drawing of e in A is not crossed by
any edge of E¢, so e can be drawn in the same way for both graphs.

Clearly, the total area required by the drawing is (272 —1) x 2n and the runtime is linear. [J

Theorem 7.5. Four matchings on a common set of n vertices admit a RAcSIM drawing on an
integer grid of size 2n x 2n with at most one bend per edge. The drawing can be computed in
O(n) time.

Proof. Let My = (V,E1), My = (V,E;), M5 = (V,E;) and My = (V, E4) be the given
matchings. Without loss of generality, we assume that all matchings are perfect; otherwise,
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Figure 7.5: A RacSim drawing of four matchings M, (solid-plain), M, (solid-bold),
M3 (dashed-plain) and M, (dashed-bold)

we augment them to perfect matchings. Let My, = (V,E; UE;) and M3 4 = (V,E3 U Ey).
Since M, and M, are defined on the same vertex set, M, , is a 2-regular graph. Thus, each
connected component of M; , corresponds to a cycle of even length which alternates between
edges of M, and M,; see Figure The same holds for M3 4. We will determine the
x-coordinates of the vertices from M, ,, and the y-coordinates from M3 4.

We start by choosing an arbitrary vertex v € V. Let C be the cycle of M, , containing
vertex v. We determine the x-coordinates of the vertices of C by traversing it in some direction,
starting from vertex v. For each vertex u in C, let 71; () be the discovery time of u according
to this traversal, with 71 (v) = 0. We set x(u) = 2m;(u) + 1. After doing this, we determine
the y-coordinates of all vertices that lie on cycles in M3 4 that contain at least one vertex of C
(that is, cycles in M3 4 that contain a vertex for which the x-coordinate has been determined).
Call these cycles Ci, ..., Cy, ordered as follows. For i € {1,...,k}, let a; be the anchor
of C;, that is, the vertex with the smallest determined x-coordinate of all vertices in C;.
Then, x(a;) < ... < x(ax). In what follows, we start with the first cycle C; of the computed
order and determine the y-coordinates of its vertices. To do so, we traverse C; in some direction,
starting from its anchor vertex a;. For each vertex u in Cy, let 71, (1) be the discovery time
of u according to this traversal, with 77,(a;) = 0. Then, we set y(u) = 2m2(u) + 1. We proceed
analogously with the remaining cycles C;, i = 2, ..., k, setting 7, (a;) = max,ec, , m2(u) + 1.

After this step, there are no vertices for which only the x-coordinate has been determined.
However, there might exist vertices where only the y-coordinate has been determined. If this
is the case, we repeat the aforementioned procedure to determine the x-coordinates of the
vertices of all cycles of M, \ C that have at least one vertex with a determined y-coordinate,
but without determined x-coordinates. If there are no vertices with only one determined
coordinate left, either all coordinates are determined, or we restart this procedure with another
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arbitrary vertex that has no determined coordinates. Thus, our algorithm guarantees that the
x- and y-coordinate of all vertices are eventually determined.

Note that for each cycle in M), , there is exactly one edge e = (v, v") with m; (v') > m (v) +1.
We call this the closing edge. Analogously, for each cycle in M3 4, there is exactly one closing
edge e = (u, u") with mp(u') > my(u) + 1.

It remains to be determined where the bend is in each edge e = (v,v"). First, assume
that e € E; UE, and e is directed from its left endpoint, say v, to its right endpoint, say v'. If e is
not a closing edge, we place the bend at (x(v") -2, y(v') —sgn(y(v") — y(v)). Otherwise, we
place the bend at (x(v"), y(v) —1). Second, assume that e € E3 U E4 and e is directed from its
bottom endpoint, say v, to its top endpoint, say v'. If e is not a closing edge, we place the bend
at (x(v') —sgn(x(v") —x(v)), x(v") —2). Otherwise, we place the bend at (x(v) -1, y(v'));
see Figure[7.5}

Our choice of coordinates guarantees that the x-coordinates of the cycles of M, , and
the y-coordinates of the cycles of M3 4 form disjoint intervals. Thus, the area below a cycle
of M, ; and the area to the left of a cycle of M3 4 are free from vertices. Hence, the slanted
segments of the closing edges cannot have a crossing that violates the RAC restriction. The
total area required by the drawings is 2n x 2n. The running time is linear. O

Theorem 7.6. A tree and a matching on a common set of n vertices admit a RACSEFE drawing
on an integer grid of size n x (n — 1) with one bend per tree edge and no bends on matching
edges. The drawing can be computed in O(n) time.

Proof. We use an algorithm inspired by the algorithm for drawing a geometric simultaneous
embedding of a tree and a matching by Cabello et al. [CvL*11]; see Figure[7.6] We first consider
the case where the input graphs do not share edges. We root the given tree in an arbitrary leaf,
getting a directed tree 7. We will obtain the x-coordinates of the vertices from a particular
post-order traversal of this directed tree. As a consequence, all children of a vertex are placed
to its left, and disjoint subtrees are placed in disjoint x-intervals. We augment the given
matching to a perfect matching M by adding dummy edges. After the algorithm terminates,
these dummy edges can be safely removed.

Each edge of M is drawn horizontally at a unique odd y-coordinate between 1 and n — 1.
The coordinates are determined as follows. In every step, our algorithm picks an edge and
puts it either into the top group, or into the bottom group. Within the top group, the edges
are assigned to odd rows, from top to bottom, starting from row n — 2 if n is odd, or n — 1
otherwise. In the bottom group, the edges are also assigned to odd rows, but from bottom
to top, starting from row 1. In this way, a matching edge is always assigned to an odd row
between 1and # — 1. Once this procedure assigned an edge to a row, the edge and its endpoints
are called placed.

Our algorithm starts by putting the matching edge containing the root of the tree in the top
group and then proceeds as follows. We partition the edges of the tree into a set of subtrees,
called ropes, by removing the edges between two placed vertices. If there exists a subtree
with three placed vertices, we call the vertex that lies on all three paths between these placed
vertices a splitter; see Figure[7.7a] If the algorithm encounters a splitter, it selects the matching
edge incident to the splitter, and places it next. Since a splitter is, by definition, unplaced, that
edge can always be picked. If there is no splitter, the algorithm finds an unplaced vertex that
has a tree edge to a placed vertex, and adds its matching edge to the top group: This creates
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Figure 7.6: A RACSEFE drawing of a tree (solid) and a matching (dashed)
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(a) The placed vertices (black) in- (b) Vertex w has been placed at the top in the previous step,
duce three ropes, v is a splitter. creating a splitter v which is now placed at the bottom.

Figure 7.7: Definition and placement of a splitter.

at most one splitter, since one of the placed vertices is adjacent to a vertex that was already
placed.

It has been shown by Cabello et al. [CvL*11] that placing a vertex creates at most one splitter,
and that placing a splitter does not create a new one. In every step of the algorithm, we place
two vertices. The first one is either a splitter, or adjacent to a placed vertex; thus, it cannot
create a new splitter. Hence, when we place a new matching edge, there will be at most one
splitter in the graph.

First, we describe how to determine whether to add a matching edge that contains a splitter
to the top, or the bottom group. Assume that vertex v is a splitter. Since we start by drawing
the root, every vertex lies in a subtree that has its local root placed. Let Ti(v),..., Tx(v)
be the subtrees rooted in the children of v. Then, v is a splitter if and only if there are two
subtrees T;(v) and Tj(v) with at least one placed vertex, one of which has been placed in the
last step. Without loss of generality, let w € T;(v) be this vertex. If w was added to the top
group, we add v to the bottom group; otherwise, we add it to the top group. Thus, the vertices
of all trees T;(v) with [ # j will be placed on the same side (with respect to the y-coordinate)

of v; see Figure[7.7b]
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Second, we describe how to determine the x-coordinates of the vertices, which happens
inductively. To that end we will compute, for each non-leaf vertex, an order for the subtrees
that are rooted in the children of this vertex. This order determines the disjoint intervals
on the x-coordinates that the vertices in these subtrees will use. Let v be a vertex that is
placed in an induction step. We traverse the path from v to the root of the rope it lies on. For
every vertex u on this path, we determine the order of the subtrees of its children as follows.
Let Ti(u), ..., Tx(u) be the subtrees rooted in the children of u, with v € Ty (u). If v is the
only placed successor of vertex u, then we assign the order x(T;(u)) < ... < x(Tx(u)) on
the x-coordinates of the subtrees; otherwise, an order has already been determined. When
the algorithm is done, we know the order of the subtrees for every vertex on this path, and
particularly the x-interval the subtree rooted in v lies in. We assign the highest x-coordinate
of this interval to v.

Now, we show how to draw the edges. Let (1, v) be a directed edge of 7. We draw (u, v)
with one slanted segment of y-length 1 at vertex u, and a vertical segment at vertex v. Since we
draw the edges of the matching horizontally without bends, and since the slanted segments
are drawn between two consecutive horizontal grid lines, there can only be crossings between
vertical segments of the tree and horizontal segments of the matching. Thus, all crossings
between the tree and the matching are at right angle.

It remains to show that the drawing of the tree is itself planar. Since the drawing of the
tree consists of vertical segments and slanted segments of y-length 1, any intersection has to
be between a slanted and a vertical segment. Let v be a vertex of the tree. We will show that
the outgoing edges of v do not induce a crossing. Since the subtree rooted in v is assigned
an x-interval that contains no vertices that do not lie in its subtree, crossing can only occur
between edges of this subtree. Consider the step of the algorithm in which v is placed.

First, assume that v is not a splitter. If no successor of v has been placed so far, then all
successors of v will be placed on the same side of v, with respect to the y-coordinate, and
therefore do not induce a crossing. Otherwise, let T;(v), ..., Tx(v) be the subtrees rooted
in the children of v. By construction, all placed successors of v are located in the same
subtree T;(v), and T;(v) is placed to the left of the other subtrees rooted in a child of v. Thus,
no edge incident to v is drawn inside the x-interval assigned to T;(v), with 2 < i < k. The
vertices in the other subtrees are yet to be placed, so they will all be on the same side of v,
with respect to the y-coordinate, and therefore not induce a crossing.

Now;, assume that v is a splitter. Then, there is a vertex u that was placed in the previous
step and lies in the same rope as v. Further, there is one subtree Ti(v) rooted in a child of v in
which at least one vertex has been placed before u. By construction, T (v) is placed to the
left of the other subtrees rooted in a child of v. Recall that v is placed in the group opposite
of u. Thus, u and all unplaced successors of v lie on the same side of v and therefore will not
induce a crossing. This concludes the proof of planarity.

