The Chain Method to Separate Counting Classes

Katja Cronauer

Theoretische Informatik Universität Würzburg Am Exerzierplatz 3 D-97072 Würzburg

Ulrich Hertrampf

Abteilung Theoretische Informatik Universität Stuttgart Breitwiesenstr. 20–22 D-70565 Stuttgart

Heribert Vollmer^∗

Theoretische Informatik Universität Würzburg Am Exerzierplatz 3 D-97072 Würzburg

Klaus W. Wagner^†

Theoretische Informatik Universität Würzburg Am Exerzierplatz 3 D-97072 Würzburg

Abstract

We introduce a new method to separate counting classes of a special type by oracles. Among the classes, for which this method is applicable, are NP, coNP, US (also called 1-NP), �P and all other MOD-classes, PP and C=P, classes of Boolean Hierarchies over the named classes, classes of finite acceptance type, and many more. As an important special case, we completely characterize all relativizable inclusions between classes NP(k) from the Boolean Hierarchy over NP and other classes defined by what we will call bounded counting.

∗Supported by the Alexander von Humboldt foundation under a Feodor Lynen scholarship, while the author held a visiting position at the University of California at Santa Barbara.

†Supported in part by DFG grant no. Wa 847/3-1 and NSF grant no. CCR-93-02057.

1 Introduction

A probabilistic Turing machine is essentially a nondeterministic Turing machine M, where we view M’s nondeterministic choices as outcomes of a fair coin toss. Thus, every input is accepted with a certain probability. We say that the language accepted by M consists of all of its inputs which are accepted with probability greater than one half. The class PP, introduced by Gill [8] in 1977, is defined to consist of all languages accepted by such machines running in polynomial time.

It has been observed (see e.g. [20]) that PP can also be characterized in another way using Valiant’s class #P [23]. This class consists of those functions counting the number of accepting paths of nondeterministic polynomial time Turing machines. Then, a language L belongs to PP if and only if there is a #P-function which exactly on inputs from L is greater than a given threshold (a constant ratio of the number of all paths of the underlying Turing machine). Consequently, PP has later been referred to as a counting class, and the oracle hierarchy built using PP as elementary class, defined by Wagner [25, 26] in 1986, has been called the counting hierarchy [21, 22]. Since then, a lot of other classes which also have some counting process inherent in their definition, appeared; for an overview see [10]. The most famous example is maybe the class C_=P [20, 26]. All these classes can be defined almost exclusively by putting some restrictions on the outcomes of #P-functions. We use the following general framework: Let V be a (finite or infinite) set of integers. Then the class (V )P is the class of all languages L for which there exists a function f ∈ #P such that x ∈ L ⇐⇒ f(x) ∈ V . In other words: L is a language from (V )P if there is a nondeterministic Turing machine M which has a number of accepting paths from the set V exactly for inputs which are words in L. A similar approach has been suggested in [7]. We will also consider sets V of vectors of natural numbers and vectors of #P functions; the correspondence to Turing machines is then that given some input, we not only count the number of accepting paths, but for some alphabet Σ, we count the number of outputs of all symbols from Σ in M’s accepting computations. An input is accepted iff the vector of numbers formed in this way belongs to V . For a precise definition, see Section 3.

Structural complexity theory deals with complexity classes as the above and their inclusion relations. While a detailed inclusion structure between the examined classes is known, almost none of the inclusions is known to be proper. Therefore, researchers have started to study “relativized complexity classes” and their inclusion structure, which in a lot of cases is much easier. While recent results have made this approach somewhat questionable, we believe that there is still enough reason to study relativizations (see also the vehement defense in [1]). Especially, when we are dealing with complexity classes defined in a uniform way as introduced above, we think that to investigate, whether inclusion relations hold under all relativizations, will shed some light on the unrelativized case. As stated in [4], if there is an oracle that separates a class C_1 from class C_2, then no direct simulation technique can be applied to prove C_1 ⊆ C_2. Moreover, oracle separations for polynomial time classes directly reflect lower bounds for (unrelativized) constant depth circuits. Unfortunately, for counting classes as introduced above, even their separation by oracles turned out to be a very difficult task. While Torán in 1988 [21] was the first to develop a somewhat general technique which he used to separate the lower levels of the counting hierarchy, not much more progress in that direction has been made since then. The question whether there is an oracle relative to which the counting hierarchy is strict, is still an open problem, which is strongly connected to a famous open problem in circuit complexity (the TC^{0 ?}= NC^1-question, so to speak the P^?= NP-problem for circuit complexity; see [2]).

However, for the special case of counting classes (V )P, where the set V is of bounded significance, some progress has been made very recently. These are classes where the vector set V is such that the relevant range for every component is bounded by some fixed constant. Special cases for these classes are those with finite or co-finite V , i.e. the classes which have been called finite acceptance type classes (see [10]). The most important examples are NP, coNP, and the classes of the Boolean Hierarchy over NP. Another prominent class with finite acceptance type is the class US [3], later also called 1-NP [10], where by definition a word is accepted by some machine M iff M has exactly one accepting path in the computation on that word as an input. Thus, 1-NP in our terminology can be defined as ({1})P. Classes with finite acceptance type and some combinations of them were studied intensively in [9], but the question of their separability remained open in a lot of cases.

In [5] a uniform way to define complexity classes was introduced (nowadays referred to as the leaf language approach, see [14, 15, 17] and the recent textbook [19]), and a general and sufficient criterion for two classes defined in such a way to be separable by an oracle was given. (See also [24], where this has been proven independently.) Though this result considerably simplified questions whether oracles with certain properties exist by reducing them to combinatorial questions, the argumentations still were sometimes a bit clumsy. Hertrampf in [11], however, demonstrated that the criterion from [5] is much easier applicable in the case of counting classes of bounded significance. In [13], he pushed his techniques a bit further and was able to present an algorithm, that given two explicit counting classes with bounded significance decides whether they can be separated by an oracle. However, his algorithm has the drawback that it does not give explicit answers when the classes are given in a parameterized form (as is typically the case for hierarchies). Thus, his algorithm could not solve the question, whether certain hierarchies of counting classes are strict, or whether classes given in a more general form are relativizably closed under complement.

