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Abstract
We consider the problem of drawing an outerplanar graph with n vertices with at most one bend
per edge if the outer face is already drawn as a simple polygon with m corners. We prove that it
can be decided in O(mn) time if such a drawing exists. In the positive case, our algorithm also
outputs such a drawing.
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Introduction

One of the fundamental problems in graph drawing is to draw a planar graph crossing-free
under certain geometric or topological constraints. Many classical algorithms draw planar
graphs under the constraint that all edges have to be straight-line segments [4, 14, 15]. But
we do not always have the freedom of drawing the whole graph from scratch. In practical
applications, parts of the graph may already be drawn and we want to extend it to a planar
drawing of the whole graph. For example, in visualizations of large networks, certain patterns
may be required to be drawn in a standard way, or a social network may be updated as new
people enter a social circle or as new links emerge between already existing persons.
This problem is known as the Partial Drawing Extensibility problem. Formally,
given a planar graph G = (V, E), and subgraph H = (V 0 , E 0 ) with V 0 ⊆ V and E 0 ( E, and
a planar drawing ΓH of H, the problem asks for a planar drawing ΓG of G such that the
drawing of H in ΓG coincides with ΓH . This problem was first proposed by Brandenburg et
al. [2] and has received a lot of attention in the previous years.
Related work. For the case of straight-line drawings, Patrignani showed the problem to be
NP-hard [12], but he could not prove membership in NP, as a solution may require coordinates
not representable with a polynomial number of bits. Recently, Lubiw et al. [8] proved that a
generalization of the problem where overlaps (but not proper crossings) between edges of
E \ E 0 and E 0 are allowed is hard for the existential theory of the reals (∃R-hard).
These results motivate allowing bends in the drawing. Angelini et al. [1] presented a
linear-time algorithm to test whether there exists any topological planar drawing of G, and
Jelínek et al. [7] gave a characterization via forbidden substructures. Chan et al. [3] showed
that a linear number of bends (72|V 0 |) per edge suffices, which is also worst-case optimal as
shown by Pach and Wenger [11] for the special case that E 0 = ∅.
Special attention has been given to the case that H is exactly the outer face of G.
Already Tutte’s seminal paper [15] showed how to obtain a straight-line convex drawing of a
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Figure 1 (a) A biconnected outerplanar graph (in black) and the dual tree (in orange); (b) for
an edge e = (u, v), the straight line s(e) intersects both P (u, v) and P (v, u), the dashed red 1-bend
drawing of e only avoids crossing P (u, v), possible 2-bend drawing in green; (c) the edge connecting
u and v has to cut away at least the red region, b is the minimal bend point, and the modified
polygon has a reflex angle at b.

triconnected planar graph with its outer face drawn as a prescribed convex polygon. This
result has been extended by Hong and Nagamochi [6] to the case that the outer face is drawn
as a star-shaped polygon without chords (that is, interior edges between outer vertices).
Mchedlidze et al. [9] gave a linear-time testing algorithm for the existence of a straight-line
drawing of G in the case that H is an arbitrary cycle of G and is drawn as a convex polygon,
while Mchedlidze and Urhausen [10] study the number of bends required based on the shape
of the drawing of H and show that 1 bend suffices if H is drawn as a star-shaped polygon.
Our contribution. In this paper, we consider the case that G is an outerplanar graph and
H is exactly the outer face of G, which is drawn as a simple polygon P with arbitrarily
many bends between its vertices. Note that G has to be biconnected for its outer face to be
a simple cycle. For any constant number k of bends, there exists some instance such that G
has a k-bend drawing but no (k − 1)-bend drawing; see, e.g., Fig. 1b for k = 2. Hence, it
is of interest to test for a given k whether a k-bend drawing of G exists. This is trivial for
k = 0. In this paper, we prove that for k = 1 the problem can be solved in time O(mn),
where n is the number of vertices in G and m is the number of corners of P .
Notation. We assume that we are given a biconnected outerplanar graph G = (V, E), a
simple polygon P with boundary ∂P , and an injective mapping of V to ∂P such that ∂P
coincides with a plane drawing of the outer face H of G with arbitrarily many bends per
edge. We say that G can be drawn in P if there is a crossing-free drawing of G with its
vertices on ∂P as defined by the mapping, its outer face drawn as ∂P , and its interior edges
drawn with at most one bend per edge. Considering two vertices u and v, following ∂P in
counterclockwise order from u to v gives an open interval P (u, v) of ∂P .
For a pair of vertices u, v, denote by uv the straight-line segment between u and v and
by π(u, v) the shortest path between u and v in P .
The faces f1 , . . . , fn of G induce a unique dual tree T [13] with edges e∗1 , . . . , e∗n−1 , where
∗
ei is the dual of the interior edge ei ; see Fig. 1a. Our algorithm will use T , incrementally
processing and pruning T and P . Consider T to be rooted at some degree-1 node fn . Denote
by p(fi ) the parent of fi in T , and by ei the edge between fi and its parent. We say that fi
and fj are siblings if p(fi ) = p(fj ). For an edge ei = (u, v), let π(u, v) ◦ P (v, u) be the part
of P containing the root fn (where ◦ denotes the concatenation). Then for ei with P (u, v)
containing no other vertices of V , the face fi is a leaf in T .
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Figure 2 Illustrations for Lemma 2.2: (a) Visibility regions Vu , Vv and intersection Ve ; (b) the
region cut off by drawing ei with its bend at point b; (c) construction of pu , pv and obstructed
region Qe .