Now we show that our algorithm supports the SEFE model. Suppose that there is an edge e =
(v, v") that belongs to both input graphs. Without loss of generality, assume that x(v') > x(v).
Our algorithm places v and v" at the same y-coordinate. Thus, the drawing of e in 7 consists
of a slanted segment that starts at v/ and ends at v — (0, 1), followed by a vertical segment
of y-length 1. Following the proof above, this edge is not crossed by any tree edge. Since
the matching edges are drawn horizontally between two vertices, there is also no crossing
between e and a matching edge. Thus, this drawing can be used for both graphs.
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Finally, we prove the area and running time bounds. We place each matching edge in a
unique odd row between 1and (# —1). Thus, our drawing needs at most (n —1) rows. In every
column, we place exactly one vertex, so the drawing needs n columns. As for the running
time, the algorithm to place the vertices clearly requires only constant time per vertex, with
the exception of traversing the tree upwards to determine the x-order of the subtrees. For
that, however, we traverse every edge only once, since we stop at the first placed vertex. Thus,
the running time of the algorithm is linear. O

7.3 RacSefe Drawings with Two Bends per Edge

In this section, we study slightly more complex classes of planar graphs, and show how
to efficiently construct RACSEFE drawings with two bends per edge, in quadratic area. In
particular, we prove that a wheel and a matching on a common set of n vertices admit a
RACSEFE drawing on an integer grid of size (1.5n — 1) x (n + 2) with two bends per wheel
edge and no bends on matching edges; see Theorem[7.7] An outerpath (that is, an outerplanar
graph whose weak dual is a path) and a matching admit a RACSEFE drawing with two bends
per outerpath edge and one bend per matching edge. They also need a slightly larger grid,
namely one of size (3n - 2) x (3n - 2); see Theorem|[7.8}

Theorem 7.7. A wheel and a matching on a common set of n vertices admit a RACSEFE drawing
on an integer grid of size (1.5n — 1) x (n + 2) with two bends per wheel edge and no bends on
matching edges, respectively. The drawing can be computed in O(n) time.

Proof. LetW = (V, Eyy) be the given wheel and M = (V, E ) the given matching. A wheel
can be decomposed into a cycle, called its rim, a center vertex, called its hub, and a set of
edges that connect the hub to the rim, called its spikes. First, we consider the simpler case
according to which W and M do not share edges (clearly, in this case the hub of the wheel
cannot be incident to a matching edge). Let V = {v},v,,...,v,}, such that v; is the hub of
Wand C = (vp,v3,...,V,, v,) is the rim of W in this order. Thus, Eyy = {(v;,vi41) | i =
L...,n=1u{(vp,v2)}u{(v,vi)|i=2,...,n}. Let M" = (V, Epr) be the matching M
without the edge incident to v;.

We first compute the x-coordinates of the vertices. We do this such that C — {(v,,v,)}
is x-monotone; see Figure[78] More precisely, for i € {2,...,n}, we set x(v;) = 2i — 3. The
y-coordinates of the vertices are computed based on the matching M’ as follows. Let Epqr =
{e1, ..., ex} be the matching edges, indexed such that v, is incident to e;. For j € {1,...,k},
we assign the y-coordinate 2j—1to the endpoints of e;. Next, we assign the y-coordinate 2k +1
to the vertices incident to the rim without a matching edge in M. Finally, the hub v; of W is
located at point (1, 2k + 3).

It remains to place the bend of each edge e € Eyy; the edges in M’ are drawn without bends.
First, let e = (v1,v;), i € {3,...,n} be a spike. Then, we place the bend at (x(v;),2k + 2).
Since both v; and v, are located in column 1, we can save the bend of the spike (v;, v, ). Second,
lete = (vi,vis1), i € {2,...,n — 1} be an edge of the rim C. We place the bend according to
the following case distinction.

(i) If y(vis1) > y(v;), we place the bend at (x(vi41), y(vi) +1).
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Figure 7.8: A RACSEFE drawing of a wheel (solid; its rim is drawn in bold) and a matching
(dashed)

(i) If y(viz1) > y(vi) > y(vis1), we place the bend at (x(vi41), y(vi) - 1).

(iii) If y(v;) > max{y(v;-1), y(vis1)}, by (i) the bottom port at v; is already used; see
the edge e in Figure[7.8] Thus, we draw e with two bends; at (x(v;) + 1, y(v;) — 1)
and (x(v;) +1, y(via) +1).

Now, let e = (v, v2) be the remaining edge of the rim. We place its bend at (2n - 2,0).

Our approach ensures that C — {(v,,v,)} is drawn x-monotone, hence planar. The last
edge (v,, v2) of C is the only edge drawn outside of the bounding box that contains all vertices.
Therefore, also the last edge is crossing-free. The spikes are not involved in crossings with the
rim, as they are outside of the bounding box containing the rim edges. Hence, the drawing
of W is planar. All edges of M’ are drawn as horizontal, non-overlapping line segments, so
M’ is drawn planar as well. The slanted segments of W — (v,,, v,) are of y-length 1, so they
cannot be crossed by the edges of M’. As the edge (v,,v») is not involved in crossings, it
follows that all crossings between W and M’ form right angles.

Finally, we have to insert the matching edge (v, v;) incident to the hub. Note that this edge
also exists in WV as a spike. Since v; is not incident to a matching edge in M’, it is placed
above all matching edges. Therefore, the copy of (vy,v;) in W does not cross a matching edge,
and we can use the same layout for the copy of (v, v;) in M.

We now show that our algorithm supports the SEFE model. Suppose that there is an
edge e = (v,v") that belongs to both the rim C and the matching M. If e is the closing edge
of the rim, then it is drawn planar in C. Thus, this drawing can be used for both graphs.
Otherwise, our algorithm places v and v/ at consecutive x-coordinates and at the same y-
coordinate. Then, we can draw e as a horizontal edge of length 1 in both graphs, and such an
edge cannot be crossed.

We now prove the area bound of the drawing algorithm. To that end, we remove all columns
that contain neither a vertex, nor a bend. First, we count the rows used. Since we remove the
matching edge incident to vy, the matching M’ has k < n/2 — 1 matching edges. We place
the bottommost vertex in row 1 and the topmost vertex (that is, vertex v;) in row 2k + 3. We
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(a) A non-planar drawing (b) A RACSEFE drawing

Figure 7.9: Two drawings of the same outerpath and matching. In both figures, the outerpath
is drawn solid, the upper and the lower path are drawn in bold, the spine of the spanning
caterpillar is drawn extra bold and the matching is drawn dashed.

add one extra bend in row 0 for the edge (v,,v,). Thus, our drawing uses 2k +3+1< n +2
rows. Next, we count the columns used. The vertices v, ..., v, are each placed in their own
column. Every spike has exactly one bend in the column of a vertex. An edge (v;, v;41) of rim
W has exactly one bend in a vertex column, except for the case that y(v;) > y(vi_1), y(Vis1)-
In this case it needs an extra bend between v; and v;41, i =1,..., n — 1. Clearly, there can be at
most 1/2 — 1 vertices satisfying this condition. Since the edge (v, v,) uses an extra column
to the right of v,,, our drawing uses (n—1) + (#/2 - 1) +1=1.51n - 1 columns. O

Theorem 7.8. An outerpath and a matching on a common set of n vertices admit a RACSEFE
drawing on an integer grid of size (3n — 2) x (2n — 1) with two bends per outerpath edge and
one bend per matching edge. The drawing can be computed in O(nlogn) time.

Proof. Let Z = (V,Ez) be the given outerpath and M = (V, Exq) the given matching.
Recall that an outerpath is a biconnected outerplanar graph whose weak dual is a path of
length at least two; see Figure[7.9a] Furthermore, assume initially that Z and M do not share
edges. Let V = {v1,v,,...,v,}, indexed such that (v, v,,...,v,, ;) is the outer face of Z.

We start by augmenting Z to a maximal outerpath Z’ = (V, Ez/) by triangulating its
bounded faces. As Z’ is internally-triangulated, it contains exactly two vertices of degree
two, each of which lies on a face that is an endpoint of the dual path. We assume, without
loss of generality, that deg(v,) = deg(v;) = 2 for some j with 1 < j < n; see vjp and v in
Figure[7.9a) We call the path P, = (Vy, Eu) = (v1,v2, ..., vj1) the upper path of Z, and the
path P; = (Wi, E) = (v}, Vjs15.. ., V) the lower path of Z'. Observe that V = V, u V1. If we
remove E, U Ej from E z/, then the resulting graph is a caterpillar C that spans V and whose
spine alternates between vertices of V;, and V.

We first compute the left-to-right order of the vertices of caterpillar C = (Ve, E¢) as
described by the algorithm supporting Theorem Then, the x-coordinate of the it vertex
in this order is 3i — 2,1 = 1,2,.. ., n; see Figure[7.9b]
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In order to compute the y-coordinates of the vertices, we first partition M into three
matchings My = (Vi, En), Muu = (Vau, Euu) and My = (Vy, Ey) as follows. Let (v,v') €
E . Then,

(i) (v,v")eEyifv,v eV,
(i) (v,v') € Eyyifv,v' € Vy,
(iii) (v,v") € Eyifv e Vyandv' € V.

Since V' = V, u W, it holds that Exq = Ejj U Eyy U Ey. In the resulting layout, the edges in Ej
will be drawn below the edges in Ey;, which in turn will be drawn below the ones of E,;; see
Figure[7.9b] Thus, they will not cross each other.

Let my = |Ey| and Ey = {ey, ..., e, ;. We draw the edges from bottom to top, starting
fromrow 1. Fori =1,...,my, let e; = (u;, u}) with x(u;) < x(u}). We set y(u;) = 4i —1and
y(u’) = 4i — 3. Edge e, is drawn with a bend at (x(u;), y(u!})). Our approach ensures that
there are no crossings between edges of My, as they are drawn in different horizontal strips of
the drawing. Similarly, we draw the edges in E,, from top to bottom, starting from row 2n — 1.
Let myy = |Eyy|- By construction, the topmost vertex of Vi is drawn in the row 4my; — 1 and
the bottommost vertex of V,,, is drawn in the row 2n + 1 — 4m,. The vertices of V,; will be
drawn between these rows; see Figure[7.9b]

In order to draw the edges in Ey;, we process the vertices of the set V;; from left to right
and assign y-coordinates to both endpoints of the incident matching edge. Let my) = |Ey|
and Ey = {€1,...,&m, ;. Fork € {1,..., u}, let &, = (wg, w;) and assume without loss of
generality that x(wy) < x(w}) and x(wy) < ... < x(w,). We place the vertices in Vi from
bottom to top and the vertices in V,, n Vi, from top to bottom. If wy € V,,, we assign the
y-coordinate 4mj —1+ 3k to wy and the y-coordinate 21 +1—4my, to w;; if wi € Vj, we switch
the y-coordinates. Edge ¢, is drawn with a bend at (x(wy), y(w;)). Further, every edge
&) € Ey with | > k has its endpoints to the right of wy and in the horizontal strip defined by
the lines y = y(wy ) and y = y(w} ). Hence, it will not be involved in crossings with (wy, w;).
This guarantees that the drawing of M is planar.

It remains to be determined where the bend is in each edge e = (v,v") € Z’. Without loss
of generality, let e be directed from its left endpoint, say v, to its right endpoint, say v'. First,
assume that e € E, UE) belongs to the outercycle. Then, we place its bends at (x(v') -2, y(v))
and (x(v') — 2, y(v") — sgn(y(v") — y(v))). Second, assume that e € E¢ belongs to the
inner caterpillar. Then, we place its bends at (x(v') - 1, y(v) + sgn(y(v) - y(¥'))) and
(") - Ly(v") - sgn(y(v") - y(»)).