In this paper, using a refinement of Hertrampf’s main result from [13], we first observe that if there is a relativizable simulation of (V )P machines by (U)P machines (for vector sets V and U of bounded significance), then this simulation can be done by one single machine with certain convenient properties. Thus, we get that (V )P^A ⊆ (U)P^A for all oracle sets A if and only if there exist positive linear combinations of multinomial coefficients p_1, . . . , p_k (where k is the dimension of U) such that for all v, v ∈ V ⇐⇒ (p_1(v), . . . , p_k(v)) ∈ U. Building on that, we develop two very easily applicable methods, called the First and Second Chain Method, which allow us for a lot of counting classes of bounded significance, to decide whether they can be separated by an oracle or not. Exploiting these methods, we completely resolve the question which relativizable inclusions between classes of the Boolean Hierarchy over NP and other classes of bounded significance exist. Moreover, we almost completely resolve the question which relativizable inclusions between classes of the Boolean Hierarchy over 1-NP exist (see Table 2), thus significantly improving results from [9, 10, 13]. Surprisingly, we obtain very easily that no counting class of bounded significance can be relativizably closed under complement. We show that no class of the form (V )P, where V is not of bounded significance can be relativizably included in a class (U)P, where U is of bounded significance.

2 Preliminaries

2.1 Notations

We will generally assume familiarity with basic concepts of complexity theory, like resource bounded Turing machines, random access input tapes, many-one reductions, etc. Refer to standard literature in complexity theory to get an overview.

Vectors of natural numbers will generally be written in the form (a_1, . . . , a_k). A comparison of vectors is always meant componentwise, i.e. we write (a_1, . . . , a_k) ≤ (b_1, . . . , b_k), if and only if for all j ∈ {1, . . . , k} we have a_j ≤ b_j. If moreover the two vectors are not equal, then we write (a_1, . . . , a_k) < (b_1, . . . , b_k). Note that this does not mean that every a_j has to be strictly less than b_j. Given a vector v = (v_1, . . . , v_k) and a number m we define min(v, m) =_{def} (min(v_1, m), . . . , min(v_k, m)).

We will deal with the following complexity classes: • The classes P, NP and coNP are well known.

• The class 1-NP consists of all languages L, such that there is a nondeterministic polynomial time Turing machine M, which on all inputs from L has exactly one accepting path, but on all inputs, which do not belong to L either has no accepting path or more than one accepting path. This class is also often denoted US (for “unique solution”).

• The class ⊕P consists of all languages L, such that there is a nondeterministic polynomial time Turing machine M, which on all inputs from L has an odd number of accepting paths, but on all inputs, which do not belong to L has an even number of accepting paths.

• The class MOD_kP (for k ≥ 2) consists of all languages L, such that there is a nondeterministic polynomial time Turing machine M, which on all inputs from L has a number of accepting paths which is not divisible by k, but on all inputs, which do not belong to L has a number of accepting paths, which is a multiple of k (including 0).

• The class PP consists of all languages L, such that there is a nondeterministic polynomial time Turing machine M, which on all inputs from L has more accepting than rejecting paths, but on all inputs, which do not belong to L has at least as much rejecting as accepting paths.

• The class C_=P consists of all languages L, such that there is a nondeterministic polynomial time Turing machine M, which on all inputs from L has as much accepting as rejecting paths, but on all inputs, which do not belong to L the number of rejecting paths is different from the number of accepting paths.

• If C is a complexity class, then the class co-C is defined as the class of all languages L, such that L ∈ C.

• If C_1 and C_2 are two complexity classes, then the class C_1 ∧ C_2 is defined as the class of all languages L, such that there are languages L_1 ∈ C_1 and L_2 ∈ C_2 satisfying L = L_1 ∩L_2. C_1 ∨C_2 is analogously defined via L = L_1 ∪ L_2; finally, C_1 ⊕ C_2 is defined via L = L_1ΔL_2, where Δ denotes the symmetric difference.

• The classes of the Boolean Hierarchy over a class C are the classes, which can be obtained by iterated application of the operators ∧, ∨, and co- to the class C, e.g. C ∧ co-C or (C ∧ co-C) ∨ C.

• The classes NP(k) and coNP(k) are the classes of the Boolean Hierarchy over NP, which are defined as follows: NP(1) = NP, for even k, NP(k) = NP(k − 1) ∧ coNP, and for odd k, NP(k) = NP(k − 1) ∨ NP; moreover, coNP(k) = co-NP(k). It is a well known fact [27] that all nontrivial classes from the Boolean Hierarchy coincide with either NP(k) or coNP(k) for some k > 0. Moreover, in [18] it was shown that these classes can also be defined using the ⊕ operator: NP(k) = NP ⊕ . . . ⊕ NP, where the right hand side contains exactly k times the class NP.

• The class #P is the class of all functions f for which there exists a nondeterministic polynomial time bounded Turing machine M such that f(x) is equal to the number of accepting computation paths of M run on input x.

2.2 Subsets of IN^k

In the subsequent sections we will define complexity classes via subsets of IN^k. We then will make use of the following definition:

Definition 2.1 Let V ⊆ IN^k.

1. We say V is a set of bounded significance, if there is a number m, such that for all vectors v v ∈ V ⇐⇒ min(v, m) ∈ V.

We call m a bound for V .