2

Algorithm

An interior edge e = (u, v) divides the polygon into two parts. During the algorithm, we will
use these edges to cut some parts of the polygon off. We will make clear in each step which
part of the polygon is the remaining one.
We say that any edge e = (u, v) is a reflex edge if it has to be drawn with a bend that
defines a reflex angle inside the remaining polygon—see Fig. 1c—and a convex edge if it can
be drawn with a convex bend or as a straight line. Note that an edge e = (u, v) is reflex if
and only if uv intersects P (u, v) or is completely outside of P .
In the following analysis, we fix some leaf f 0 of T as the root and will consider the faces
of G in some order f1 , . . . , fn with fn = f 0 . Let Gi be the subgraph of G induced by the
vertices incident to the faces fi , . . . fn , hence G = G1 . Symmetrically, define Ti to be the
dual tree of Gi with T = T1 . In step i of our algorithm, we consider Ti and pick fi to be a
leaf, process the interior edge ei between fi and its parent, and refine the polygon to Pi+1
such that Gi+1 can be drawn in Pi+1 if and only if Gi can be drawn in Pi . So, P1 = P and,
in each step, the remaining part Pi of the polygon is the one containing the root fn (i.e., en .)
The algorithm chooses the next face fi to process as follows: If Ti has a leaf corresponding
to a reflex edge, we choose that face as fi . Otherwise, all leaves in Ti correspond to convex
edges, and we choose one of the lowest leaves, that is, a leaf with the largest distance (in the
graph-theoretic sense) to the root. This way, we can make sure that a convex edge is only
chosen if all its siblings that correspond to reflex edges have already been processed.
Let u and v be the end-vertices of the edge ei separating fi from its parent in Ti . Let
Vu and Vv be the regions of Pi visible from u and v, respectively, and let Vei = Vu ∩ Vv
be their intersection. For any point b ∈ Vei , let Qbei be the subpolygon of Pi bounded by
Pi (u, v) ◦ vb ◦ bu, that is, the part of Pi that is “cut off” by drawing ei with its bend at b; see
Fig. 2b. A point b ∈ Vei is called a minimal bend point for ei if there is no other point b0 ∈ Vei
0
with Qbei ( Qbei . Let Bei be the set of all minimal bend points for ei . Further, let (u, u0 ) be
the segment of Pi (u, v) incident to u, and let (v 0 , v) be the segment of Pi (u, v) incident to v.
T
We define Qei = b∈Be Qbei to be the region of Pi obstructed by ei : Wherever we place
i
the bend point of ei , all the points of Qei will be cut off; see Fig. 2c. Conversely, for every
point p ∈ Pi \ Qei , there is a placement of the bend point of ei such that p is not cut off.
To construct Qei , proceed as follows: Rotate a ray around u starting from (u, u0 ) in
counterclockwise order until we hit Vei , call this point pu . Rotate a ray around v starting
from (v 0 , v) in clockwise order until we hit Vei , call this point pv . Then Qei is the (not
necessarily simple) subpolygon of Pi bounded by vpv ◦ Ve (pu , pv ) ◦ pu u ◦ Pi (u, v); see Fig. 2c.
S

b
Similarly, we define Rei =
Q
ei \ Qei to be the region of Pi restricted by ei : For
b∈Be
i
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Figure 3 (a) The gray part of P (x, y) forces b0 to be placed inside R(u,v)
, inducing an intersection
0
of (u, v) and (x, y). For that to be necessary, b must create a reflex angle. (b) Two edges e1 = (u1 , v1 ),
e2 = (u2 , v2 ) with p(e2 ) = e1 . Fixing the 1-bend drawing of e1 to intersect u2 v2 makes e2 become a
reflex edge, eliminating any choice.