Since P, and P are drawn x-monotone, both are drawn planar. Following similar argu-
ments as in the proof of Theorem 7.4} we can show that C is drawn planar as well. Since C is
drawn between P, and P, it follows that Z’ is drawn planar, as desired. It now remains to
prove that all (potential) crossings between Z’ and M only involve rectilinear edge segments
of Z', as M consists exclusively of rectilinear segments. As all slanted segments of Z” are of
y-length 1, no horizontal segment of M can cross them. The same holds for vertical segments
of My, U My, as they are drawn above and below P, and Py, respectively. The only possible
non-rectilinear crossings are between a vertical segment of a matching edge (u,v) € Ey and
a long slanted segment of C incident to a spine vertex w. This crossing can only occur if w
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lies to the left of the vertical segment of (u, v). By construction, w is never drawn between u
and v, with respect to the y-coordinate. Thus, such crossings cannot occur, which implies all
crossings between Z’ and M form right angles.

We now show that our algorithm supports the SEFE model. Assume that M and Z share
edges, and let e = (v,v") be an edge that belongs to both input graphs. If e € Ej, then
also e € Eyj. Our algorithm places v and v’ at consecutive y-coordinates and determines their
x-coordinates such that no other vertex of W lies between them. Thus, edge e is drawn in the
matching as a vertical segment of length 2 and a horizontal segment that has no vertex below
it. Hence, the drawing of e in the matching is planar and can be used for both graphs. The
case e € E, is analogous.

If e € Ec, then also e € E,;. In this case, we observe that the topological routing of e is the
same in both graphs with an offset of one unit to avoid overlaps. Thus, every other edge either
crosses both or none of the drawings of e. Since each drawing of e forbids crossings by edges
of one of the input graphs, actually none of the two drawings can have a crossing. Hence, we
can draw e the same way in both graphs.

By the choice of the coordinates, the area requirement of our algorithm is (31 -2) x (2n-1).
Since we have to sort the edges in E,; by the x-coordinates of the incident vertices, our
algorithm runs in O(nlogn) time. To complete the proof of this theorem, observe that the
extra edges that we introduced when augmenting Z to Z’ can be safely removed from the
constructed layout, affecting neither the crossing angles nor the area of the layout. O

7.4 Concluding Remarks

In this chapter, we have studied Rac simultaneous drawings with few bends per edge. We have
proven that two planar graphs always admit a Rac simultaneous drawing with at most six
bends per edge. For more restricted classes of graphs, we have drastically improved the number
of bends per edge. All of these drawings are within quadratic area. The results presented in this
chapter raise several questions that remain open. For the classes of graphs that we presented
in this chapter, it is interesting whether the number of bends per edge can be reduced. Further,
we would like to extend the results to additional graph classes that admit a RacSim drawing
with a small number of bends. As a variant of the problem, it might be possible to reduce the
required number of bends per edge by relaxing the strict constraint that edge intersections
are at right angles and instead ask for drawings that have close to optimal crossing resolution.
Furthermore, the computational complexity of the general problem remains open, that is,
given two or more planar graphs on the same set of vertices and a non-negative integer k,
whether there is a RacSim drawing in which each graph is drawn with at most k bends per
edge and the crossings are all at right angles. Finally, achieving sub-quadratic area for special
subclasses of planar graphs if we increase the allowed number of bends might be possible.
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Recognizing and Drawing
|IC-Planar Graphs

The study of graphs that are, in some sense, “nearly-planar”, is an emerging topic in graph
theory, graph algorithms, and network visualization. The general framework is to relax the
planarity constraint by allowing edge crossings but still forbidding those configurations that
would affect the readability of the drawing too much. Different types of forbidden edge-
crossing configurations give rise to different families of nearly-planar graphs. For example, if
the number of crossings per edge is bounded by a constant k, we have the family of k-planar
graphs (see, for example, [ABK13}[HELPI2|[PT97, Rin65}Tho88]). The k-quasi-planar graphs
admit drawings with no k pairwise crossing edges (see, for example, [DDLMI2| [FPS13])).
Rac (Right Angle Crossing) graphs can be drawn such that edges cross only at right angles
(see, for example, [DELIL, [ELI3]]). Generalizations of Rac drawings are ACE, and ACL,
drawings, where the edges can cross only at an angle that is exactly « or at least «, respectively,
where « € (0,7/2]; see [DLI2] for a survey. Further families of nearly-planar graphs are
fan-crossing free graphs [CHKK13] and fan-planar graphs [BCG*14, BDD*14,[KUT4]. Most of
the existing literature on nearly-planar graphs can be classified according to the study of the
following problems (see also [Liol4] for additional references).

Previous work. Previous work on related graph classes can be categorized into different
types of problems.

Coloring Problem: While the chromatic number of planar graphs is four, it is rather
natural to ask what restrictions on the crossing configurations force the chromatic
number of a graph to be relatively small. For example, Ringel [Rin65] proves that
the chromatic number of 1-planar graphs is seven and he conjectures that it can be
improved to six; this conjecture was then proved to be correct by Borodin [Bor84].
See also [BKRSO0I] for more papers that study the coloring problems of nearly-planar
graphs.

Turan-type Problem: The question here is to determine how many edges a nearly-planar
graph can have. In particular, it is known that all the families of nearly-planar graphs
mentioned above are rather sparse (see, for example, [Ack09,[AT07||AAP*97, BEG"12}
Did13|[KU14} [PT97, [Val98,[VBSW83]).

Recognition Problem: In contrast to testing for planarity, recognizing a nearly-planar
graph has often been proved to be NP-hard. This is, for example, the case for 1-planar
graphs [KMI3]], Rac graphs [ABS12], and fan-planar graphs [BCG*14,|BDD*14]]. For
some constrained classes of nearly-planar graphs, polynomial-time tests exist (for
example, [ABB*13,[EHK*13,[HEK*14]).

Drawing Algorithms: Some recent papers describe drawing algorithms for different fami-
lies of nearly-planar graphs; the majority of them focuses on drawings with straight-line
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(a) a 1-planar drawing that is not IC-planar (b) an IC-planar drawing

Figure 8.1: Two drawings of the same graph.

edges and often considers the interplay with other readability constraints, such as
compact area. A limited list of examples includes [ABKI3|,[DDELI4, DDLM13].

Inclusion/intersection relationships: The relationships between different classes
of nearly-planar graphs are also proved, as a fundamental step towards developing a
comprehensive theory of graph drawing beyond planarity (see, for example, [BDD*14]
ELI3])), or between nearly-planar graphs and graphs that admit specific types of visual
representations [Bral4, [EKL"13].

This chapter studies IC-planar graphs, which stands for Independent Crossings graphs, i.e.,
graphs that admit a drawing where no two crossed edges share an end-vertex and each edge is
crossed at most once. See Figure[8.1|for an example. For instance, the drawing of Figure[8.1a]
is not IC-planar because the two edges e; and e, are both crossed and they share vertex v; the
drawing of Figure[8.1b]is IC-planar. In other words, IC-planar graphs are 1-planar graphs with
the additional property that all edge crossings are independent from one another. Kral and
Stacho [KS10] exploited the independence of the edge crossings to show that IC-planar graphs
have chromatic number at most five. Albertson [Alb08|] has showm that IC-planar graphs
have chromatic number at most six; the chromatic number of IC-planar graphs was then
proved to be at most five by Zhang and Liu [ZL13]. Zhang and Liu also study the Turan-type
problem and prove that IC-planar graphs have at most 137n/4 — 6 edges, which is a tight bound.

Our contribution. We extend the theory on IC-planarity beyond the already studied
coloring and Turan-type problems. We investigate drawing algorithms, the complexity of
the recognition problem, and the interplay between IC-planar graphs and other families of
nearly-planar graphs. Our results are as follows.

(i) We present an O(#)-time algorithm that computes a straight-line drawing of an IC-
planar graph with n vertices in O(n?) area, which is worst-case optimal (Theorem .
It may be worth recalling that not all 1-planar graphs admit a straight-line drawing and
that there are embedded 1-planar graphs that require Q(2") area [HELP12].

(ii) We prove that IC-planarity testing is NP-complete both in the variable embedding
setting (Theorem|[8.2) and when the rotation system of the graph is fixed (Theorem8.3).
Note that 1-planarity testing is already known to be NP-complete in general [KM13],
even if the rotation system is fixed [ABGRI5]. In addition to the hardness result, we
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(a) (b) (c) (d)

Figure 8.2: (a) An IC-planar drawing. (b) Two different IC-planar embeddings of the same
graph with the same rotation system. (c) An X-configuration. (d) A B-configuration.

present a polynomial-time algorithm that tests whether a set of matching edges can
be added to a triangulated plane graph such that the resulting graph is IC-planar
(Theorem|[8.4). We remark that in any IC-planar drawing the set of crossing edges form
a matching.

(iii) We study the interplay between IC-planar graphs and Rac graphs. Namely, we show that
every IC-planar graph is a Rac graph (Theorem8.5), which sheds new light on an open
problem about the relationship between 1-planar graphs and Rac graphs [ELI3]. We
also prove that a straight-line Rac drawing of an IC-planar graph may require Q(g")
area, for a suitable constant q > 1 (Theorem 3.6).

Notation. We consider simple undirected graphs G. Recall that a drawing I of G is planar if
no edges cross, and I-planar if each edge is crossed at most once. I' is IC-planar if it is 1-planar
and there are no crossing edges that share a vertex (see Figure[8.2a)). Further, recall that a
rotation system R(G) of a graph G describes a possible cyclic ordering of the edges around
the vertices. R(G) is planar (1-planar, IC-planar) if G admits a planar (1-planar, IC-planar)
embedding that preserves R(G). Observe that R(G) can directly be retrieved from a drawing
or an embedding. The converse does not necessarily hold, as shown in Figure[8.2b]

A kite K is a graph isomorphic to K, with an embedding such that all the vertices are on
the boundary of the outer face, the four edges on the boundary are planar, and the remaining
two edges cross each other; see Figure[8.2d Thomassen [Tho88] characterized the possible
crossing configurations that occur in a 1-planar drawing. This characterization applied to
IC-planar drawings gives rise to the following property, where an X-crossing is of the type
described in Figure[8.2d and a B-crossing is of the type described in Figure[8.2d](the bolds
edges only).

Property 8.1. Every crossing of an IC-planar drawing is either an X- or a B-crossing.

8.1 Straight-line drawings of IC-planar graphs

We show that every IC-planar graph admits an IC-planar straight-line grid drawing in
quadratic area, and this area is worst-case optimal (Theorem [8.1). The result is based on
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.
b b
) (b)

(a

Figure 8.3: Illustration for the proof of Lemma

first using a new technique that possibly augments the input graph to a maximal IC-plane
graph (the resulting embedding might be different from the original one) with specific proper-
ties (Lemma(8.1), and then on suitably applying on the augmented graph a drawing algorithm
by Alam et al. for triconnected 1-plane graphs [ABKI3] on the augmented graph.

Lemma 8.1. Let G = (V, E) be an IC-plane graph with n vertices. There exists an O(n)-time
algorithm that computes a planar-maximal IC-plane graph G* = (V,E*) with E € E* such
that the following conditions hold:

(c1) The four endvertices of each pair of crossing edges induce a kite.

(c2) Let C be the set of crossing edges in G*. Let C* c C be the subset containing only one edge
for each pair of crossing edges. Then G* \ C* is plane and triangulated.

(c3) The outer face of G* is a 3-cycle of non-crossed edges.