2. We say, a finite or infinite sequence v_1, v_2, v_3, . . . ∈ IN^k is an alternating chain with respect to V , if v_1 ≤ v_2 ≤ v_3 ≤ . . . and v_i ∈ V ⇐⇒ v_{i+1} ∉ V for all i = 1, 2, 3, . . .. We say that this chain has positive signature if v_1 ∈ V , otherwise, we say that it has negative signature.

Theorem 2.2 Let k ≥ 1 and V ⊆ IN^k.

1. If V is of bounded significance with bound m then there is no alternating chain w.r.t. V of length greater than m · k + 1.

2. If V is not of bounded significance then there exists an infinite alternating chain w.r.t. V .

Proof: Part 1. is an easy exercise.

For part 2 we proceed by induction on k, the case k = 1 being trivial. So let k > 1 and assume that the claimed equivalence holds for all dimensions less than k. Let further V be a set, which is not of bounded significance. We have to show that there is an infinite chain of the type described above.

We distinguish two cases: In case 1, we have for every m > 0 two vectors a and b, such that a ≥ (m, . . . , m) and b ≥ (m, . . . , m), and a ∈ V , but b ∉ V . This means that whenever we have any finite alternating chain (v_1, . . . , v_r) w.r.t. V , we can extend it by choosing the maximum component of v_r as the value of m, and then adding the vector a or b. Thus we can extend the chain infinitely often to obtain an infinite chain as desired.

Now in case 2, we assume that there is an m, such that either all vectors greater than or equal to (m, . . . , m) are in V , or none is. Let U denote the set of all vectors greater than or equal to (m, . . . , m). For every ν ∈ {1, . . . , k} and every μ ∈ {0, . . . , m − 1}, let U^μ_ν be the set {v ∈ IN^k | the ν-th component of v has value μ}. Then each U^μ_ν is isomorphic to IN^{k−1}, and we have

IN^k = U ∪ k⋃ ν=1 m−1⋃ μ=0 U^μ_ν . Note that the above union in general is not a disjoint union, since every two U^μ_ν for different values of ν overlap.

Now let V^μ_ν be V ∩ U^μ_ν . Then each of these sets can be viewed as a subset of IN^{k−1}, and if all of these k · m sets were of bounded significance, then clearly also V was. Thus there is at least one pair (ν, μ), such that V^μ_ν is not of bounded significance. By the assumption of our induction, there exists an infinite chain (v_1, v_2, v_3, . . .), where all v_i are elements of U^μ_ν and satisfy v_i ∈ V^μ_ν ⇐⇒ i ≡ 0 mod 2. The same chain then can be taken as the infinite chain in IN^k for V , because U^μ_ν is a subset of IN^k. 2

3 Complexity Classes Defined by Counting

Many well-known complexity classes can be defined by counting as done in the following definition.

Definition 3.1 For V ⊆ IN^k the complexity class (V )P is defined as the class of all languages L such that there exist functions f_1, . . . , f_k ∈ #P satisfying x ∈ L ⇐⇒ (f_1(x), . . . , f_k(x)) ∈ V. Using the class #P^A (#P relative to oracle A) instead of #P, we obtain the relativized complexity class (V )P^A.

Immediately by definition, NP = (IN\{0})P, coNP = ({0})P, 1-NP = ({1})P, ⊕P = (2·IN+1)P, and co-MOD_kP = (k · IN)P for k ≥ 2. It is known (see e.g. [20]) that PP and C_=P can be characterized in a way which we could express in the above framework as PP = ({(m, n) | m, n ∈ IN ∧ m > n})P and C_=P = ({(n, n) | n ∈ IN})P.

In what follows, we are particularly interested in complexity classes (V )P where V ⊆ IN^k is of bounded significance. For these classes, the following is easy to see:

Proposition 3.2 If V ⊆ IN^k is of bounded significance, then there is some j ≥ 1 such that (V )P ⊆ NP(j).

The main interest of structural complexity focuses on the inclusion relationships between differently defined complexity classes. In the above terms: Under which conditions do we have (V )P ⊆ (U)P for given V ⊆ IN^k and U ⊆ IN^{k′} ? The following theorem gives a necessary and sufficient condition for such an inclusion to hold under all relativizations, if U and V are sets of bounded significance.

If u, v ∈ IN^k, u = (u_1, . . . , u_k), v = (v_1, . . . , v_k), then the multinomial coefficient (u v ) is defined as ( u v ) =_{def} k∏ i=1 ( u_i v_i ) . If for p: IN^k → IN there are z^′ ∈ IN^k and natural numbers α_z for all z ≤ z^′ such that for all v ∈ IN^k we have p(v) = ∑ z≤z^′ αz (v z ) , then we say p is a positive linear combination of multinomial coefficients.

Theorem 3.3 Let V ⊆ IN^k and U ⊆ IN^{k′} for some k, k^′ be sets of bounded significance. Then, we have: (V )P ⊆ (U)P under all relativizations, if and only if there exist functions p_1, . . . , p_k′ : IN^k → IN, all of which are positive linear combinations of multinomial coefficients, such that for all v ∈ IN^k, v ∈ V ⇐⇒ (p_1(v), . . . , p_k′ (v)) ∈ U. Proof: “only if”: Since V and U are of bounded significance, there are numbers m, m^′ such that v ∈ V ⇐⇒ min(v, m) ∈ V and u ∈ U ⇐⇒ min(u, m^′) ∈ U. Thus, the finite sets V ∩ {0, . . . , m}^k and U ∩ {0, . . . , m^′}^{k′} are bounded counting types in the sense of [13].

The proof now is an easy consequence of [13], Theorem 17. Hertrampf proves there that under the above assumptions, there is a function f: {0, . . . , m}^k → {0, . . . , m^′}^{k′} such that for all v ∈ {0, . . . , m}^k, we have v ∈ V ⇐⇒ min ∑ z≤v ( v z ) · f(z), m^′ ∈ U.