each point r ∈ Rei , there are two minimal bend points b and b0 for ei such that bending ei
at b cuts off r, whereas bending ei at b0 does not.
I Lemma 2.1. Let e be a reflex edge. Then there is a unique minimal bend point b for e.
Consider how b is constructed in Fig. 1c; note that b is a vertex of Ve . Any point b0 above
the dashed lines would not be minimal, and any point inside the red region is not visible by
at least one of u and v.
I Lemma 2.2. Let e be a convex edge. Then Be ⊂ ∂Ve and we can safely remove Qe .
In step i, our algorithm computes Vei . If Vei = ∅, then it is impossible to draw Gi in Pi ,
so by induction it is impossible to draw G in P and our algorithm stops. Otherwise, the
algorithm computes Qei and creates Pi+1 = Pi \ Qei . If an edge ej (j > i) had to place its
bend point inside Qei , then ei and ej would cross, independently of the choice of the bend
point of ei ; in this case, our algorithm will conclude that it is impossible to draw G in P
when it processes ej . In the following, we will show that Gi+1 can be drawn in Pi+1 if and
only if Gi can be drawn in Pi .
I Lemma 2.3. Let S(f ) be the set of all convex siblings with parent f in T . For any pair of
edges e1 , e2 ∈ S(f ), the restricted regions Re1 and Re2 are interior-disjoint.
Sketch of proof. For f = (u0 , v 0 ) consider P (u0 , v 0 ). Since e1 and e2 are siblings below f ,
they are “next to” each other along P (u0 , v 0 ), not nested. Consider edge (u, v) in Fig. 3a:
without the gray part of P (x, y) intersecting xy, the edge (x, y) would be convex. Since the
restricted regions R(u,v) and R(x,y) are “hidden” behind the corresponding straight lines,
they need to be disjoint.
J
As a side note: If some parts of P would force two edges to cross, then at least one of
these edges has to be reflex; see Fig. 3a with the gray parts in place.
While we can fix the bend points for any reflex edges, convex bends remain undecided
until the root is reached, as only some of its minimal bend points might be compatible
with the valid bend points of its parent edge. Hence, our algorithm will work bottom-up,
fixing reflex edges and computing the obstructed regions for all edges, refining the polygon.
When the root fn is encountered, it is a leaf and the polygon is refined using the obstructed
region of its (unique) child. If Pn is not empty, then a solution exists, and we find it by
traversing the tree top-down. If en−1 is reflex, then we already fixed its bend point in the
bottom-up traversal; otherwise, we place the bend point of en−1 at an arbitrary point inside
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∗
the restricted region of en−1 in Pn . Then we obtain the subpolygon Pn−1
that has to contain
∗
the drawing of all children of Pn−1 by removing the subpolygon bounded by Pn (v, u) and
en−1 from Pn−1 . When processing face fi , we again place the bend points of its convex
children at arbitrary points inside their restricted region in Pi∗ . Since these regions are
interior-disjoint by Lemma 2.3, the edges will not intersect. Note that ei might have been
placed in the restricted region of one of its children ej in Pi ; see Fig. 3b. However, since this
is the only bend point of the edges incident to fi that can lie in the restricted region of ej ,
by definition there is still a valid bend point for ej . We again construct the subpolygons Pj∗
by removing the subpolygon bounded by Pi (v, u) and ej from Pj .
This procedure allows us to limit correctness-considerations to consecutive decisions only,
and we get the following lemma.

I Lemma 2.4. Given the edge ei in step i, if Vei is non-empty, then Gi+1 can be drawn in
Pi+1 if and only if Gi can be drawn in Pi .
Proof. Whenever we have Vei = ∅ for any edge ei inside Pi , we stop. Further refining Pi
will only make it smaller and thus cannot increase the size of any visibility regions.
Otherwise, we either compute the unique best bend point b (Lemma 2.1), or the obstructed
region Qei (as described above), refining Pi to Pi+1 accordingly. Lemma 2.2 ensures that
the latter is safe.
By construction, no point of the drawing of Gi+1 can lie in the region Qei obstructed by
ei , but the restricted region of ei can overlap with other restricted regions. Since minimal
bend points cannot lie in restricted regions of siblings (Lemma 2.3), only the bend point of
the edge corresponding to p(ei ) can possibly be placed in the restricted region Rei of ei ; any
other bend point that lies inside R(ei ) must lie on the opposite side of the drawing of p(ei ),
so it cannot influence the choice of the bend point for ei .
With at most one other bend point in any restricted region, routing the corresponding
edge is still possible by definition of Rei .
J
We are now ready to state the main result of this paper.
I Theorem 2.5. Given an outerplanar graph G with n vertices, a polygon P with m corners,
and a mapping of the vertices of G to ∂P , we can decide in O(mn) time whether G can be
drawn in P with at most one bend per edge.
Proof. We use the algorithm described above. The correctness follows immediately from
Lemma 2.4. The most time consuming part of the algorithm is to compute the region Ve
for each edge e = (u, v), namely the one that is visible from both points u and v. Since Ve
is a simple polygon with at most 2m edges, it can be computed in O(m) time [5, page 15].
Hence, all these regions can be computed in O(mn) total time. The remaining parts of the
algorithm (computing the dual graph of G, choosing the order of the faces fi in which we
traverse the graph, computing Qe , “cutting off” parts of P , and propagating the graph at
the end to fix the presentation) can clearly be done within this time. Thus, the total running
time is O(mn).
J
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