Proof. Let G be an IC-plane graph; we augment G by adding edges such that for each pair of
crossing edges (a, ¢) and (b, d) the subgraph induced by vertices {a, b, ¢, d} is isomorphic
to Ky; see the dashed edges in Figs.[8.2dand[8.2d] Note that this is not sufficient to satisfy
as this subgraph might be not embedded as a kite in case of a B-configuration (Figure[8.2d).
However, it is always possible to convert a B-configuration into an X-configuration. Indeed,
since G is IC-planar, it has no two B-configurations sharing an edge (a, b). Thus, we remove a
B-configuration with vertices {a, b, ¢, d } by rerouting the edge (4, b) to follow the edge (a, ¢)
from vertex a until the crossing point, then edge (b, d) until vertex b, as shown by the dotted
edge in Figure[8.2d] This is always possible, because edges (a, c) and (b, d) only cross each
other, hence, following their curves, we do not introduce any new crossing. The resulting
IC-plane graph is denoted by G’, and it satisfies[(cI)|(recall that, by Property[8.1] only X- and
B-configurations are possible).

We now augment G’ to G, such that[(c2))is satisfied. Let C be the set of all pairs of crossing
edges in G'. Let C* be the subset constructed from C by keeping only one (arbitrary) edge for
each pair of crossing edges. The graph G’ \ C* is clearly plane. To ensure[(c2)} graph G* \ C*
must be plane and triangulated. Each removed edge spans two faces in G’ \ C*; we mark all
such pairs of faces, and then add edges to G’ \ C* as follows. We first process all marked faces,
and then the unmarked faces. Let f be a marked face that is a k-cycle, for some k > 3; f has two
vertices a and b that belong to its boundary and were part of a kite in G’. Consider the vertices
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Wi, ..., Wk (for k > 1) that belong to the boundary of f and that are clockwise between a
and b on the boundary of f. Since edge (a, b) exists, {a, b} is a split pair, which separates the
graph into distinct components: one of them is the path induced by vertices wy, ..., wy (see
Figure This path can be flipped to the opposite side of edge (a, b), thus placed inside a
face f’ that is not marked by definition of IC-planarity; see Figure[8.3b} In this way, f” is split
into two not marked faces f and f;, while face f is now a triangle.

We then handle not marked faces. Each of them can be internally triangulated by picking
any vertex on its boundary and connecting it to all other vertices (avoiding multiple edges) of
the boundary; see Figure[8.3d} Graph G™ is then obtained by reinserting the edges in C* in
the marked faces. At this point, G* satisfies both([(cD)|and[(c2)] To satisfy[(c3)} note that G* is
IC-plane, hence, it has a face f whose boundary contains only non-crossed edges. Also, f is a
3-cycle by construction. Thus, we can re-embed G* so that f is the outer face.

It remains to prove that the described algorithm runs in O(n) time. Namely, let m be the
number of edges of G, augmenting the graph such that for each pair of crossing edges their
end-vertices induce a subgraph isomorphic to K, can be done in O(m) time (the number
of added edges is O(n)). Similarly, rerouting some edges to remove all B-configurations
requires O(m) time. Also, triangulating graph G’ \ C* can be done in time proportional to
the number of faces of G’ \ C*, which is O(n + m). Since IC-planar graphs are sparse [ZL13],
the time complexity follows. O

Theorem 8.1. There is an O(n)-time algorithm that takes an IC-plane graph G with n vertices
as input and constructs an IC-planar straight-line grid drawing of G in O(n) x O(n) area. This
area is worst-case optimal.

Proof. Augment G into a planar-maximal IC-plane graph G* in O(#n) time using Lemma
Graph G* is triconnected, as it contains a triangulated plane subgraph. Draw G* with the
algorithm by Alam et al. [ABK13] which takes as input a I-plane triconnected graph with n
vertices and computes a 1-planar drawing on the (21 — 2) x (2n - 3) grid in O(n) time; this
drawing is straight-line, but for the outer face, which may contain a bent edge if it has two
crossing edges. Since by Lemmal8.1|the outer face of G* has no crossed edges, I is straight-line
and IC-planar. Dummy edges are then removed from T.

It remains to prove that the area bound of the algorithm is worst-case optimal. To this aim,
we show that for every n > 2 there exists an IC-planar graph G with ®(n) vertices, such that
every IC-planar straight-line grid drawing of G requires Q(n?*) area. Dolev et al. [DLT84]
described an infinite family of planar graphs, called nested triangle graphs, such that every
planar straight-line drawing of an n-vertex graph G (for n > 6) of this family requires Q(n?)
area. We augment G as follows. For every edge (u,v) of G, we add a vertex c,,, and two
edges (u, c,y) and (c¢,y,v). Denote by G* the resulting augmented graph, which clearly
has @(n) vertices. We now show that in every possible IC-planar straight-line drawing
of G* there are no two edges of G that cross each other. Suppose, by contradiction, that two
edges (u,v) and (w, z) of G cross each other in an IC-planar straight-line drawing I' of G*.
Observe that the subgraph induced by the vertices u, v, c,, is a 3-cycle. Clearly, either w
or z lies inside this 3-cycle, while the other one lies outside, as otherwise (u,v) would be
crossed twice (or it would not be crossed). Thus, it immediately follows that the IC-planarity
condition cannot be respected, since either an edge of the 3-cycle is crossed twice or two edges
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(@) G (b) G*

Figure 8.4: Illustration of the proof of Theorem

are crossed once, violating the IC-planarity condition. Hence, the subgraph G must be drawn
planar and this implies that T requires Q(n?) area. O

8.2 Recognizing IC-planar graphs

The IC-planarity testing problem asks whether a given graph G admits an IC-planar embedding.
We first show that this problem is NP-complete in the general case and even if the rotation
system is given. Then, we give an O(n?)-time algorithm that decides whether the union of a
triangulated plane graph and a set of crossing edges is IC-planar and, if so, draws the graph.

Theorem 8.2. IC-planarity testing is NP-complete.

Proof. IC-planarity is in NP, as one can guess an embedding and check whether it is IC-
planar [GJ83]. For the hardness proof, the reduction is from the I-planarity testing problem,
which asks whether a given graph is I-planar or not. The reduction uses a 3-cycle gadget and
exploits the fact that at most one edge of a 3-cycle is crossed in an IC-planar drawing. We
transform an instance G of 1-planarity testing into an instance G* of IC-planarity testing, by
replacing each edge (u, v) of G with a graph G, consisting of two 3-cycles, T, and T,,,, with
vertices {u, cuy, ayy } and {v, ¢y, a,, }, respectively, plus edge (ayy, a,, ), called the attaching
edge of u and v; see Figure[8.4}

Let I be a I-planar drawing of G. An IC-planar drawing I'* of G* can be easily constructed
by replacing each curve representing an edge (u,v) in I with a drawing of G,,, where T,
and T,, are drawn planar and sufficiently small, such that the possible crossing that occurs
on the edge (u,v) in T occurs on the attaching edge (a,y, a,,) in I'*. Hence, since all the
attaching edges are independent, I'* is IC-planar.

Let I'* be an IC-planar drawing of G*. We show that it is possible to transform the drawing
in such a way that all crossings occur only between attaching edges. Once this condition
is satisfied, in order to construct a 1-planar drawing I' of G, it suffices to remove, for each
edge (u,v), the vertices c,, and ¢,,, and to replace a,, and a,, with a bend point. Namely,
as already observed, no more than one edge can be crossed for every gadget T,,, of G*.
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Figure 8.5: Illustration of the proof of Theorem (a) Rerouting the crossed edge (u, ay,)
via ¢, to be planar. (b) Rerouting the crossing edges (u,v) and (u, w) to be planar.

In order to complete the proof, we need to take care of the following particular case. Two
attaching edges a,,, and 4, that cross and that are connected to two gadgets T,, and T},
with a common vertex u represent a valid configuration in I'*, while they give rise to a
crossing between two adjacent edges in I', which is not allowed since I' must be a simple
drawing. However, this case can be easily solved by rerouting the two edges in I' as shown in

Figure ]

The NP-hardness proof of IC-planarity testing for graphs with fixed rotation system uses
a reduction from planar-3SAT. We exploit the membrane technique introduced by Auer et
al. [ABGRI5] for the hardness proof of 1-planarity testing with fixed rotation system. The
main issue is to design suitable gadgets for IC-planar graphs. We now prove NP-hardness
of IC-planarity testing for graphs with a given rotation system. We rely on the membrane
technique introduced by Auer et al. [ABGRI5] to prove the NP-hardness of 1-planarity testing
for graphs with a given rotation system. In particular, we design particular gadgets that make
it possible to use the membrane technique in the case of IC-planar graphs.

First, we replace the U-graphs [ABGRI5|] by M-graphs, called mesh graphs. These graphs
have a unique embedding with a fixed rotation system. Namely, an M-graph is a mesh, where
cells are filled with two crossing edges, following a checkerboard pattern to ensure independent
crossings; see Figure[8.6] To see that with a given rotation system, an M-graph has a unique
embedding, observe that each subgraph isomorphic to K4 can be embedded planarly or as a
kite, and this is determined by the rotation system [Kyn09]. The rotation system defined by
the drawing in Figure[8.6]implies that each subgraph isomorphic to Ky is embedded as a kite,
and therefore the embedding of an M-graph is unique.

Let M be an M-graph with a given fixed embedding. At its bottom line, M has sufficiently
many free vertices which are not incident with a crossing edge in M. These vertices are
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SO

(a) (b)

Figure 8.6: (a) The structure of an M-graph and (b) and its abbreviation.

consecutively ordered, say from left to right. The edges on the bottom line are not crossed in
any IC-planar embedding of M, so they are crossing-free in the given embedding. Finally, M
cannot be crossed by any path from a free vertex. In what follows, we attach further gadgets
to M by connecting these gadgets to consecutive free vertices. If there are several gadgets,
then they are separated and placed next to each other.

General Construction. Consider an instance « of planar-3SAT with its corresponding
plane graph G and its dual G*. Recall that the vertices of G represent variables x and clauses c,
also, there is an edge (x, ¢) if x or its negation occurs as a literal in c; see Figure We
transform G* into an M-supergraph G, as follows.

Each vertex of G*, corresponding to a face of the embedded graph G, is replaced by a
sufficiently large M-graph. Further, each edge of G* is replaced by a barrier of | parallel edges
from/to [ free consecutive vertices on the boundary of the M-graph. These edges will be
crossed by paths that are called ropes. The size of | will be determined later. The M-graph
must have sufficiently many free vertices for the edges from the gadgets and barriers. The
smallest bound can easily be computed from the embedding of G and the attached gadgets;
see Figure

For each variable x, we construct a V-gadget y(x), and similarly we build a C-gadget for
each clause. These gadgets are described below.