Defining F : IN^k → IN^{k′} as F (v) =_{def} ∑ z≤(m,...,m) (v z ) · f(z), we thus have for all v ∈ {0, . . . , m}^k that v ∈ V ⇐⇒ min (F (v), m^′) ∈ U ⇐⇒ F (v) ∈ U. Moreover it is shown in [13] that f can always be chosen such that for every v ∈ IN^k, we have F (v) ∈ U ⇐⇒ F (min (v, m)) ∈ U, which implies that for all v ∈ IN^k, we have v ∈ V ⇐⇒ F (v) ∈ U. Thus, if we define the sequence of functions p_1, . . . , p_k′ as (p_1(v), . . . , p_k′ (v)) =_{def} F (v)

for all v ∈ IN^k, then the p_1, . . . , p_k′ are as required.

“if”: If there are p_1, . . . , p_k′ as assumed, then these functions immediately define a relativizable simulation of (V )P machines by (U)P machines. 2

The following direct consequence of Theorem 3.3 provides a very convenient criterion, which can be used to prove chain theorems like in Sections 4 and 5. We have to introduce some notation.

For r ∈ {1, . . . , k} let e_r ∈ IN^k be the vector having 1 at place r and 0 everywhere else. For V ⊆ IN^k, u ∈ IN^k and r ∈ {1, . . . , k}, we say that u is r-proper for V if there exists a u^′ ≤ u such that u^′ ∈ V ⇐⇒ u^′ + e_r ∉ V .

Theorem 3.4 Let V ⊆ IN^k and U ⊆ IN^{k′} be of bounded significance, and suppose that (V )P ⊆ (U)P under all relativizations. Then we have that for every set {v_1, . . . , v_s} ⊆ IN^k there exists a multi-set {u_1, . . . , u_s} ⊆ IN^{k′} such that for all i, j ∈ {1, . . . , s}, 1. v_i ∈ V ⇐⇒ u_i ∈ U 2. v_i ≤ v_j ⇐⇒ u_i ≤ u_j 3. If for some r, v_i is r-proper for V and v_i + e_r ≤ v_j, then u_i < u_j.

To demonstrate the power of the previous theorem, we give the following application:

Corollary 3.5 Let V, U ⊆ IN, 0 ∉ V , and |U| < |V | < ∞. Then there is an oracle A, such that

(V )P^A ⊈ (U)P^A.

Proof: V and U are one-dimensional sets of bounded significance, the minimal element in V is nonzero and thus all elements of V are 1-proper. Now the set V itself would by the previous theorem enforce a set U^′ ⊆ U, which is of the same cardinality as V . This is a contradiction to the assumption |U| < |V |. 2

4 The First Chain Theorem and its Applications

4.1 The Theorem

In this section, we will see that in the case that (V )P ⊆ (U)P under all relativizations, some structural properties of the set V are transferred to U. The following consequence of Theorem 3.3 was originally proven in [6]:

Theorem 4.1 (First Chain Theorem) Let V ⊆ IN^k and U ⊆ IN^{k′} be of bounded significance, and suppose that (V )P ⊆ (U)P under all relativizations. If there is an alternating chain with respect to V , then there is an alternating chain of the same length and the same signature with respect to U. 4.2 Applications to Boolean Hierarchies over NP and 1-NP

In this subsection we will apply Theorem 4.1 to obtain separation results for classes of the Boolean Hierarchies over NP and 1-NP. We have already mentioned that every class of the Boolean Hierarchy over NP (i.e., every class which can be built from NP by the operations ∧, ∨, and co-) coincides with one of the classes

NP(k) = NP ⊕ · · · ⊕ NP

k times

or co-NP(k) = NP ⊕ · · · ⊕ NP

k times ⊕1.

The proof of this fact (see [27]) heavily depends on the property of NP being closed under union and intersection. Since 1-NP is not known to be closed under union, we do not know about a similar characterization result for the classes of the Boolean Hierarchy over 1-NP. However, because NP ⊆ co-1-NP and 1-NP ⊆ NP ∧ coNP, we know that the boolean closure of NP (i.e., the union of all classes of the Boolean Hierarchy over NP) coincides with the boolean closure of 1-NP. Moreover, because NP ⊆ 1-NP ⊕ 1 the boolean closure of NP coincides with the union of all classes of the form 1-NP ⊕ · · · ⊕ 1-NP. Thus, the classes of the type

1-NP(k) =_{def} 1-NP ⊕ · · · ⊕ 1-NP

k times

and co-1-NP(k) = 1-NP ⊕ · · · ⊕ 1-NP

k times ⊕1

are of particular interest. Since 1-NP is not known to be closed under union, we are also interested in classes of the type ⋁ k 1-NP =_{def} 1-NP ∨ · · · ∨ 1-NP

k times

and co- ⋁ k 1-NP = co-1-NP ∧ · · · ∧ co-1-NP

k times ,

which have already been studied in [10].

All these classes NP(k), co-NP(k), 1-NP(k), co-1-NP(k), ⋁ k 1-NP, and co- ⋁ k 1-NP can be characterized as counting classes as follows:

Definition 4.2 For k ≥ 1, we define the following six vector-sets:

A_k = {(n_1, . . . , n_k) | #{i | n_i > 0} is odd} B_k = {(n_1, . . . , n_k) | #{i | n_i > 0} is even} C_k = {(n_1, . . . , n_k) | #{i | n_i = 1} is odd} D_k = {(n_1, . . . , n_k) | #{i | n_i = 1} is even} E_k = {(n_1, . . . , n_k) | #{i | n_i = 1} > 0} F_k = {(n_1, . . . , n_k) | #{i | n_i = 1} = 0}

Proposition 4.3 For every k ≥ 1, (A_k)P = NP(k), (B_k)P = co-NP(k), (C_k)P = 1-NP(k), (D_k)P = co-1-NP(k), (E_k)P = ⋁ k 1-NP, (F_k)P = co- ⋁ k 1-NP.

