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p-(l, u)-partition problem
Given: Vertex-weighted graph G = (V, E, w),
non-negative integers [ and u with [ < u,

ositive Iinteger
P ser P connected and pairwise disjoint

Find a vertex partition into p clusters Vi, Va,..., V),
such that I < w(V;) <wu forall 1 <7 <p.
e
= Z w(v)
veV;
Motivation

Fragmentation of biomedical structures
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p-(1, u)-partition problem
Find a (I, u)-partition with exactly p clusters.
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p-(1, u)-partition problem
Find a (I, u)-partition with exactly p clusters.

6-(3, 12)-partition

Minimum/maximum-([, u)-partition problem
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maximal number of clusters.
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Motivation & Problem

p-(1, u)-partition problem
Find a (I, u)-partition with exactly p clusters.

6-(3, 12)-partition

Minimum/maximum-([, u)-partition problem
Find a (I, u)-partition with the minimal resp.
maximal number of clusters.

minimum (3,12)-partition
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Related results
® series-parallel graphs NP-hard
O(u*p?n) O(u*n)
® partitial k-trees
O(uZ(k+1)p2n) O(uz(k+1)n)
® trees polynomial (Decision & computation)

O(p*n) O(n”)

p-(1, u)-partition problem
min/max-(l, u)-partition problem
Our results
® cactus graphs polynomial (Decision & Computation)

O(p*n?) O(n?)
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Preprocessing RU B

DFS on some vertex r € G and store cycles

D/start node

......
N
~

. end node
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Some Definitions RU B

For a partition P of T):
|P| = number of clusters in P
C', = cluster containing the node v
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—> subtree rooted in node v
For a partition P of
|P| = number of clusters in P
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Some Definitions RU B

—> subtree rooted in node v
For a partition P of
|P| = number of clusters in P
C', = cluster containing the node v

Extendable (1, wu)-partition of T},
* w(Cy) < u
® | <w(C") < u for every cluster C" £ C,
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Partition Sets

S(T,) = {(x, k) | 3 extendable (I, u)-partition P of T,
such that |P| =k A w(Cy) =z}

Leonie Selbach 17.3.2020



Some Definitions RU B

Partition Sets

S(T,) = {(x, k) | 3 extendable (I, u)-partition P of T,
such that |P| =k A w(Cy) =z}
|S(Ty)| = O(up)
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Partition Sets

S(T,) = {(x, k) | 3 extendable (I, u)-partition P of T,
such that |P| =k A w(Cy) = x}
Lemma

T, has p-(I, u)-partition <
3 (x,p) € S(Ty) such that [ <z < u
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Some Definitions RU B

Partition Sets

S(T,) = {(x, k) | 3 extendable (I, u)-partition P of T,
such that |P| =k A w(Cy) =z}

Lemma
T, has p-(I, u)-partition <
3 (x,p) € S(Ty) such that [ <z < u

Idea
Compute S(T}.) for r being the root of the DFS-Tree

=+ include an efficient procedure for the cycles
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Compute partition P of T by
combining partitions of T°~! and T,
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combining partitions of T°~! and T,

Given partitions_P’ of T"~!
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Method RU B

Compute partition P of T by
combining partitions of T°~! and T,

Given partitions_P’ of T"~!
and P" of T,,.

as (z1,k1) € S(T' 1) and
(CCQ,kQ) S S(Tvz)
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Method RU B

Compute partition P of T} by
combining partitions of T°~! and T,

Option 1: merge
w(Cy) = w(C,) +w(Cy))

P|=|P'| + [P - 1 Cv

(xl T, kl ]€2 — 1) & S(TS) @
if 1 + 2o < u and / ‘
kl_l_kZ_l Sp ‘

S
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Method RU B

Compute partition P of T} by
combining partitions of T°~! and T,

Option 2: don't merge
w(Cy) = w(Cy)
1P| = |P'|+ |P"]

(JU
(xl,kl kQ) - S(T:)’) @
if:EQZland]ﬁ—l—kQSp “ ‘3
)

—  ~_
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Compute partition P of T by
combining partitions of T°~! and T,

Compute set S(T7)
by combining sets S(T~ ') and S(T,,)
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Method RU B

Compute partition P of T by
combining partitions of T°~! and T,

Compute set S(T7)
by combining sets S(T~ ') and S(T,,)

L P-operation O(u’p?)

S(Ty) =S(T,~) ® S(T,)
={(z1 + 22, k1 + k2 — 1)|z1 + 22 < u,ky + ko — 1 < p}
U{(x1, k1 + k)|l < x9,k1 4+ ke < p}
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Method RU B

Compute partition P of T by
combining partitions of T°~! and T,

Compute set S(T7)
by combining sets S(T~ ') and S(T,,)

L b-operation

Dynamic approach

S(T)) = {(w(v), 1)}
S(TY) = S(T 1) @ S(T,,) for all edges (v, v;)
bottom-up
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What about cycles?

L consider different configurations
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Method RU B

Computation of the partition sets

for nodes in some cycle C'(wg, Wy,—1) = (W, W1, ..., Wym—_1)
in different configurations |
S(Tw,,—+) g=12
S.] (Twm—l) — .
S(Ty, )& S;(Ty, _,) otherwise
(ST @ 85(Tuyy)) J<m—i
Si(Tw,) =< S(T& e S;j(Ty, ) j>m—i+1
S(TE) otherwise
5 (1) = { ST @ 85(Tuy) j=1
S \(S(T@’fjo_l)@sj(Twl)) ® S;(Ty, _,) otherwise
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Computation of the partition sets

for nodes in some cycle C'(wg, Wy,—1) = (W, W1, ..., Wym—_1)
in different configurations |
S(Tw,,—+) g=12
S.] (Twm—l) — .
S(Ty, )& S;(Ty, _,) otherwise
(ST @ 85(Tuyy)) J<m—i
Si(Tw,) =< S(T& e S;j(Ty, ) j>m—i+1
S(TE) otherwise
5 (1) = { ST @ 85(Tuy) j=1
S \(S(T@’fjo_l)@sj(Twl)) ® S;(Ty, _,) otherwise

S(TE )y =7 S;(Tk)
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Results RU B

Theorem
Given a weighted cactus graph G, a positive integer p
and two non-negative integers [ and u (with | < u).

The p-(I, u)-partition problem can be decided in time
O(u?p*n?).
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Theorem
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Results RU B

Theorem

Given a weighted cactus graph G, a positive integer p
and two non-negative integers [ and u (with | < u).
The p-(I, u)-partition problem can be decided in time

Otwp2a?). O(p'n?)

reduce size of partition sets from O(up) to O(p?)

—d=u—1 =4

'__l—'

before: —eo—eo ® *o—o — *—o-0—0— >
T1T2 T3 ‘ O T
for each k£ (< p) = overall O(up) m < u
now: — . —_— . —
a1, as] a2, as] [CLZLCZH]
for each k (< p) = overall O(p?) LK
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Results RU B

Theorem
Given a weighted cactus graph G, a positive integer p
and two non-negative integers [ and u (with | < u).

The p-(I, u)-partition problem can be detided in time
O(p*n?)and space O(p°n?). solved

by storing additional information
and using backtracking
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Results RU B

Theorem

Given a weighted cactus graph G and two non-negative
integers [ and u (with [ < u).

The minimum and maximum (I, u)-partition problem can
solved in time O(n%) and space O(n").
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Results RU B

Open problems
® NP-hard
® Polynomial-time algorithms

for other graph classes?
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