Each vertex u of G lies in a face f* of G, which corresponds to a vertex of G*. We attach
the gadget y(u) of u to a M-graph of a vertex of G* on the boundary of f* such that y(u) lies
in f*. To that end, it does not matter which vertex of f is chosen. Similarly, each edge e of G
between a variable and a clause is replaced by a rope of length 21 + 3. Since e is crossed by its
dual edge, the rope is crossed by a barrier. A rope acts as a communication line that “passes” a
crossing at a V-gadget across a barrier to a C-gadget. We denote by a membrane (similarly
as in [ABGRIS]) a path between free vertices on the boundary of a M-graph, or between
particular vertices of a variable gadget. We call a vertex IN if it placed inside the region of
a membrane and the boundary of the M-graph in an IC-drawing, and OUT otherwise. IN
and OUT are exactly defined by edges which cross the membrane. Note that the framework is
basically a simultaneous embedding of G and G* by means of our gadgets, M-graphs, barriers
and ropes. The subgraph without V- and C-gadgets is 3-connected, since the M-graphs are
3-connected and the barriers have size [ for [ > 3, and it has a unique planar embedding if
one edge from each pair of crossing edges in each M-graph is removed.
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(a)

Figure 8.7: (a) The planar graph G (solid) and its dual G* (dotted) corresponding to the
planar-3SAT formula (a v b v —=¢) A (a v =b v ¢). (b) The corresponding M-supergraph G,
with the clause gadgets (vertical) and the variable gadgets (horizontal).

Construction ofthe C-gadgets. 'The C-gadget ¢ = (I}, I, I3) with three literals I}, I and I
is attached to eight consecutive free boundary vertices of an M-graph M, say v, ..., vs. For
each literal [;, there are three vertices u;, a; and b;, and four edges (u;, a;), (4, b;), (a;,v2;)
and (b;,v,;41), where u; is the initial vertex of the rope towards the corresponding variable
gadget. There is a membrane of nine edges from v; to vg, see Figure([8.8a]

By construction, at most two vertices among u;, 4, and u3 can be moved outside the
membrane, and at least one initial vertex of a rope (and maybe all) must be IN. IN shall
correspond to the value true of the literal and thus of the clause.

Construction of the V-gadgets. Let x be a variable and let v be the vertex corresponding
to x in G. Suppose that the literal x occurs in k clauses for some k > 1, which are ordered
by the embedding of G. Denote this sequence by x;, . .. xx, where each x; corresponds to x
or —x. The V-gadget of x is y(x) = y(t;), y(x1), ..., y(xx), y(t,). This gadget is connected
to 7k + 14 free consecutive vertices on the border of the M-graph M to which it is attached;
see Figure[8.8b|for an illustration. The gadgets y(#;) and y(t;) are called the (left and right)
terminal gadgets and each y(x;) is called a literal gadget. They are similar to clause gadgets
and are each connected to seven consecutive free variables vy, ..., v; on the boundary of M.

The terminal gadget y(¢;) has two primary vertices x; and x;. The primary vertex x; is
connected to v,, v3 and v4, and the other primary vertex x, is connected to vs, v by paths
of length two, respectively. Analogously, the terminal gadget has two primary vertices x7,,
and x,,,, with the same requirements.. There is a local membrane of seven edges from v; to
v7. The gadget y(x) has an outer membrane of length 2k + 1 from x to x ;.

For each literal gadget y(x;), consider two cases. If x; is positive, then y(x;) has two
primary vertices x; and x;, where x] is attached to three free vertices v,, v; and v4 of M,
and x; is attached to two free vertices vs and v¢ by two paths of length two, respectively. The
rope to the literal begins at x;". Otherwise, if x; is negated, then the gadget is reflected, such
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(a) the clause gadget (b) the variable gadget

Figure 8.8: The two gadgets for the NP-hardness reduction.

that x; has two, and x; has three paths of length two to the M-graph. The rope to the literal
begins at x;. In both cases, there is a local membrane of length seven from v; to v;. The rope
is a path of 21 + 3 edges from vertex x} of the V-gadget to the vertex u; of the clause gadget.

The rotation system of the gadgets it retrieved from the drawing and the ordering of the
vertices on the border of M-graphs.

Correctness. We will now prove several lemmas on the structure of our construction. With
these lemmas, we will show that an IC-planar drawing to the resulting graph G, immediately
yields a valid solution to the underlying planar-3SAT probLemma First, we show that the
M-graph is not crossed.

Lemma 8.2. The boundary edges of a M-graph (with a fixed rotation system) are never crossed
in an IC-planar drawing of G.

Proof. This lemma follows directly from the construction. Each K4 must be embedded as a
kite, and further edge crossings violate IC-planarity. O

Consequently, the following corollary holds.
Corollary 8.1. A path from a free boundary vertex cannot cross any M-graph.

Now, we show that every clause, terminal and literal gadget has at least one primary vertex
that is not QUT.

Lemma 8.3. In every IC-planar drawing of G, at most two of the primary vertices uy, U, and u;
of a clause gadget can be 0UT, and at most one of the primary vertices x;, x; of a terminal or a
literal gadget can be OUT of the local membrane.

Proof. Assume that u;, u, and u; all are OUT. Then, the membrane must cross five edges. Thus,
the membrane has a length of at least nine. However, from the construction, the membrane
only has length seven, which is a contradiction. The proof for terminal and literal gadgets
works analogously. O

Next, we show that the outer membrane crosses each rope.

Lemma 8.4. In every IC-planar drawing of G, each rope is crossed by the outer membrane of
the variable gadget.
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Proof. In order to avoid a crossing, the outer membrane must be drawn around the C-gadget.
Then, the membrane must cross at least one barrier, which is impossible in an IC-planar
drawing if the size of a barrier is chosen to be too large, that is,

I > max{k | a variable x occurs in at most k clauses of a} + 2. O

The fact that a rope propagates a truth value is due to the fact that its length is tight, as the
following lemma shows.

Lemma 8.5. In every IC-planar drawing of G, respecting the rotation system, the endpoint of
a rope at a gadget is OUT if the endpoint at the vertex is IN.

Proof. By construction of M-graphs, they cannot be crossed by a rope. Thus, the rope must
cross a barrier of I edges. In any IC-planar embedding, this costs (at least) 2/ — 1 edges. In
addition, a rope is crossed by the outer membrane of the variable gadget. If the endpoint at
the vertex is IN, then the rope is crossed by the membrane, which costs two edges. Hence, it
cannot cross another membrane, since its length is 2k + 3. O

The consistency of the truth assignment of the variable is granted by the following lemma.

Lemma 8.6. In every IC-planar drawing of G, and every variable x, if xy is OUT, then each x;
is OUT and all x; are INfori=1,...,k+land j=1,...,k + 1. The reversed statement also
holds.

Proof. If x; is OUT, then the local membrane crosses two edges of the paths of length two
fro x; to the border of M. Thus, by Lemma|[8.3} x; is OUT and the local membrane must cross
an edge of the path of length two from x{ to x; . This implies that the local membrane of the
first literal gadget cannot cross this path, and therefore must cross the paths from x; to the
M-graph. It follows by induction that all x; are OUT and all x;" are IN. Conversely, if x;,, is
OUT, then we proceed from right to left. Now, all x; are OUT and all x; are IN.

With these lemmas, we can finally prove the following theorem.
Theorem 8.3. IC-planarity testing with given rotation system is NP-complete.

Proof. We have already stated in the proof of Theorem [8.2] that IC-planarity is in NP. We
reduce from planar-3SAT and show that an expression « is satisfiable if and only if the
constructed graph G} has a IC-planar drawing. If « is satisfiable, then we draw the V- and
C-gadgets according to the assignment, such that the initial vertex of each rope from the
gadget of a variable x is IN at the C-gadget if the literal is assigned the value true. The resulting
drawing is IC-planar by construction. If G has an IC-planar drawing, then we obtain the
truth assignment of « from the drawing. Thus, IC-planarity with a given rotation system is
NP-complete. O

Note that the construction for the proof of Theorem|8.3]also holds in the variable embedding
setting, since the used graphs have an almost fixed IC-planar embedding. From this, we can
obtain an alternative NP-completeness proof of IC-planarity testing.

We now describe an algorithm to test whether a graph G = (V, Er U Ej) that consists
of a triangulated plane graph T = (V,Er) and a matching M = (Vy, Ep) with Vi C
V,Ey N Er = @ admits an IC-planar drawing that preserves the embedding of T. An outline
of the algorithm is as follows.
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.C.>. o]
I
u
0‘ (o)
0,-0 .?
6.\ 0. 5
o LW 9 o v
:O- -0
(a) (b)

Figure 8.9: (a) A triconnected Graph T (solid) and its dual T* (dotted), (b) The extended
graph T* U {u*,v*} and the three length-3 paths between u* and v* (bold).

(1) Check for every matching edge if there is a way to draw it such that it crosses only one
edge of T.

(2) Split T into subgraphs that form a hierarchical tree structure.
(3) Traverse the 4-block tree bottom-up and solve a 2SAT formula for each tree node.

In order to check whether there is a valid placement for each matching edge (u,v) € M, we
have to find two adjacent faces, one of which is incident to u, while the other one is incident
to v. To this end, we consider the dual T* of T that contains a vertex for each face in T that is
not incident to a vertex w € Vy; \ {u, v}, and an edge for each edge in T that separates two
faces. Further, we add two additional vertices u* and v* to T* that are connected to all faces
that are incident to u and v, respectively. In the resulting graph T* u {u*, v*}, we look for
all paths of length 3 from u* to v*. These paths are equivalent to routing (u,v) through two
faces that are separated by a single edge. Note that no path of length 1 or 2 can exist, since
(i) by construction u* and v* are not connected by an edge and (ii) if there was a path of
length 2 between u* and v*, then u and v would lie on a common face in the triangulated
graph T; thus, the edge (u, v) would exist both in E7 and in E,, which is not possible since
ErnEy = 3. See Figurefor an illustration. If there is an edge that has no valid placement,
then G is not IC-planar and the algorithm stops. Otherwise, we save each path that we found
as a possible routing for the corresponding edge in M.

Now, we make some observations on the structure of the possible routings in a drawing
of an edge (u,v) € M that we can use to get a hierarchical tree structure of the graph T.
Every routing is uniquely represented by an edge that separates a face incident to # and a
face incident to v and that might be crossed by (u,v). We call these edges routing edges.
Let there be k routing edges for the pair (u,v). Each of these edges forms a triangular face
with 4. From the embedding, we can enumerate the edges by the counterclockwise order
of their corresponding faces at u. This gives an ordering ey, . .., ex of the routing edges. Let
e1 = (L, 1),) and ex = (7),,, 74y ) such that the edge (u, I,,,) comes before the edge (u, 1),
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O T’U/U

Figure 8.10: The ordered routing edges e, . . . , e, lie inside the quadrangle (u, Iy, v, 7,y ).

and the edge (u, 1], ) comes before (u,r,,) in the counterclockwise order at u. Then, all
edges ey, ..., ey lie within the routing quadrangle (u, l,,,v, .y ); see Figure Note that
there may be more complicated structures between the edges, but they do not interfere with
the ordering. Denote by Q,, = (u,l,,,v,7,,) the routing quadrilateral of the matching
edge (u,v) € M. We define the interior Z,,, = (Vyy, €y ) as the maximal subgraph of T such
that, for all vertices v € V,,, each path from v to a vertex on the outer face of T contains u,
Ly, v, or ry,. Consequently, Q,, € V,,,. We will now show that two interiors cannot overlap.