A close inspection of the significant parts of the respective sets A_k, . . ., F_k easily yields the lengths and signatures of maximum-length alternating chains w.r.t. each of these sets.

Theorem 4.4 For k ≥ 1, we have the following lengths and signatures of maximum alternating chains with respect to A_k, B_k, C_k, D_k, E_k, and F_k:

A_k: k + 1, negative B_k: k + 1, positive C_k: 2k + 1, negative D_k: 2k + 1, positive E_k: 2k + 1, negative F_k: 2k + 1, positive

From Theorem 4.4 we can obtain many separation results. The results concerning the Boolean Hierarchies over NP and over 1-NP are summarized in Table 1, which represents our knowledge about the inclusion relationships between the classes NP(j), co-NP(j), 1-NP(j), co-1-NP(j), ⋁ j 1-NP, and co- ⋁ j 1-NP so far. In the table entry corresponding to the classes C(j) and C^′(k) we list for any valid pair (j, k) (i.e. j, k ≥ 1) two conditions; here, false denotes the never fulfilled condition. If the first condition is fulfilled, then C(j) ⊆ C^′(k) under all relativizations (by Theorem 4.5 or other obvious relationships like coNP ⊆ 1-NP ⊆ NP(2)); but if the second one is fulfilled, then from the First Chain Theorem we obtain the existence of an oracle A such that C(j)^A ⊈ C^′(k)^A. To avoid redundancy, we do not provide columns for the classes co-NP(k), co-1-NP(k), and co- ⋁ k 1-NP, because e.g. the relations between NP(j) and co-1-NP(k) clearly are the same as between co-NP(j) and 1-NP(k), etc.

In Section 5, we will close some of the gaps in this table by using a more sophisticated chain theorem.

NP(k) 1-NP(k) ⋁ k 1-NP ⊆ ⊈ ⊆ ⊈ ⊆ ⊈ NP(j) j ≤ k j > k j ≤ 2· ⌊ k 2 ⌋ j > 2k false j > 2k co-NP(j) j < k j ≥ k j < 2· ⌈ k 2 ⌉ j ≥ 2k j = 1 j ≥ 2k 1-NP(j) j ≤^k_2 j >^k_2 j ≤ k j > k j = 1 j > k

co-1-NP(j) j <^k_2 j ≥^k_2 j < k j ≥ k false j ≥ k ⋁ j 1-NP j ≤^k_2 j >^k_2 j ≤^k_2 j > k j ≤ k j > k co- ⋁ j 1-NP j <^k_2 j ≥^k_2 j <^k_2 j ≥ k false j ≥ k

Table 1: Inclusion relationships obtained by the First Chain Theorem

By Theorem 4.4 it is clear that it is not possible to separate all separable counting classes using the First Chain Theorem; e.g. A_{2k}, C_k, and E_k are not distinguishable w.r.t. their maximum-length alternating chains.

However, all the relativizable inclusions (V )P ⊆ NP(k) and (V )P ⊆ co-NP(k) for V ⊆ IN^m with bounded significance can be completely characterized by the First Chain Theorem. We make this precise in the following theorem:

Theorem 4.5 Let k, m ≥ 1 and let V ⊆ IN^m be of bounded significance.

1. (V )P^A ⊆ NP(k)^A for all oracles A if and only if there is no alternating chain w.r.t. V which has length k + 1 and positive signature.

2. (V )P^A ⊆ co-NP(k)^A for all oracles A if and only if there is no alternating chain w.r.t. V which has length k + 1 and negative signature.

Proof: We prove statement 1; statement 2 follows by complementation.

“only if”: Assume that (V )P^A ⊆ NP(k)^A for all oracles A. By Proposition 4.3 we have (V )P^A ⊆ (A_k)P^A for all A, and by Theorem 4.1 and by Theorem 4.4, this means that the maximum alternating chain w.r.t. V which has positive signature has length no more than k.

“if”: Assume that there is no alternating chain w.r.t. V which has length k + 1 and positive signature. Then, the maximum alternating chain w.r.t. V which has negative signature has length at most k + 1. For a language L ∈ (V )P^A there exist f_1, . . . , f_m ∈ #P^A such that x ∈ L ⇐⇒ (f_1(x), . . . , f_m(x)) ∈ V . Defining for i ≥ 1 the language

L_i =_{def} {x | there exist v_1, v_2 . . . , v_i ∈ IN^m such that v_1 < v_2 < · · · < v_i ≤ (f_1(x), . . . , f_m(x)) , v_1, v_3, v_5 . . . ∈ V and v_2, v_4, v_6 . . . ∉ V }

we obtain L_i ∈ NP^A (since V is of bounded significance), L_i ⊇ L_{i+1}, L_{k+1} = ∅, and L = L_1ΔL_2Δ · · · ΔL_k ∈ NP^A ⊕ · · · ⊕ NP^A

k times

. Thus, we have L ∈ NP(k)^A. 2

4.3 Further Applications

We proceed with a separation of unbounded counting type classes (like ⊕P) from bounded counting type classes (like the classes of the Boolean Hierarchies over NP and 1-NP):

Theorem 4.6 Let V ⊆ IN^k not be of bounded significance, and let U ⊆ IN^{k′} be of bounded significance. Then there exists an oracle A such that (V )P^A ⊈ (U)P^A.

Proof: For m ∈ IN let in the following V^{≤m} =_{def} {v ∈ V | v ≤ (m, . . . , m

k times )}. Suppose (V )P ⊆ (U)P under all relativizations. Since U is of bounded significance only the two following cases can happen: (i) For all u such that u_0 ≤ u we have u ∈ U, or (ii) for all u such that u_0 ≤ u we have u ∈ U. Suppose first that case (ii) holds. Let m be arbitrary. By changing the simulation of a (V )P machine by a (U)P machine in such a way that all vectors greater than m in at least one component are “mapped to” (i.e., simulated by) vectors greater than u_0, we prove that (V^{≤m})P ⊆ (U)P. Now, it suffices to notice that by considering large enough values of m, we can obtain alternating chains of any desired length in V^{≤m}. However trivially every V^{≤m} is of bounded significance. Thus, by Theorem 4.1 the assumption (V )P^A ⊆ (U)P^A for all A led us to a contradiction.

For case (i) we note that (V )P ⊆ (U)P iff (V )P ⊆ (U)P, and moreover V is of bounded significance iff V is. Thus this case reduces to case (ii). 2

All the classes ⊕P, MOD_kP, PP, C_=P can easily be defined as (V )P for some V which is not of bounded significance. On the other hand, we above represented all classes in the Boolean Hierarchies over NP and 1-NP as (U)P for some U of bounded significance. Thus we obtain the following corollary:

Corollary 4.7 Let C_1 be one of the classes ⊕P, MOD_kP, PP, C_=P, and let C_2 be one of the classes NP, coNP, 1-NP or a class from the Boolean Hierarchies over these classes. Then there is an oracle A, such that C_1^A ⊈ C_2^A.

Our next result is valid for all classes of the form (V )P for some V of bounded significance.

Theorem 4.8 Let V be of bounded significance. Then there is an oracle A, such that (V )P^A ≠ co-(V )P^A.

Proof: The maximum-length alternating chains of V and V have the same lengths but different signatures. By Theorem 4.1 we get an oracle such that (V )P^A ⊈ (V )P^A = co-(V )P^A. 2

5 The Second Chain Theorem and its Applications

5.1 The Theorem

In this section we want to refine our chain technique, which is necessary to fill some of the gaps in Section 4. For example, the classes NP(2k) and 1-NP(k) cannot be distinguished by looking only for the alternating chains we have studied in Section 4. Both of these classes are defined via sets B with maximum chain length 2k + 1 and negative signature. To overcome this difficulty, we introduce a new type of alternating chains as follows:

Definition 5.1 Let V ⊆ IN^k be of bounded significance with minimum bound m. We say, a sequence v_0, v_1, . . . , v_s is a type-2 alternating chain with respect to V of length s + 1, if

• v_0 ≤ v_1 ≤ · · · ≤ v_s ≤ (m, m, . . . , m k times ), • v_i ∈ V ⇐⇒ v_{i+1} ∉ V for i = 0, 1, . . . , s − 1, and • if v_i and v_{i+1} differ in the j-th component, then the j-th component of v_{i+1} is equal to m (i = 0, 1, . . . , s − 1, j = 1, . . . , k). If v_0 in V , then we say that this chain has positive signature, otherwise it has negative signature.

Informally, in a type-2 alternating chain v_0, v_1, . . . , v_s with respect to some V (with minimum bound m), the vector v_i is obtained from v_{i−1} by increasing at least one of the components from the basic v_0-level to the bound m. This immediately yields the following:

Proposition 5.2 If V ⊆ IN^k is of bounded significance, then the length of every type-2 alternating chain w.r.t. V is bounded by k + 1.

Theorem 5.3 (Second Chain Theorem) Let V ⊆ IN^k and U ⊆ IN^{k′} be of bounded significance, and suppose that (V )P^A ⊆ (U)P^A for all oracles A. If there is a type-2 alternating chain w.r.t. V , then there exists a type-2 alternating chain of the same length and the same signature w.r.t. U.

Proof: Because (V )P^A ⊆ (U)P^A for all oracles A, we conclude from Theorem 3.3 that there exist positive linear combinations of multinomial coefficients p_1, . . . , p_k′ : IN^k → IN, such that for all v ∈ IN^k, v ∈ V ⇐⇒ p(v) =_{def} (p_1(v), . . . , p_k′ (v)) ∈ U. Let m and m^′ be the minimum bounds of V and U, resp. Since p_1, . . . , p_k′ are positive linear combinations of multinomial coefficients, there exists an M ≥ 1 such that for all v, x ∈ IN^k and ℓ = 1, . . . , k^′, we have p_ℓ(v + M · x) = p_ℓ(v) or p_ℓ(v + M · x) ≥ m^′. Let v_0, v_1, . . . , v_s be a type-2 alternating chain w.r.t. V . Define for i = 0, 1, . . . , s, • v^′_i =_{def} v_i + (M − 1) · (v_i − v_0), • u^′_i =_{def} p(v^′_i), and • u_i =_{def} min(u^′_i, m^′).

We will prove that u_0, u_1, . . . , u_s is a type-2 alternating chain w.r.t. U, and v_i ∈ V ⇐⇒ u_i ∈ U for all i = 0, 1, . . . , s.

1. Obviously, v^′_0 < v^′_1 < · · · < v^′_s, and thus u^′_0 ≤ u^′_1 ≤ · · · ≤ u^′_s; and u_0 ≤ u_1 ≤ · · · ≤ u_s ≤ (m^′, . . . , m^′ k^′ times ). 2. Since for all i = 0, 1, . . . , s, v_i and v^′_i differ only at positions where v_i is equal to m, we have v_i ∈ V ⇐⇒ v^′_i ∈ V ; thus v_i ∈ V ⇐⇒ v^′_i ∈ V ⇐⇒ u^′_i ∈ U ⇐⇒ u_i ∈ U. Hence the u_i in fact form an alternating chain.