Lemma 8.7. For each pair of interiors Ly, L, exactly one of the following conditions holds:
(@) ZuynZap =2
(b) Zuy ¢ Lo
(¢) Zap € Luy
(d) Zuy N Zap = Quv N Qap-

Proof. Assume that neither of the condition holds. Recall that Q,,, and Q,;, are the boundaries
of the interiors. Note that Z,,, N Z,;, = & corresponds to disjointness, Z,,, ¢ Z,; and Z,;, ¢ Z,,,,
correspond to inclusion, and Z,,, N Z,; = QN Qp corresponds to touching in their boundary
of the two interiors Z,,, and Z,,;,. Thus, if the conditions do not hold, the interiors must properly
intersect, that is, without loss of generality, there is a vertex ¢ € Q,, that lies in Z,; \ Qp,
and a vertex d € Q,, that does not lie in Z,;,. Hence, the other two vertices of Q,,, lie in Q,p.
Clearly, ¢ and d are opposite vertices in Qy,. By definition of IC-planar graphs, it holds
that {a,b} n{u,v} = @.

First, assume that ¢ = I,,,. Then, u and v must lie in Q,;. More specifically, by definition
of IC-planar graphs {u,v} = {l,p, 75 }. Without loss of generality, assume that u = r,,
and v = [,;,. Since the edges (u, ¢) and (v, ¢) have to lie in Z,y, this leads to the situation
depicted in Figure However, this implies that that there are only two routing edges
for (a, b) with one of them incident to u, and the other one is incident to v. Thus, the routing
edges are not valid. The case that ¢ = r,, works analogously.

Second, assume that ¢ = u. Then, [, and r,, must lie in Q. If [, and r,, are adjacent
on Quyp, say l,, = b and r,, = r,p, then there is only a single routing edge for (u, v) that is
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a
a
v = lab U = Tab
Tab = Tuv
lab
b
: b=1
T v ?
(a) I,y liesin Z,p, \ Qgp (b) luy and r, are adjacent in Qg
a
a4 = Tyy
luv = lab Tuv = Tab
lab
"ab v b
b= lu'u v
(C) {luva ruv} = {[l, b} (d) {luV) ruv} = {lub» rab}

Figure 8.11: Illustration of the proof of Lemma The routing quadrilateral Q,;, is drawn
bold, and Q,, is drawn gray.

incident to b and thus not valid; see Figure Otherwise, there are two cases. If {1,,,,, 7, } =
{a,b}, say r,, = a and I, = b, then there are only two routing edges for (u, v) with one of
them incident to a, and the other one incident to b; see Figure @ U {l, ruv} = {lap>tap}>
say lyy = lzp and ry,, = r,p, then both routing edges of (u, v) are incident to b; see Figure
The case that ¢ = v works analogously.

This proves that, if there is a proper intersection between two routing quadrilaterals, than
at least one of the corresponding matching edges has no valid routing edge. Thus, one of the
conditions must hold.

O

By using Lemma|[8.7, we can find a hierarchical structure on the routing quadrilaterals.
We construct a directed graph H = (Vy, Ey) with Vi = {Z,, | (u,v) € M} u {G}. For each
pair Z,,,, Z,, Ey contains a directed edge (Z,,, Zx,) if and only if V,,, c V,, and there is no
matching edge (a, b) with V,,, ¢ Vq;, ¢ V. Finally, we add an edge from each subgraph that
has no outgoing edges to G. Each vertex but G only has one outgoing edge. Obviously, this
graph contains no (undirected) cycles. Thus, H is a tree.

We will now show how to construct a drawing of G based on H in a bottom-up fashion.
We will first look at the leaves of the graph. Let Z,,, be a vertex of H whose children are all
leaves. Let Z,,,y,, . .., Zy,v, be these leaves. Since these interiors are all leaves in H, we can pick
any of their routing edges. However, the interiors may touch on their boundary, so not every
combination of routing edges can be used. Assume that a matching edge (u;,v;),1< i < k has
more than two valid routing edges. Then, we can always pick a middle one, that is, a routing
edge that is not incident to /,,,, and r,,,,, since this edge will not interfere with a routing edge
of another matching edge.
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Now, we can create a 2SAT formula to check whether there is a valid combination of routing
edges as follows. For the sake of clarity, we will create several redundant variables and formulas.
These can easily be removed or substituted by shorter structures to improve the running time.
For each matching edge (u;,v;),1 < i < k, we create two binary variables /; and r;, such that I;
is true if and only if the routing edge incident to ,,,,, is picked, and r; is true if and only if the
routing edge incident to r,,,,, is picked. If (u;, v;) has only one routing edge, then it is obviously
incident to I,,,,, and r,,,,, so we set l,,,,,, = 1,4, = true by adding the clauses [,,,,, v false
and r,,,, v false. If (4;,v;) has exactly two routing edges, the picked routing edge has to be
incident to either I, or r,,,, so we add the clauses 1, V 1,,,y, and =1,,,,,, V =1y, If (45, v;)
has more than two routing edges, we can pick a middle one, so we set I,;,,, = r,,,y, = false by
adding the clauses -[,,,,, v false and —-r,,,, v false. Next, we have to add clauses to forbid
pairs of routing edges that can not be picked simultaneously, that is, they share a common
vertex. Consider a pair of matching edges (u;, v;), (uj,v;),1< i, j < k. If ry,y, =1y, we add
the clause —r; v =I;. For the other three cases, we add an analogue clause.

Now, we use this 2SAT to decide whether the subgraph I,,, is IC-planar, and which routing
edges can be used. For each routing edge (a,b) of I,,,, we solve the 2SAT formula given
above with additional constraints that forbid the use of routing edges incident to a and b.
To that end, add the following additional clauses: If [,,,, = a, add the clause -I; v false.
For the other three cases, we add an analogue clause. If this 2SAT formula has no solution,
then the subgraph 7,,, is not IC-planar. Otherwise, there is a solution where you pick the
routing edges corresponding to the binary variables. To decide whether a subgraph I,,, whose
children are not all leaves is IC-planar, we first compute which of their routing edges can be
picked by recursively using the 2SAT formula above. Then, we use the 2SAT formula for I,,,
to determine the valid routing edges of I,,,. Finally, we can decide whether G is IC-planar
and, if yes, get a drawing by solving the 2SAT formula of all children of G.

Hence, we give the following theorem.

Theorem 8.4. Let T = (V,Er) be a triangulated plane graph with n vertices and let M =
(V,Eym) be a matching. There exists an O(n®)-time algorithm to test if G = (V,Ey U Ey)
admits an IC-planar drawing that preserves the embedding of T. If the test is positive, the
algorithm computes a feasible drawing.

Proof. We need to prove that the described algorithm runs in O(#?) time. Indeed, for each
subgraph I,,,, we have to run a 2SAT formula for each routing edge. Once we have determined
the valid routing edges, we do not have to look at the children anymore. Let ¢, be the number
of children of I,,,. Each of these 2SAT formula contains 2c,, variables and up to 2¢,, + 2c2,
clauses. Since every edge of G can only be a routing edge for exactly one matching edge, we
have to solve at most n 2SAT formulas. The tree H consists of at most n/2 + 1 vertices (one for
each matching edge), so a very conservative estimation is that we have to solve O(n) 2SAT
formulas with O(n) variables and O(n?) clauses each. Aspvall et al. [APT79] showed how
to solve 2SAT in time linear in the number of clauses. We can use the linear-time algorithm
of Section [8.1]to draw the IC-planar graph corresponding to the IC-planar embedding by
picking the routing edges corresponding to the binary variables. Thus, our algorithm runs
in O(n*) time. O
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8.3 IC-planarity and Rac graphs

It is known that every maximally dense Rac graph is 1-planar, and that there exist both 1-planar
graphs that are not Rac and Rac graphs that are not 1-planar [ELI3]. Additionally, every
I-planar graph drawable with all vertices on the outer face is Rac [DEI2]. Here, we further
investigate the intersection between the classes of 1-planar and Rac graphs, showing that all
IC-planar graphs are Rac graphs. To this aim, we describe a polynomial-time constructive
algorithm. The computed drawings may require exponential area, which is however worst-case
optimal; indeed, we exhibit IC-planar graphs that require exponential area in any possible
IC-planar straight-line Rac drawing. Our construction is based on extending the linear-time
algorithm by de Fraysseix et al. that computes a planar straight-line grid drawing of a maximal
(that is, triangulated) plane graph in quadratic area [dFPP90]; we call this algorithm the dFPP
algorithm. For completeness, we recall the idea behind dFPP before describing our extension.

Algorithm dFPP. Let G be a maximal plane graph with n > 3 vertices. The dFPP algorithm
first computes a suitable linear ordering of the vertices of G, called a canonical ordering of G,
and then incrementally constructs a drawing of G using a technique called shift method. This
method adds one vertex per time, following the computed canonical ordering and shifting
vertices already in the drawing when needed. Namely, let 0 = (v;,v;,...,v,) be a linear
ordering of the vertices of G. For each integer k € [3, n], denote by Gy the plane subgraph
of G induced by the k vertices v1,v,, ..., vk (G, = G) and by Cj the boundary of the outer
face of Gy, called the contour of G. Ordering o is a canonical ordering of G if the following
conditions hold for each integer k € [3, n]:

(i) Gy is biconnected and internally triangulated;
(ii) (v1,v,) is an outer edge of Gy; and

(iif) if k +1 < n, vertex v, is located in the outer face of Gy, and all neighbors of vy, in Gy
appear on Cy consecutively.

We call lower neighbors of vy all neighbors v; of v for which j < k. Following the canonical
ordering o, the shift method constructs a drawing of G one vertex per time. The drawing I'
computed at step k is a drawing of Gy. Throughout the computation, the following invariants
are maintained for each I'y, with3 < k < n:

1) p,, = (0,0) and p,, = (2k - 4,0);

(12) x(w1) < x(wy) < -+ < x(w;), where w; = v, w,,...,w; = v, are the vertices that
appear along Cy, going from v; to v,.

(I3) Eachedge (w;, w;y) (fori=1,2,...,t—1) is drawn with slope either +1 or —1.

More precisely, I'; is constructed placing v; at (0, 0), v, at (2,0), and v5 at (1,1). The addition
of vk, to T is executed as follows. Let wj,, w1, . .., w, be the lower neighbors of vy, ordered
from left to right. Denote by y(w), w,) the intersection point between the line with slope +1
passing through w, and the line with slope —1 passing through w,. Point y(w,, w,) has integer
coordinates and thus it is a valid placement for v4;. With this placement, however, (vi.1, w))
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Figure 8.12: Illustration of the shift algorithm at the addition step of v.;. The shift operation
changed the slopes of the edges drawn bold. (a) Placing vy, at u(w,, w,) would create
overlaps. (b) After the shift operation, vi,; can be placed at y(w,, w,) without overlaps.

and (vi41, wy) may overlap with (wp, wy.1) and (wg_1, wy), respectively; see Figure
To avoid this, a shift operation is applied: Wpil, Wpi2s. . - Wq-1 are shifted to the right by 1 unit,
and wg, Wg41,. .., Wy are shifted to the right by 2 units. Then vy, is placed at point y(w,, wy)
with no overlap; see Figure[8.12b] We recall that, to keep planarity, when the algorithm shifts
avertex w; (p +1<i<t)of Cy, it also shifts some of the inner vertices together with it; for
more details on this point refer to [CP95,[dFPP90]. By Invariants[(I1)]and[(I3)} the area of the
final drawing is (2n — 4) x (n - 2).