3. Assume that for some i ∈ {0, 1, . . . , s − 1} and some j ∈ {1, . . . , k^′}, u_i and u_{i+1} differ in the j-th component. Then also u^′_i = p(v^′_i) and u^′_{i+1} = p(v^′_{i+1}) differ in the j-th component, which means p_j(v^′_{i+1}) = p_j (v_{i+1} + (M − 1) · (v_{i+1} − v_0)) = p_j (M · v_{i+1} + M · v_i − M · v_i − (M − 1) · v_0) = p_j (v^′_i + M · (v_{i+1} − v_i)) > p_j(v^′_i)

By the choice of M, we immediately obtain p_j(v^′_{i+1}) ≥ m^′, thus the j-th component of u_i is m^′. 2

5.2 Applications to Boolean Hierarchies, Cont’d

In order to apply the second chain theorem to the Boolean Hierarchies over NP and over 1-NP, we note the following properties of the vector sets A_k, B_k, C_k, D_k, E_k, and F_k:

Lemma 5.4 For k ≥ 1, we have the following lengths and signatures of maximum type-2 alternating chains with respect to A_k, B_k, C_k, D_k, E_k, and F_k:

A_k: k + 1, negative B_k: k + 1, positive C_k: k + 1, positive (if k is odd) D_k: k + 1, negative (if k is odd) or negative (otherwise) or positive (otherwise) E_k: 2, positive F_k: 2, negative

We present our improved knowledge about the relativizable inclusion relationships between the classes NP(k), co-NP(k), 1-NP(k), co-1-NP(k), ⋁ k 1-NP, and co- ⋁ k 1-NP in Table 2, which has to be interpreted as Table 1 in Section 4. The only questions which remain not completely resolved in this context concern the inclusions between ⋁ j 1-NP (or co- ⋁ j 1-NP) and 1-NP(k) (or co-1-NP(k)).

NP(k) 1-NP(k) ⋁ k 1-NP ⊆ ⊈ ⊆ ⊈ ⊆ ⊈ NP(j) j ≤ k j > k j ≤ 2· ⌊ k 2 ⌋ j > 2· ⌊ k 2 ⌋

false true

co-NP(j) j < k j ≥ k j < 2· ⌈ k 2 ⌉ j ≥ 2· ⌈ k 2 ⌉ j = 1 j ≥ 2

1-NP(j) j ≤^k_2 j >^k_2 j ≤ k j > k j = 1 j ≥ 2

co-1-NP(j) j <^k_2 j ≥^k_2 j < k j ≥ k false true ⋁ j 1-NP j ≤^k_2 j >^k_2 j ≤^k_2 j > k j ≤ k j > k co- ⋁ j 1-NP j <^k_2 j ≥^k_2 j <^k_2 j ≥ k false true

Table 2: Inclusion relationships obtained by the First and Second Chain Theorems

In Section 4.2, we saw that the First Chain Theorem allows us to completely settle the question which inclusions (V )P ⊆ NP(k) for some k ≥ 1 and V of bounded significance relativizably hold (see Theorem 4.5). Next we will give a necessary and sufficient criterion for inclusions NP(k) ⊆ (V )P to hold relativizably.

Theorem 5.5 Let k ≥ 1 and let V ⊆ IN^{k′} be of bounded significance.

1. NP(k) ⊆ (V )P^A for all oracles A if and only if there is a type-2 alternating chain w.r.t. V of length k + 1 and negative signature.

2. coNP(k) ⊆ (V )P^A for all oracles A if and only if there is a type-2 alternating chain w.r.t. V of length k + 1 and positive signature.

Proof: We prove statement 1; statement 2 follows by complementation.

Let v_0, v_1, . . . , v_k be a type-2 alternating chain w.r.t. V of negative signature. Let m be the minimum bound of V . For L ∈ NP(k)^A, there exist languages L_1, L_2, . . . , L_k ∈ NP^A such that L_1 ⊇ L_2 ⊇ · · · ⊇ L_k and x ∈ L ⇐⇒ max{i | x ∈ L_i} is odd [27, 18]. Let f_1, f_2, . . . , f_k ∈ #P^A be such that x ∈ L_i ⇐⇒ f_i(x) > 0. Consequently, f_i(x) > 0 =⇒ f_{i−1}(x) > 0 for i = 2, . . . , k. Now, define h_1, . . . , h_k′ ∈ #P^A such that

h(x) = (h_1(x), . . . , h_k′ (x)) =_{def} v_0 + k∑ i=1 (v_i − v_{i−1}) · f_i(x). We will show that x ∈ L ⇐⇒ h(x) ∈ V . Let x be given and let i_0 =_{def} max{i | x ∈ L_i}. Hence, h(x) = v_0 + ∑i_0 i=1(v_i − v_{i−1}) · f_i(x) and f_i(x) = 0 for i > i_0. If the j-th component of v_{i0} is equal to that of v_0, then this is true for all i = 1, . . . , i_0. Hence, the j-th component of h(x) is equal to that of v_{i0} . If the j-th component of v_{i0} is m, then because of h(x) ≥ v_{i0} the j-th component of h(x) is at least m. Hence, in both cases we obtain h(x) ∈ V ⇐⇒ v_{i0} ∈ V , and therefore x ∈ L ⇐⇒ max{i | x ∈ L_i} is odd ⇐⇒ i_0 is odd ⇐⇒ v_{i0} ∈ V ⇐⇒ h(x) ∈ V , and thus L ∈ (V )P.

This shows that NP(k)^A ⊆ (V )P^A for all oracles A. On the other hand, if this is the case, then by the Second Chain Theorem and Lemma 5.4 there exists a type-2 alternating chain w.r.t. V of length k + 1 and negative signature. 2

6 Conclusion

We developed two main techniques for proving relativizable inclusions between certain bounded counting complexity classes, called the First and the Second Chain Theorem. Using both chain theorems, a comparison between classes of the Boolean Hierarchies over NP and over 1-NP could be obtained as easy corollaries. Theorems 4.5 and 5.5 completely characterize the inclusion relationships between the classes of the Boolean Hierarchy over NP – which are in our opinion the most important counting classes with bounded significance – and all other bounded significance classes. Also in many other cases, our methods yield sharp distinctions between the cases of relativizable inclusion and those of oracle separability.