Our extension. Let G be an IC-plane graph, and assume that G is the planar-maximal
IC-plane graph obtained from G by applying the technique of Lemma Our drawing
algorithm computes an IC-planar drawing of G* with right-angle crossings, by extending
algorithm dFPP. It adds to the classical shift operation move and lift operations to guarantee
that the one of the crossing edges of a kite is vertical and the other one is horizontal. We now
give an idea of our technique, which we call RAC-drawer. Details are given in the proof of
Theorem|8.5] Let o be a canonical ordering constructed from the underlying maximal plane
graph of G*. Vertices are incrementally added to the drawing, according to o, following the
same approach as for dFPP.
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(d) (e)

Figure 8.13: Example run of our algorithm on an IC-planar graph G with a separating triangle.
The crossing edges are drawn bold, the edges inside the separating triangle are drawn gray.
(a) Input graph G. (b) Output of dFPP after vertex 7. (c) Output of dFPP after vertex 8. (d)
Lifting 3 to the level of 7. (e) Moving 8 directly above 6.

However, suppose that K = (a, b, ¢, d) is a kite of G*, and that a and d are the first and the
last vertex of o among the vertices in K, respectively. Once d has been added to the drawing,
the algorithm applies a suitable combination of move and lift operations to the vertices of the
kite to rearrange their positions so to guarantee a right-angle crossing. Note that, following the
dFPP technique, a was placed at a y-coordinate smaller than the y-coordinate of d. A move
operation is then used to shift d horizontally to the same x-coordinate as a (that is, (a,d)
becomes a vertical segment in the drawing); a lift operation is used to vertically shift the lower
between b and c, such that these two vertices get the same y-coordinates. Both operations are
applied so to preserve planarity and to maintain Invariant[(I3)] of dFPP; however, they do not
maintain Invariant[(T1)} thus the area can increase more than in the dFPP algorithm and may
be exponential. The application of move/lift operations on the vertices of two distinct kites do
not interfere each other, as the kites do not share vertices in an IC-plane graph. Figure[8.13|
shows a running example of our algorithm.

Theorem 8.5. There is a O(n>)-time algorithm that takes an IC-plane graph G with n vertices
as input and constructs a straight-line IC-planar Rac grid drawing of G.

Proof. Let G* be the augmented graph constructed from G by using Lemma[8.1] Call G’ the
subgraph obtained from G* by removing one edge from each pair of crossing edges; G’ is a
maximal plane graph (see conditionof Lemma. We apply on G’ the shelling procedure
used by de Fraysseix et al. to compute a canonical ordering o of G’ in O(#n) time [dFPP88]; it
goes backwards, starting from a vertex on the outer face of G’ and successively removing a
vertex per time from the current contour. However, during this procedure, some edges of G’
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Figure 8.14: The lift operation: (a) Vertex b is r units below c. (b) The lift operation on b.

can be replaced with some other edges of G* that were previously excluded, although G’
remains maximal planar. Namely, whenever the shelling procedure encounters the first
vertex d of akite K = (a, b, ¢, d), it marks d as top(K), and considers the edge e of K that is
missing in G'. If e is incident to d in K, the procedure reinserts it and removes from G’ the
other edge of K that crosses e in G*. If e is not incident to d, the procedure continues without
varying G'.

We then compute a drawing of G* by using the RAC-drawer algorithm. Let vertex v = vy
be the next vertex to be placed according to a. Let U (v) be the set of lower neighbors
of v, and let A(v) and p(v) be the leftmost and the rightmost vertex in I/ (v), respectively.
Also, denote by A;(v) the vertices to the top-left of v, and by A,(v) the vertices to the
top-right of v. If v is not top(K) for some kite K, then v is placed by following the rules of
dFPP, that is, at the intersection of the +1 diagonals through A(v) and p(v) after applying
a suitable shift operation. If v = top(K) for some kite K, the algorithm proceeds as follows.
Let K = (a,b,c,d) with v = d = top(K). The remaining three vertices of K are in Gy
and are consecutive along the contour Cy, as they all belong to U(d) (recall that, G’ has
been computed in such a way that it contains edge (g, d)). W.l.o.g., assume that they are
encountered in the order {b, a, ¢} from left to right. Two cases are now possible:

Casel: a < b and a < ¢ in 0. This implies that a = p(b) and a = A(c). The edges (a,b)
and (a, c) have slope —1 and +1, respectively, as they belong to C;. We now aim at having b
and c at the same y-coordinate, by applying a lift operation. Suppose first thatr = y(c)—y(b) >
0; see Figure[8.14a] We apply the following steps:

(i) Temporarily undo the placement of b and of all vertices in .A; ().

(ii) Apply the shift operation to vertex p(b) = a by 2r units to the right, which implies that
the intersection of the diagonals through A(v) and p(v) is moved by r units to the right
and by r units above their former intersection point. Hence, b and c are placed at the
same y-coordinate; see also Figure in.

(iii) Reinsert the vertices of A;(b) and modify o accordingly. Namely, by definition, each
vertex in A; (b) does not belong to U/ (b) and it is not an inner vertex below b; therefore,
vertices in A;(b) can be safely removed. Hence, ¢ can be modified by moving all of
them after b.

If r = y(c) — y(b) < 0, a symmetric operation is applied:
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Figure 8.15: The move operation: (a) Vertex d is s units to the left of b. (b) Moving d.

(i) Undo the placement of ¢ and of all vertices in A, (c).
(ii) Apply the shift operation to vertex p(c) by 2r additional units to the right.
(iii) Reinsert the vertices of A, (¢).

Finally, we place d vertically above a. To this aim, we may need to apply a move operation;
see Figure[8.15a] If s = x(d) — x(a) > 0, then we apply the shift operation to vertex p(d) = ¢
by 2s units to the right and then place d (see Figure[8.15b] If s = x(d) — x(a) < 0, then a
symmetric operation is applied. Namely, we apply the shift operation to vertex A(d) = b by 2s
units to the left and then place d (clearly, the shift operation can be used to operate in the left
direction with a procedure that is symmetric to the one that operates in the right direction).

Edges (a,d) and (b, c¢) are now vertical and horizontal, respectively. In the next steps, their
slopes do not change, as their endvertices are shifted only horizontally (they do not belong to
other kites); also, a is shifted along with d, as it belongs to 2/ (d).

Case 2: b < a < ¢ < d. This case occurs if there is a separating triangle 7 = (u, b, d) that
has a and ¢ (and possibly other vertices) in its interior. A separating triangle is a 3-cycle
such that by removing its three vertices we disconnect the graph in two components. One
component embedded inside the triangle and one component embedded outside the triangle.
Let {z; < ... < z,} be the sequence of r > 1 neighbors of b inside 7, with a = z, and b = A(z;),
with 1< i <r, as shown in Figure[8.16]

Suppose these vertices are in A, (b), since the case when they are in A;(b) is symmetric.
Consider the slopes «; of the edges (z;,z;41) for 1< i < r, and let ay;, be the negative slope
with the least absolute value among them; see the bold edge in Figure Let s be the
(negative) slope of the edge (b, p(b)). We aim at obtaining a drawing where |s| < |ot,|. To
this aim we apply the shift operation on p(b) by x units to the right, which stretches and
flattens the edge (b, p(b)). If |apmin| = h/w, and |s| = h'/w’, then the value of x is the first
even integer such that x > (h’'w — hw')/h. The fact that x is even preserves the even length of
the edges on the contour. This preliminary operation will be useful in the following

Next, let A(b) = y(b) — y(p(b)) > 0,and let A(c) = y(c) — y(b) > 0, that is, b lies A(b)
rows above p(b), and c lies A(c) rows above b, where the edges (b, a) and (a, c) have slope +1.
We apply the following procedure to lift b at the same y-coordinate of c.

(i) We undo the placement of all vertices in A;(b).
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Figure 8.16: Illustration for the proof of Theorem The edge with slope i, is thicker.

(ii)

(iii)

(iv)

If A(c) is not a multiple of A(b), say A(b) + § = q- A(c) for some integer g, then we
shift p(c) by 28 units to the right. This implies that ¢ moves by (6, §) above its former
position.

We set the y-coordinate of vertex b equal to the y-coordinate of ¢. To that end, we
stretch the edge (p(b), b) by the factor q. Let w’ be the width and h’ be the height
of the edge (p(b), b). The new edge has the same slope as before, and has width gw’
and height gh’. This implies shifting all vertices p(b), z1,...,2,-1,4,c by (g — 1)w’
units to the right. Vertex b may need a further adjustment by a single unit left shift
if b = A(d) and the intersection point of the +1 diagonals through A(d) and p(d) is
not a grid point. Also, we apply the shift operation on A(b) by (g —1)h’ units to the left.
This particular lifting operation applied on vertex b preserves planarity, which could be
violated only by edges incident to b. Namely, if vertex w is a neighbor of b in I/ (b), then
the edge (w, b) is vertically stretched by (g —1) 4’ units. This cannot enforce a crossing,
since it means a vertical shift of w. Clearly, b can see p(b), since the edge was stretched.
Consider the upper right neighbors z1, . .., z, with z, = a of b. The edges (b, z;) change
direction from right upward to right downward. Since the absolute value of the slope
of the edge (b, p(b)) is bounded from above by ,,;,, the new position of b is below or
to the left of the edges (z;,z;+1) for 1 < i < r. Hence, b can see each such neighbor z;,
including a = z,. The lifting of b has affected all vertices v € A;(b) with y(v) < y(d).

We re-insert the vertices in .4; (), by changing o accordingly, as already explained for
Case 1.

Finally, we place d = top(K). First, we place d at the intersection point of the 1 diagonals
through A(d) and p(d). Then, we adjust d such that it lies vertically above a. If the preliminary
position of d is ¢ units to the left (right) of a, then we apply the shift operation on p(d) by 2¢
units to the right (on A(d) by 2¢ units to the left).

To conclude the proof we need to consider the first edge of the construction, which is drawn
horizontal. Since the lift operation requires an edge that does not have slope 0, we may need to
introduce dummy vertices and edges. Namely, if there is a kite including the base edge (v}, v,),
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Figure 8.17: An IC-planar graph G that requires exponential area if drawn Rac.

then we add two dummy vertices 1’, 2" below it that form a new base edge (v}, v}). We add the
additional edges (v, v1), (v{,v2), (v{,vx), (v5,v2) and (v5,v,) to make the graph maximal
planar. These dummy vertices and edges will be removed once the last vertex v, is placed.
In terms of time complexity, G* can be computed in O(n) time, by Lemma[8.1} Furthermore,
each shift, move and the lift operation can be implemented in O(#) time, hence the placement
of a single vertex costs O(n) time. However, in some cases (in particular, when we are
placing the top vertex of a kite), we may need to undo the placement of a set of vertices
and re-insert them afterwards. Since when we undo and reinsert a set of vertices we also
update o accordingly, this guarantees that the placement of the same set of vertices will not
be undone anymore. Thus, the reinsertion of a set of O(n) vertices costs O(n?*). Hence, we
have Y, O(n + n?) which gives an O(n*) time complexity. O

Theorem|[8.5)and the fact that there exist n-vertex Rac graphs with 4n — 10 edges [DELII]
while an n-vertex IC-planar graph has at most 13n/4 — 6 edges [ZL13] imply that IC-planar
graphs are a proper subfamily of RAc graphs.

We now show that exponential area is required for Rac drawings of IC-planar graphs. Since
the vertices are not drawn on the integer grid, the drawing area is measured as the proportion
between the longest and the shortest edge.

Theorem 8.6. There exists an infinite family G of graphs such that every IC-planar straight-line
Rac drawing of an n-vertex graph G € G requires area Q(q"), for some constant q > 1.

Proof. Consider the family G depicted in Figure[8.17a] Let G € G with n vertices. Then, G
consists of (n —1)/4 kites that are sequentially connected by two triangles. More specifi-
cally, the graph consists of an augmented k = I(n — 1)/2-ladder. We denote the vertices
on the left rail by I, I, ..., Iy and the vertices on the right rail by ry,7,, ..., . For every
face (1;, 7, 7i41, Li+1) with even i, we add the edges (I;,7;41) and (7;,1;1;1) to form a kite. For
every face (I;,r;, 741, li+1) with odd i, we add the edge (I;, 7;4+1) to triangulate it. Then, every
vertex of this augmented ladder is connected to a universal vertex u.

This graph is constructed such that, if we remove one edge for each pair of crossing edges,
the resulting planar graph is a triangulation. Thus, there is only one planar embedding (up to
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the choice of the outer face). Furthermore, the removed crossing edges can only be inserted at
one position. Hence, up to the choice of the outer face, the embedding depicted in Figure[8.172]
is the only IC-planar embedding. We consider the graph embedded such that vertices u, [;
and r; are on the boundary of the outer face and the circular order of the vertices around u is
l], 12,. .o lk, Tis Vik=1> -+ 1.

Without loss of generality, we assume that the edge (1}, 1) is drawn horizontally, otherwise
we rotate the drawing to make the edge horizontal. Clearly, the area of the drawing is minimal
ifand only if x(1;) < x(u) < x(r;). For sake of simplicity, we assume that x(u) = (x(;) +
x(r1))/2, such that the triangle (I, r1, u) is isosceles. Otherwise, the proof works analogously,
but with more complicated formulas.

Consider the first kite K = (I3, 71, 12, ;) depicted in Figure Let a be the length of
the edge (I}, 1), and let « be the angle at /; spanned by (u, I, r;) which is equivalent to the
angle at r; spanned by (I}, 1, u). Since we have to place a crossing pair with a pair of edges
that form a Rac inside the kite, it holds that « > 45°. The task is to maximize the area of the
triangle (15, 2, u) that contains the rest of the drawing. Obviously, this triangle has maximum
area if I, and r, are as close to the edges (I}, u) and (1, u) as possible, respectively. Thus, we
want to minimize the area of the kite K with I, on (I}, u) and r, on (5, u).

We now argue that the area of K is minimal if the edge (I, ;) is drawn horizontally. Let p
be the length of the diagonal (1}, ;) and let g be the length of the diagonal (11, I,). The area
of a kite is known to be (p - q)/2. Since a > 45°, the length p and g increases with ascending
y-coordinate of r, and I, respectively. Since the crossing has to be RAc, if we move r, further
up, then we have to move [, further down, and vice versa. Let y be the angle at /; spanned
by (72, l1, r2). Then, the angle at r, spanned by (I, 1, ;) is 180° — & — y. By the solution if
triangles, it holds that

p=asina/sin(180° — a —y) = asina/sin(a + y)

=asina/(sinacosy + cosasiny).
Analogously, it holds that
g=asina/sin(a +90° - y) = asina/cos(y — )
= asina/(cosacosy +sinasiny).

Making use of trigonometric functions, we get that the product is

22 : 2 2
pq =a’sin oc/(smoccosacos y + cos” asinycosy

2

+ sin“asinycosy + sin & cos a sin’ y)

% asin(2y)

= %az sin® a/(sin(2a) cos’y + cos
+ sin® asin(2y) + sin(2a) sin’ y)

= iaz sin® o/ (sin(2a) (1 + cos(2y)) + (1+cos(2a))sin(2y)
+ (1-cos(2a)) sin(2y) + sin(2a)(1- cos(2y)))

= éaz sin® a/(sin(2a) + sin(2y))
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Since a and « are given, the product is minimal if sin(2y) is maximal. As the sine function has
its maximum at sin(90°), the area of the kite is minimal for y = 45°, and thus, the edge (1, 7,)
is drawn horizontally.

Now, we show that the area of the triangle (1,72, u) is a fraction of the area of the tri-
angle (I}, r, u) that depends only on « and a. Consider the kite depicted in Figure
Let ¢; be the crossing point of the edges (I;,r,) and (r1,1,). Since y = 45°, the length of
the edge (1}, c;) is \/2a/2. Let b be the length of the edge (ci, ). The angle at [; spanned
by (c1, I1, o) is & — 45°. The tangent of this angle is defined as

b, b
\/Ea/Z - V2a

Further, from the subtraction theorem of tangent follows

tan(a — 45°) =

tana —tan45° tana -1

tan(a — 45°) = =
l1+tanatan45° tana +1

Combining these equations, we get that

\/Etanoc—l
g7 -

b= .
2 tana+1

Let d be the length of the edge (I,, ;). Consider the triangle spanned by I,, ¢; and the midpoint
of the edge. This triangle has a hypotenuse of length b and two catheti of length ¢ = d/2.
Using the Pythagorean theorem, we obtain

b atana —1
2= =>c=—=-—— =
V2 2tana+1

and thus
tana —1
d=2c=a——.
tana +1
Since « > 45°, this fraction is smaller than 1.
Now, consider another kite K; = (L1, r2i-1, 121, l2i ), 2 < i < k. Letting d; be the length of
the edge (12;, 72:), it holds that
tana —1

di=djj——.
! ! 1tanoc+1

vk
dk:a(tanoc 1) .

This leads us to

tana +1

If we impose dj = 1, we have that a = ¥, with g = el > 1. Since k € O(n), we have that the

ratio between the longest and the shortest segment of the drawing is Q(q"), which concludes
our proof. O
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8.4 Conclucing Remarks

We have shown that every IC-planar graph can be drawn straight-line in quadratic area,
although the angle formed by any two crossing edges can be small. Conversely, straight-line
Rac drawings of IC-planar graphs may require exponential area. It would be interesting
to design algorithms that draw IC-planar graphs in polynomial area by relaxing the strict
constraint that edge intersections are at right-angles and instead asking for drawings that have
close to and good crossing resolution. Also, although IC-planar graphs are both 1-planar and
RaAc, characterizing the intersection between these two classes is still an open problem.
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Conclusion

In this thesis, we have investigated three aspects of angular schematization in graph drawing:
placement of boxes, visual guidance, and crossings with large angles. We have presented
several efficient algorithms that provided visually appealing drawings with large angles. For
some problems, we have also given NP-hardness results and approximation algorithms. We
will now browse through a short overview on the results stated in this thesis and state some
problems that are still open.

In Chapter 3} we have given the first polynomial-time algorithms of testing and computing
a solution to the BOUNDARY LABELING problem with two adjacent sides, three sides, and four
sides. We have also presented an efficient algorithm to maximize the number of labeled sites
and, for the two-sided case, to minimize the total leader length. The latter problem remains
open for the three- and four-sided case.

Open Problem 1. Can a minimum-length solution of THREE-SIDED and FOUR-SIDED BOUND-
ARY LABELING be computed in polynomial time?

In Chapter[4} we have presented approximation algorithms for representing planar graphs as
contact graphs of boxes with given dimensions. We have given the first constant-factor approx-
imations for general graphs. For several graph classes, we have improved the approximation
factor. Further, we have shown that the problem is APX-complete even for bipartite graphs
of bounded degree. Basically, we acquired these algorithms by reduction to our solution for
stars. This leads us to the following open problems.

Open Problem 2. Is there any other graph class (except paths and cycles) that admit a direct
approximation algorithm in Max-CRrRowN?

Open Problem 3. Can we find constant-factor approximation algorithms if the total width
and height of the representation is given?

In Chapter 5} we have given an algorithm to draw any planar of maximum degree 4 graph
with smooth complexity 2. If the input graph is planar of maximum degree 3 , then the
algorithm only requires polynomial area. Further, we have presented an algorithm that draws
biconnected outerplane graphs of maximum degree 4 with smooth complexity 1. We have
also shown that planar graphs of maximum degree 4 require exponential area if drawn with
smooth complexity 1, and that there is an infinite family of graphs that cannot be drawn
with smooth complexity 1, although they only require one bend in an orthogonal layout. The
following problems remain open.

Open Problem 4. Can any planar graph of maximum degree 4 be drawn in polynomial area
with smooth complexity 2?

Open Problem 5. Can we identify larger classes of graphs admitting smooth complexity 1
layouts, for example, does any (not necessarily biconnected) outerplanar graph of maximum
degree 4 or any planar graph of maximum degree 3 admit a smooth complexity 1 layout?
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Open Problem 6. Is it NP-hard to decide whether a given planar graph of maximum degree 4
admits a smooth complexity 1 layout?

In Chapter |6} we have introduced two algorithms for monotone drawings of trees. First,
we have given a linear-time algorithm that draws any n-vertex tree on the O(n'*) x O(n'>)
grid in a monotone fashion and close-to-perfect angular resolution. Second, we have shown
that any tree admits a strongly monotone drawing. For proper binary trees, the drawing is
also strictly convex. Several questions remain open.

Open Problem 7. Does any tree admit a strongly monotone drawing on a grid of polynomial
size?

Open Problem 8. Are there biconnected (or triconnected) planar graphs that do not admit a
strongly monotone drawing? If yes, can this be tested efficiently?

Open Problem 9. Are our drawings for general trees not just strongly monotone but also
convex?

In Chapter 7} we have considered the problem of simultaneously drawing planar graphs
with right-angle crossings and a constant number of bends per edge. Our main result was that
two planar graphs always admit a Rac simultaneous drawing with at most six bends per edge.
Further, we have given betters bounds on the number of bends per edge for more restricted
graph classes. All drawings can be computed efficiently and require quadratic area. Some
interesting problems remain open.

Open Problem 10. What other non-trivial classes of graphs admit a RAcSim drawing with
less than six bends per edge?

Open Problem 11. Can we reduce the number of bends per edge if we do not insist on
right-angle crossings, but allow angles that are close to right angles?

Open Problem 12. Given two or more planar graphs on the same set of vertices and a non-
negative integer k, can we test whether there is a RacSim drawing in which each graph is
drawn with at most k bends per edge?

Open Problem 13. Can we achieve sub-quadratic area for special subclasses of planar graphs
if we increase the number of bends?

In Chapter[8] we have studied IC-planar graphs. We have shown that every IC-planar graph
admits a drawing on the O(n) x O(n) grid that can be computed in linear time. If we restrict
the crossings to Rac, then we can compute drawings in exponential area. Both area bounds
are asymptotically tight. Deciding whether a given graph is IC-planar is NP-complete even if
the rotation system is given. Given, however, a triangulated planar graph, we can efficiently
test whether the graph can be made IC-planar by adding a matching. The following questions
remain open.

Open Problem 14. Can we efficiently test whether a graph with given rotation system is
maximal IC-planar?
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Open Problem 15. Can we achieve polynomial-size IC-planar drawings by using crossing
angles that are close to right angles?

Open Problem 16. Do larger graph classes that lie in the intersection of the class of 1-planar
graphs and the class of Rac graphs?
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