These results should be contrasted to the result of [13], where an algorithm was constructed, which given two explicitly described vector sets V and U answers the question, whether (V )P ⊆ (U)P under all relativizations, or not, thus solving the separability vs. inclusion problem. But this algorithm unfortunately is not suitable for a class with a parameter, like NP(k), so it could not directly be used to obtain general results for separations of whole hierarchies like in this paper.

A surprisingly easy to obtain consequence of our techniques is given in Theorem 4.8, where we showed that all classes, which allow a definition as counting classes of bounded significance are not relativizably closed under complement.

Some inclusion relations, however, remain unresolved, as already pointed out in Section 5. Also interesting of course is the question, whether there are generalizations of the chain theorems which could be suitable to obtain separations of two classes which are both described via vector-sets not of bounded significance.

Acknowledgement. Thanks are due to an anonymous referee for simplifying the proof of Theorem 4.6.

References

[1] E. Allender, Oracles versus proof techniques that do not relativize; Proceedings 1st International Symposium on Algorithms (1990), LNCS 450, pp. 39–52.

[2] E. Allender, K. W. Wagner, Counting hierarchies: polynomial time and constant depth circuits; Bulletin of the EATCS 40 (1990), pp. 182–194.

[3] A. Blass, Y. Gurevich, On the unique satisfiability problem; Information and Control 55 (1982), pp. 80–88.

[4] T. Baker, J. Gill, R. Solovay, Relativizations of the P^?= NP question; SIAM Journal on Computing 4 (1975), pp. 431–442.

[5] D. P. Bovet, P. Crescenzi, R. Silvestri, A uniform approach to define complexity classes;

Theoretical Computer Science 104 (1992), pp. 263–283.

[6] K. Cronauer, Ein Kriterium zur Trennung von Komplexitätsklassen durch Orakel; Diplomarbeit, Universität Würzburg (1993).

[7] S. Fenner, L. Fortnow, S. Kurtz, Gap-definable counting classes; Journal of Computer and System Sciences 48 (1994), pp. 116–148.

[8] J. Gill, Computational complexity of probabilistic complexity classes; SIAM Journal on Computing 6 (1977), pp. 675–695.

[9] T. Gundermann, G. Wechsung, Counting classes of finite acceptance types, Computers and Artificial Intelligence 6 (1987), pp. 395–409.

[10] T. Gundermann, N.A. Nasser, G. Wechsung, A survey on counting classes; Proceedings of the 5th Structure in Complexity Theory Conference (1990), pp. 140–153.

[11] U. Hertrampf, Complexity classes with finite acceptance types; Proceedings of the 11th Symp. on Theoretical Aspects of Computer Science (1994), LNCS 775, pp. 543–553.

[12] U. Hertrampf, Über Komplexitätsklassen, die mit Hilfe k-wertiger Funktionen definiert werden; Habililtationsschrift, Universität Würzburg (1994).

[13] U. Hertrampf, Classes of Bounded Counting Type and Their Inclusion Relations; submitted for publication. A preliminary version appeared in the Proceedings of the 12th Symp. on Theoretical Aspects of Computer Science (1995), LNCS 900, pp. 60–70.

[14] U. Hertrampf, C. Lautemann, T. Schwentick, H. Vollmer, K.W. Wagner, On the power of polynomial time bit-reductions; Proceedings of the 8th Structure in Complexity Theory Conference (1993), pp. 200–207.

[15] U. Hertrampf, H. Vollmer, K.W. Wagner, On balanced vs. unbalanced computation trees; Mathematical Systems Theory (1995), to appear.

[16] U. Hertrampf, H. Vollmer, K.W. Wagner, On the power of number-theoretic operations with respect to counting; Proceedings of the 10th Structure in Complexity Theory Conference (1995), pp. 299–314.

[17] B. Jenner, P. McKenzie, D. Thérien, Logspace and logtime leaf languages; Proceedings of the 9th Structure in Complexity Theory Conference (1994), pp. 242–254.

[18] J. Köbler, U. Schöning, K. W. Wagner, The difference and truth-table hierarchies for NP; Theoretical Informatics and Applications 21 (1987), pp. 419–435.

[19] C. H. Papadimitriou, Computational Complexity (Addison-Wesley, Reading, Mass., 1994). [20] J. Simon, On Some Central Problems in Complexity Theory; Dissertation, Cornell University (1975).

[21] J. Torán, Structural Properties of the Counting Hierarchies; Dissertation, Facultat d’Informàtica de Barcelona, 1988.

[22] J. Torán, Complexity classes defined by counting quantifiers; Journal of the ACM 38 (1991), pp. 753–774.

[23] L. G. Valiant, The complexity of computing the permanent; Theoretical Computer Science 8 (1979), pp. 189–201.

[24] N. K. Vereshchagin, Relativizable and non-relativizable theorems in the polynomial theory of algorithms; Izvestija Rossijskoj Akademii Nauk 57 (1993), pp. 51–90. In Russian.

[25] K. W. Wagner, Some observations on the connection between counting and recursion; Theoretical Computer Science 47 (1986), pp. 131–147.

[26] K. W. Wagner, The complexity of combinatorial problems with succinct input representation; Acta Informatica 23 (1986), pp. 325—356.

[27] G. Wechsung, K. Wagner, On the boolean closure of NP; Proceedings of the Conference on Fundamentals of Computation Theory (1985), LNCS 199, pp. 485–493.